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Abstract

The method of successive averages is often used in iterative algorithms for solving various mathematical
problems, and travel forecasting models in particular. In each iteration of these algorithms the current solu-
tion is averaged with an alternative solution generated by the algorithm. If the problem has an equivalent
convex optimization formulation with a computable objective function, a line search can be used to deter-
mine the weight applied to the alternative solution, referred to as the step size. In the absence of a convex
optimization formulation, the typical approach is to set the step size according to a predetermined sequence
that is decreasing towards zero, such as 1/k where k is the iteration index.

In this paper, we examine the use of a constant step size in the method of successive averages. A theo-
retical derivation shows that if the alternative solution generated by the algorithm is a linear function of the
current solution, then using a constant step size is advantageous and substantially superior to using a
sequence of decreasing step sizes. We conjecture that similar results may be expected in nonlinear differen-
tiable problems as well.

Numerical results are presented for a travel forecasting model that combines user-equilibrium route
choice with an origin-destination-mode (ODM) choice model. The proposed algorithm is based on ori-
gin-based assignment, in conjunction with successive averaging of constant step sizes for the differentiable
ODM model. The results show that a properly chosen constant step size leads to excellent convergence for
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both convex and non-convex models. A general strategy for choosing step sizes without a-priori knowledge
is presented as well.

© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

This paper examines a travel forecasting model that combines a user-equilibrium route choice
model with a doubly constrained origin-destination-mode choice model with a compound deter-
rence function consisting of the product of a negative exponential term and a power term.
Bar-Gera and Boyce (2003) showed that this model (without the power term) can be formulated
as a convex optimization problem, and solved either by a link-based algorithm or more precisely
and efficiently by an origin-based algorithm. Tanner (1961) suggested that a compound deterrence
function can improve the model’s ability to replicate observed travel patterns; see also the discus-
sion in Erlander and Stewart (1990). While the change to a compound deterrence function may
appear minor, the convex optimization formulation considered previously cannot accommodate
it, nor can it accommodate many other variations that are often proposed to improve model real-
ism. For brevity, we refer to these as non-convex models, even though it is theoretically possible
that they are “convex’ in some sense. In order to evaluate the implications of a compound deter-
rence function, or any other non-convex model, the first step is to develop precise and efficient
algorithms for solving them, which is the main purpose of this paper.

The remainder of the paper is organized as follows. Section 2 describes the travel forecasting
model, and demonstrates how it fits into the general fixed-point formulation presented in Bar-
Gera and Boyce (2003). Section 3 contains a brief description of the origin-based algorithm for
combined models presented in Bar-Gera and Boyce (2003). A discussion of the algorithm’s ability
to handle non-convex combined models follows, showing that the only necessary change is a dif-
ferent way to determine the step size when updating the ODM model. Choice of step size in the
method of successive averages for fixed-point problems is discussed in Section 4. Section 5 pre-
sents computational results for one medium-size model and one large-scale model, under various
scenarios. Finally, conclusions and suggestions for future research are presented in Section 6.

2. Combined travel forecasting models

The travel forecasting model examined in this paper is similar to the one considered in
Bar-Gera and Boyce (2003), except for the introduction of a power term in Egs. (9) and (10)
below. The model seeks to represent typical traffic patterns during a certain time period of week-
days of a given year, in a study area which is divided into a set of zones denoted by Z. The ex-
pected number of travelers from origin p € Z to destination ¢ € Z by mode m € M = {a,t}
(auto or transit), referred to as the ODM flow (persons/hour), is denoted by the variable d,,,,.
d denotes the array of ODM flows. Vehicle OD flows are person flows by auto divided by a con-
stant auto occupancy factor, aof, with additional fixed OD truck flows (given as model input),
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Upg = dapg/aof + d;rq“k; or v(d) =d,/aof + qriek,

The roadway system is described by a network consisting of a set of nodes N and a set of links
A. Link a € A4 connects its tail node g, to its head node a,. The set of available routes from origin p
to destination ¢ in the auto network is denoted by R,,, and the set of these setsis R = {R,,;}, se~-
The distribution of travelers from p to ¢ among the routes in R, is described by a vector of non-
negative route proportions (conditional probabilities) y,, = {qur},eza The array of route propor-
tion vectors is y. Since route proportions must sum to one for each 0'D pair, the set of all feasible
route proportion arrays is

I'R) = {ye 0,1]%:) g, =1 vp,qez} (1)

rERpq

Given Vpg» the implied vector of route flows is by = {fyg},cp, = Upg - Vg the array of route flow
vectors is denoted by h. Defining the cross product to imply z = X X y=z,, = X, Vp, Provides a
convenient way to define route flows by the following array notation h(v,y) =v xy. Flows on
routes that pass through link a € 4 are aggregated over all destinations to yield origin-based link
flows £, eracpgrs these are further aggregated over all origins to yield total link flows
Ja= ZZQZ ﬁzzqffn% %ﬁgvecl tfrqne functions are of the BPR form

ta(fe) = 1) (1 +0.15 - (fu/k,)") 2)

where #° and k, are the given link free flow travel time and the link capacity, respectively. Auto
operating costs, including gasoline consumption, are a linear function of link length and travel
time,

0cq =1y - a(fa) + 12 - La (3)
where /, is the given link length. Link generalized costs are
ta(fa) = B, - tta(fa) + B, - 0ca(fa) (4)

where the [’s are calibration parameters. Parking costs by zone pc. and walking times to or from
the parking place wt. in each zone are components of the additional auto costs, defined as

PPy - (wty w1, (5)

ACapg = B, -
Route generalized costs by auto are ¢,y = acep + Y _,,t.- This entire cost structure is written in
short form as ¢ = C(h).

The set of minimum cost routes for a given O-D pair p, ¢ is denoted by
R} (¢) = argmin{cyy, : ¥ € qu} The array of such sets is denoted by R*(¢). For any non-empty

subset of routes R’, ) C R’ R, define the set of feasible route proportion arrays that are lim-
ited to R’ as
I(R)={ye[(R): 7, =0 Vr &R, Vp.qeZ} (6)

We assume that route choice follows the user-equilibrium principle of Wardrop (1952), that as
each traveler seeks to minimize the cost associated with their chosen route, at equilibrium the cost
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of every used route cannot be greater than the cost of any alternative route. Hence we are looking
for solutions where

v € I'(R(C(h(v(d),7)))) (7)

The total flow of person-trips per hour from each origin d,.; and the total flow of person-trips
per hour to each destination d., are given as part of the model input. These totals together with
the model endogenous values of ODM generalized costs are used to determine ODM flows. Auto
OD generalized costs are defined as the weighted average over all used routes,
Ugpg = Upgpg(€,7) = Vapg * Capg> O IN array notation u, = U,(¢e,y) = ¢, x 7. Note that under the
user-equilibrium assumption (7) average OD costs are in fact equal to the minimum OD costs.
Transit OD generalized costs are a linear function of in-vehicle travel times ¢, fares ¢/, and

. . tpq°® tpg>
out-of-vehicle times cj;q

1 i i 0 0
uth:ﬂt—i_ﬁtictpq—i_ﬁ{.céq—i_ﬁt.Ctpq (8>

Transit cost components are all constants, independent of flow, as are transit OD generalized
costs. ODM flows are given by

Aapg = Ap - By - €XP(—f  Ugpy) - Uy )
dypg = A, - B, - exp (—,u'utpq) Uy (10)

where 4, and B, are balancing factors determined by the method of Fratar (1954), with a correc-
tion as described in Appendix A, to guarantee that

DD oy =dpe (11)

meM qe€Z

DD dupg =dug (12)

meM peZ

When p = 0 this function is the same logit-type ODM choice model discussed in Bar-Gera and
Boyce (2003), which has a convex optimization formulation; however, that convex optimization
formulation does not apply for p > 0. This ODM choice model is represented compactly by the
continuous upper-bounded function d = ®(u). The entire combined ODM choice and route
choice model is formulated as a fixed point problem as follows:

{d,y} € F(d,y) = {@(U(C(h(v(d),7)),7))} x I'(R*(C(h(v(d),7)))) (13)
or equivalently

d = ®(U(C(h(v(d),)),7)) (14)

v € I'(R*(C(h(v(d),7)))) (15)

The precision of any given approximate solution {d,y} for (13) can be measured by two gap
values. To measure deviations from (14), examine the so-called “subproblem” ODM flows as
determined by the ODM model from current ODM costs, d’ = ®(U(C(h(v(d),7)),y)), and de-
fine the total misplaced ODM flow, in units of person-trips per hour, as the sum of absolute dif-
ferences between these subproblem ODM flows and the ODM flows in the current solution; that
is
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!
TMF =Y " |duy — d,,,| (16)
meM pgeZ

The second measure is the average auto excess cost, in the same units used for generalized travel
costs,

1

AEC=—: "1, ec, (17)
Uee rer
ec, = Copgr — m%n Capqr' (18)
' ERpq
Voo = Z Upg (19)
PYEZ

Note that AEC measures assignment precision, while TMF measures ODM choice precision.
Therefore, a solution is considered to be precise only if both measures are small enough, that is
if average excess cost is less than, say, 0.001 vehicle-minutes, and total misplaced ODM flow is
less than, say, 1000 person-trips/hour.

3. Algorithms

Algorithms based on the method of successive averages consist of a procedure to generate sub-
problem solutions and a strategy for choosing step sizes. We consider two options for generating
subproblem solutions; one is a link-based algorithm (Evans, 1976), and the other is an origin-
based algorithm. The performances of these algorithms with step sizes that are determined accord-
ing to a convex objective function, in a problem where such objective function exists, were
examined in Bar-Gera and Boyce (2003). In this paper, we focus on other strategies for choosing
step sizes, which are discussed in Section 4. For the sake of completeness, this section presents a
brief review of the way subproblem solutions are generated in the two algorithms.

For the Evans algorithm, given the kth iteration solution (d¥,y*); h* = v(d*) x y*, for each OD
pair the subproblem route proportion of the minimum cost route equals 1, and equals 0 for all

A~

other routes, according to current iteration flows: * € I'(R*(C(h"))); subproblem ODM flows
are determined according to the costs of these routes, d = ®(U(C(h"),5")), and then assigned
according to subproblem route proportions to yield subproblem route flows b =d x 3. These
are averaged with the current solution according to a step size 0 < 4 < 1 to generate the next iter-
ation solution h**' = (1 — 1) -h* + 1. B

The general scheme of the origin-based algorithm is presented in Fig. 1. It relies on the origin-
based assignment algorithm presented in Bar-Gera (2002), which is briefly described next. The key
addition to the algorithm for handling combined models is a procedure for updating ODM flows,
while retaining the route proportions of the current solution. Given a current solution, {d*,7"},
subproblem ODM flows are determined according to average auto OD costs i =
®(U(C(h"),y%)); new ODM flows are obtained by a weighted average d“' = (1 —1)-d"+
A- &k, where 0 < 4 < 1is a chosen step size. For convex models, the objective function can be used
to determine the step size. A proof of convergence for the resulting algorithm is given in Bar-Gera
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Initialization:
Let u = U* (C(0))
Let d° = @(u)
for pin Z do
A, = tree of minimum cost routes from p
f, = all or nothing assignment using 4,
end for

Main loop:
for n=1 to number of main iterations
Update O-D flows, retain route proportions
for pin Z do
update restricting subnetwork A,
update origin-based approach proportions e,
end for
for m=1 to number of inner iterations
for pin Z do
update origin-based approach proportions oy,
end for
end for
end for

Fig. 1. An origin-based algorithm for combined models.

and Boyce (2003). As shown there, the use of average auto OD costs (rather than minimum auto
OD costs as in the Evans algorithm) to determine subproblem ODM flows is critical for
convergence.

Once the ODM flows are updated, route proportions are revised in an origin-based assignment
iteration, while keeping O-D flows temporarily fixed. The main solution variables in the origin-
based assignment algorithm are origin-based approach proportions: & = {0t} . apezs 0 < oy <1
Za:ah:jocap =1Vje N VpeZ For every origin an a-cyclic restricting subnetwork is chosen,
A, C A; a A, = a,, = 0. Initial restricting subnetworks are trees of minimum cost routes. To
update the restricting subnetwork, unused links are removed, v—the maximum cost to node i
within the restricting subnetwork is computed, and all links [i,/] such that v; <v; are added to
the restricting subnetwork. Approach proportions for origin p are updated by shifting flows with-
in the restricting subnetwork 4, according to a boundary (piece-wise linear) search in a direction
determined by an approximate second order method.

Route proportions are determined by y,,, = [14e/0,,. It can be shown that £, = a,," g, where
Zip = D s o,—;Jap 15 the origin-based node flow, demonstrating that «,, is indeed the proportion of
flow on approach a to node a;, for origin p. The availability of route proportions allows one to
compute average O-D costs, and to assign new O-D flows by current route proportions. Due
to the restriction to a-cyclic subnetworks, these computations can be done efficiently without
route enumeration, in a time that is a linear function of the number of links times the number
of origins. These properties are essential for the demand update procedure described above.

In both the Evans algorithm and the origin-based algorithm, the main obstacle to a general
implementation for non-convex models is the determination of the step size. However, there is
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a critical difference between the two algorithms. In the Evans algorithm, subproblem solutions are
not continuous as a function of the current solution, as they are based on assignment to minimum
cost routes. In contrast, when updating ODM flows with the origin-based algorithm the subprob-
lem solution is a continuous smooth function of the current solution. This difference and its impli-
cations on step size choices are discussed in the next section.

4. Choice of step size in the method of successive averages

To simplify the discussion and the notation, let us first examine a general fixed point problem
x = F(x), and then relate the conclusions of the general discussion to the travel forecasting model
and to the algorithms described in the previous sections. Each iteration in the general method of
successive averages (MSA) uses the current solution x* to find a subproblem solution, y* = F(x*).
The next current solution is an average of these two solutions, x**' = (1 — 2%)-x*+2*-yX.

MSA was introduced in the seminal paper of Robbins and Monro (1951), who suggested in par-
ticular using step sizes that are predetermined as 1* = 1/k, where k is the iteration index. Many
researchers adopted this choice of step sizes (e.g. Powell and Sheffi, 1982). Polyak (1990) argues
in the context of stochastic approximation techniques that asymptotic convergence is optimal in
the sense that it is dominated by the stochastic noise if either a properly chosen constant step size
is used, or step sizes of X = k= where 0 < < 1. Averaging with a constant step size can also be
viewed as a variant of the Landweber—Fridman method for inverse problems (Landweber, 1951),
as described by Groetsch (Groetsch, 1993, pp. 96-97).

We consider computational procedures that are not influenced by stochastic noise. We are par-
ticularly interested in cases where the subproblem solution is a continuous and smooth function of
the current solution. In these cases, in the neighborhood of a fixed-point solution, x*, the relation-
ship between the current solution and the subproblem solution is approximately linear. That is
F(x)~ x"+ A-(x — x") for some matrix A.

The true deviation from x* can be measured by ||x — x*||. During the iterative process, when x*
is not known, the deviation can be estimated by ||x — F(x)||. Under the linear approximation the
two measures are closely related, since

Ix = F)[| = [(T=A) - (x =x")[| < [T = Al - [x = x7] (20)

As is known from linear algebra, there exists a diagonalization matrix P such that P~!-A-P is
diagonal. We can assume w..o.g. that P is orthonormal (norm preserving), so that
|x — x*|| = |[P™"(x — x*)||. The eigenvalues of A are the (possibly complex) diagonal values of
P! A P, denoted by the vector w. The deviation component along the ith eigenvector in the sub-
problem solution is the deviation in the current solution multiplied by w;. In particular, if w; is
real, the correction proposed by the subproblem solution can be interpreted intuitively as follows:
for w; > 1, the correction is in the opposite direction, moving away from x*; for 0 < w,; < 1, the
correction is in the right direction but too small; for w; = 0, the correction is perfect, and one iter-
ation eliminates any deviation; for —1 < w; <0, the correction is in the right direction but slightly
too large, the deviation in the subproblem solution being smaller than the deviation in the current
solution; for w; < — 1, the correction is in the right direction but too large, the deviation in sub-
problem solution being larger than the deviation in the current solution.
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Denote A(Z) =((1 — 2)-1+ A-A). The iterative algorithm for step size A is approximately
X x* 4+ A1) (x* — x*). Note that P A(J)P=(1—2)-I+ 1P AP is also diagonal.
The magnitude of the ith eigenvalue of A(4) is r{1) = ||(1 — 2+ A-®;)||. Under the linear approx-
imation, each eigenvector component of the deviation proceeds independently of all other compo-
nents, according to

1P~ (= xO =~ P (=)L - [ [ ra#) (1)

=1

Eq. (21) leads us to several important conclusions. If there exists an eigenvalue whose real com-
ponent is greater or equal to 1, Re(w;) = 1, then for any step size choice 0 < 4 < 1 the magnitude
of the corresponding eigenvalue of A(4) is greater or equal to 1 as well, r{4) > 1. As a result, the
magnitude of the deviation along that component cannot decrease, [|[P~'-(x*"" —x")]|| >
H[P*1 (x* = x")];||, regardless of step size choices, and hence any form of MSA will fail.

If a constant step size 4 is used, such that max;{r;(1)} = r; . (1) = r*(1) < 1, then all deviations
converge to zero. Furthermore, asymptotically, deviations are dominated by the component along
the 7. eigenvector; therefore, the ratio of deviations between successive iterations approaches to
r(A).

I x| P (x|

P—] . Xk+l —x9.
_ _ ~ H[ ( )]lmaxH — r*(ﬂ)’ k — OO (22)
I = [Pt (xk = x|

1P (xF = x|

The same result applies to estimated deviations as well, since for sufficiently large k

IX¥ = F(x*)| = [[(I-A) - (x* =x) || & |1 =y, || - [P (x* —x7)], (23)
and therefore
K+l k+1
X RGE o)

[[xk — F(x¥)]|
The step size that minimizes (1) yields fastest convergence. Note that [r{A)] is a quadratic con-

vex function of /. The maximum of convex functions is also convex, hence [r*(1)F is convex.
Clearly r*(0) = r{0) = 1. In addition,

12
(A1) =2 (Re(w;) — 1) (25)
o
=0
so if MSA is applicable, then Re(w,) <1 and r{(A) is decreasing at A = 0. In conclusion, r*(1) is
minimized at 0 < 2* < 1 and r*(1") < 1. Furthermore, r*(1) decreases for 0 < 4 < 2, and increases
for 2* < A < 1. Robust convergence can be obtained by any choice of a constant step size such
that r*(4) < 1, and particularly by A%, which is the best choice possible for a constant step size.
Of course, in practical applications the value of A" is not known a-priori. It may be estimated
from past experience. In particular, the application of travel forecasting models often involves the
analysis of various scenarios that differ only in the properties of a small number of roads; in that
case it may be worthwhile to conduct several experiments and choose a step size accordingly. In
general, choosing step sizes by trial and error may be possible, but not very desirable.
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The simplest alternative is to choose a predetermined decreasing sequence of step sizes, 2% — 0.
Clearly, from a certain iteration onwards X < 1* and therefore r*(1¥) < 1, thus leading to decreas-
ing deviations. However, such strategy can be substantially inferior to using a problem-specific
appropriate constant step size, because after some number of iterations the predetermined step
sizes may be significantly smaller than A*. For example, if 2* = 1/k and w; = —a is a negative real
value, then r;(1/k) = |55~ ]|; so if ko > a + 1 then for k > ko

1P~ (x* — x| ﬁ j—1—a _const(ky,a) (26)

I[P (xko —x*)], | ik

J=ko+1

Hence, the residual deviation is a power function of the iteration index, rather then an exponential
one in the case of a constant step size. Oddly enough, smaller values of @, which correspond to
more precise subproblem solutions, yield inferior performance under this strategy for choosing
step sizes.

We are looking for a strategy that will start from a given step size, °, presumably an estimate of
2" according to past experience, and decrease it as needed, that is if the reduction of deviations is
not sufficient. Deviations are not necessarily reduced in every iteration, especially in earlier iter-
ations when non-linear effects are significant; therefore, we propose to consider the average devi-
ation reduction ratio over the last ok iterations prior to iteration k > ok, defined by

1/0k
Ix* = F(x)]
N R ]

Pk, 0k) = [ (27)
Naturally, averaging over more iterations increases the stability to fluctuations, but it also in-
creases the time until the need for a smaller step size is detected.

As step sizes get smaller, 4 — 0, deviation reduction ratio in component i can be approximated
by r{A) = 1— 1-(1 — Re(w,)); and the overall deviation reduction ratio can be approximated by

r(A)~=1-1- <1 - m;ax{Re(cu,»)}) (28)

If Y = 0 is an estimated lower bound of 1 — max;{ Re(w;)} = 0, then it is reasonable to decrease
the step size when 7(k, 0k) > 1 — - 1. Choosing i = 0 suggests to decrease the step size only if the
algorithm did not make any progress at all during the last ok iterations. Larger values of y/ suggest
decreasing the step size if the progress is not fast enough.

Once a decision to decrease the step size has been made, it only remains to determine the next
step size. Applying approximation (28) to small step sizes suggests computation times that are in-
versely proportional to step size values; so using a step size that is 10% smaller than needed, in-
creases computation time approximately by 10%. In view of this observation, it seems appropriate
to set the next step size equal to the current step size multiplied by some decreasing factor, &, in the
range of, say, 0.5-0.9.

There are of course numerous ways to choose ok, \, and &, each leading to slightly different
behavior. The main tradeoffs in these choices are quite clear: lower values of ok and ¢ and higher
values of i lead to faster decreasing step sizes, with the potential advantage of reaching r*(1) < 1
in fewer iterations, and the possible disadvantage of using step sizes that are too small. In all cases,
it is clear that the actual performance will be dominated by the gap between the initial step size 2°
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and the optimal step size A". It seems that most insights would be learned from testing various
constant step sizes, which is the purpose of Section 5. Designing meaningful experiments to eval-
uate more sophisticated strategies like the one presented above is much more challenging, and re-
mains a subject for future research.

To complete the discussion of this section, the connection to the travel forecasting model de-
scribed in Section 2 and to the algorithms discussed in Section 3 should be clarified. If we assume
that route proportions are predetermined by yy, then the combined model (13) reduces to

d = ®(U(C(h(d, 7)), 7)) = F(d) (29)
which is differentiable for most ODM choice models including the gravity model used here. The
discussion about constant step sizes therefore applies to this problem directly. In the origin-based
algorithm, during the update of ODM flows, route proportions are held fixed, as in (29). Indeed
route proportions do change from one iteration to the next, thus changing the fixed-point function
F. Therefore, while this case does not belong to the precise definition of a fixed-point problem
analyzed in this section, it seems quite likely that the conclusions about the performance of dif-
ferent step size strategies will be applicable to the origin-based algorithm presented in Section 3.

In the Evans algorithm, subproblem solutions are based on all-or-nothing assignment to mini-
mum cost routes. As such they are not continuous (and certainly not differentiable) as a function of
the current solution. In this case using a constant step size is not expected to lead to convergence.

One more technical issue that deserves consideration is the measure of convergence. In this sec-
tion we used [|x — F(x)||, = (32,(xi — Fi(x))*)" as it simplifies the analysis. In Section 2 we pro-
posed the total misplaced ODM flow as a measure of convergence, which is equivalent to
|x = F(x)||, = >_,}xi — Fi(x)|. The latter is preferred as it is more intuitive and less sensitive to
outliers, which is particularly important due to the high number of dimensions in our problem.
Theoretically the difference between the two definitions could be significant, but practically it
seems quite unlikely that this difference will make a substantial impact on the algorithm’s conver-
gence behavior.

5. Experimental results

This section presents computation results comparing the convergence of the proposed origin-
based algorithm and the Evans algorithm for different step size strategies. The algorithms were
applied to two test problems. One is based on the detailed Chicago Regional Network with
1790 zones, 12,982 nodes, and 39,018 road links. The model is for one hour during the morning
peak with total ODM flow of about 1.4 million person-trips per hour. The second is based on an
aggregated version of the previous network, with a slightly smaller area, and referred to as the
Chicago Sketch Network. In this case there are 387 zones, 933 nodes, 2950 road links, and total
ODM flow of about 1.4 million person-trips per hour. Both models were calibrated using house-
hold travel survey data, and validated using Census data; see Boyce and Bar-Gera (2003). Vari-
ations of the basic models included: multiplying the total ODM flow by a total flow factor (TFF)
of 0.5, 1, or 2; changing the cost sensitivity u to 0.05, 0.1, or 0.2; and changing the power param-
eter p in the deterrence function of the gravity model (9, 10) to 0, 1, or 2; of course, p = 0 corre-
sponds to the omission of the power term.
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Experiments with the Chicago Regional Network were conducted on a PC with a 2 GHz Xeon
processor and 1 GB RAM, running under Windows XP™ . Experiments with the Chicago Sketch
Network were conducted on a Compaq Alpha Unix Server model DS20E, with CPU speed of
666 MHz, and 256 MB RAM. All codes are written in C.

In all origin-based solutions AEC is practically negligible. Evans solutions yield substantially
higher AEC values, but the convergence of ODM flows, as measured by TMF, is the main con-
cern in these solutions as well. Therefore, the discussion in this section focuses on TMF.

Fig. 2 compares the convergence of the origin-based algorithm with the Evans algorithm for a
problem that has a convex optimization formulation (p = 0). When subproblem solutions are gen-
erated by the Evans algorithm, the use of convex line search yields solutions that are about twice
as precise as those yielded by the predetermined sequence of step sizes A* = 1/k. After 10 min of
CPU time these methods achieve a total misplaced ODM flow of 300 and 600 vph, respectively.

The origin-based algorithm with convex line search is very effective, achieving a total misplaced
ODM flow of 10 vph in only 2 min of CPU time. When step sizes are predetermined by * = 1/k,
however, it performs much worse than both Evans-type algorithms, and after 10 min of CPU time
the total misplaced ODM flow remains greater than 10,000 vph. Although surprising, this result is
in agreement with the analysis in Section 4, showing that with /* = 1/k more precise subproblem
solutions may lead to poorer convergence.

Figs. 3-5 show the performance of the origin-based solution with constant step sizes. Figs. 3
and 4 show for both networks that when a properly chosen step size is used (4 = 0.5 in these exam-
ples), the performance is comparable to the performance obtained by using a convex line search.
Fig. 5 demonstrates that properly chosen constant step sizes provide excellent convergence for
non-convex models (p = 1) as well. Similar trends were observed in all other scenarios examined.
Results for the Chicago Regional Network in Fig. 3 show in some cases that the convex
line search may cause fluctuations, whereas constant step sizes provide consistent improvement

Origin-based, MSA (A" = 1/k)

Evans, MSA (\X = 1/k)

Evans, Convex Line Search

Total misplaced ODM flow

10
Origin—based
101 Convex Lin‘e Search . .
0 2 4 6 8 10

CPU time (min)

Fig. 2. Convergence comparison—Chicago Sketch Network.
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Fig. 3. OBA convergence for various constant step sizes, Chicago Regional Network, p = 0.

Total misplaced ODM flow
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Fig. 4. OBA convergence for various constant step sizes, Chicago Sketch Network, p = 0.

without fluctuations. Fluctuations were rarely observed in more than 30 solutions for the Chicago
Regional Model and 200 solutions for the Chicago Sketch Model, suggesting that decisions to de-
crease step sizes should be based on averaging of a relatively small number of iterations, such as
3 <ok <5,

Fig. 6 shows an attempt to use constant step sizes of various magnitudes with the Evans algo-
rithm. As expected, regardless of how small the step size is, solutions do not improve beyond a
certain point, which depends of course on the step size chosen.

A summary of the origin-based algorithm convergence performance near optimality for various
scenarios is presented in Table 1. This table presents the deviation reduction per iteration, aver-
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Fig. 5. OBA convergence for various constant step sizes, Chicago Sketch Network, p = 1.
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Fig. 6. Evans algorithm convergence for various constant step sizes, Chicago Sketch Network, p = 0.

aged over the last 10 iterations prior to the iteration that achieved a total misplaced ODM flow of
1 vph, that is 7(k;, 10) where TMF(k;) = 1. Interestingly, in all scenarios, when the step size is suf-
ficiently small, the deviation reduction ratio is almost precisely 1 — A (between 1 — 1.014 and
1 —0.994). According to Eq. (28), this suggests that max,;{ Re(w,)} = 0. According to the intuitive
characterization of eigenvalues in Section 4, if Re(w) < 0 for all eigenvalues then the deviation in
subproblem solutions is opposite in direction to the deviation of the current solution, meaning
that the correction implied by the subproblem solution is larger than necessary. For example, if
the equilibrium flow for a specific ODM combination is 100 vph while the current flow for that
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Table 1

Average deviation reduction ratio near optimality by step size and scenario for the Chicago Sketch Network
Scenario A

TFF u p 1 9 .8 i .6 .5 4 3 2 1 .05 .02

1 1 0 X X X X .76 .52 .61 .70 .801 .900 9501 .9800
1 1 1 X X X X .87 64 .62 .70 .800 .900 .9501 .9800
1 1 2 X X X X X 73 .61 74 .800 .900 .9500 .9800
5 1 0 .66 .50 .28 .30 42 .52 .61 .70 .801 .900 .9502 9801
.5 1 1 45 .37 .53 .69 45 .50 .60 .70 .800 .900 9501 .9800
5 1 2 .50 25 .64 .38 74 .50 .60 .70 .800 .900 .9500 .9800
2 1 0 X X X X X X X 71 .801 .900 9501 .9800
2 1 1 X X X X X X X .80 .800 .900 9501 .9800
2 1 2 X X X X X X X .93 .800 .900 .9500 .9800
1 .05 0 X X X X X X X 93 .803 .902 9507 .9802
1 .05 1 X X X X .60 .88 .89 92 .802 .902 .9506 .9802
1 .05 2 X X X X .90 .53 .80 77 .802 .902 .9506 .9802
1 2 0 X X .85 .76 5 .76 a7 .70 .800 .899 .9497 9799
1 2 1 X X X X X .86 .68 .70 .800 .899 .9495 9798
1 2 2 X X X X X X 79 .87 .827 .899 .9497 9799

X—solution did not converge; TFF—total flow factor; y—cost sensitivity; p—deterrence power parameter.

ODM combination is 110 vph then the flow for that ODM combination in the subproblem solu-
tion will be lower than 100 vph. This is quite reasonable considering the fact that additional flow
for a specific ODM combination typically increases the cost of that ODM combination while
reducing the cost of alternative ODM-s, thus making the shift more attractive than it really should
be. The results of Table 1 also help in choosing y for the step size adjustment strategy presented in
Section 4, which should be an estimate of 1 — max;{ Re(w;)}. In view of the above observation v
should be relatively close to 1, say in the range of 0.5 to 0.9.

Assuming that the linear approximation is valid for the average deviation reduction ratios
presented in Table 1, we may expect that 7(k;,10) ~ r*(1), and therefore ||l — 1+ 1w, <
7(k1,10). Graphically, the last inequality implies that in the complex plane all eigenvalues
should lie inside the circle with a radius of 7#(ky,10)/4, centered at 1 — 1/4. Fig. 7 shows the
resulting circles from several solutions with various step sizes for one scenario (Chicago Sketch
Network, TFF =0.5, u=0.1, p =1). Eigenvalues depend on the scenario, but not on the step
size; therefore, they should lie at the intersection of all the circles. It seems that in this case con-
vergence of the solutions with 4 < 0.7 is dominated by an eigenvalue of approximately 0, and
the convergence of solutions with 1 > 0.8 is dominated by an eigenvalue of approximately
—0.65.

The range of optimal step sizes in our results is quite moderate, between 0.1 and 0.5. These re-
sults cover six scenario variations of the Chicago Regional Model, and 15 scenario variations of
the Chicago Sketch Model, with fairly radical changes such as Total Flow Factor between 0.5 and
2. We can expect, therefore, that the strategy presented in Section 4 would provide reasonable per-
formance, and would not be too sensitive to the choices of Ag, ok, ¥, and &. Thorough evaluation
of this strategy remains a subject for future research.
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Fig. 7. Eigenvalues boundaries according to actual convergence rates.

6. Conclusions

We demonstrated that non-convex combined models can be solved efficiently and precisely with
an origin-based algorithm, using a properly chosen constant step size for averaging demand be-
tween iterations. We also presented a general strategy to adjust the step size along the solution
process, according to the actual performance of the algorithm.

The results presented here show clearly that if the algorithm used to generate subproblem solu-
tions is continuous and precise, using step sizes from a predetermined sequence such as 2* = 1/k
may lead to extremely poor convergence, substantially inferior to using a properly chosen con-
stant step size.

The method of successive averages with a properly chosen constant step size could be useful for
solving other continuous fixed-point problems as well. This remains a subject for future research.
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Appendix A

Gravity ODM models, like the one presented in (9)—(12), are typically solved by iterative bal-
ancing (Fratar, 1954), that is by
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A =1 VYpez (30)
B; =1 VgeZz (31)
: d
A = 2 Vi>1; peZ (32)
! EqEZB{;I dpq
: d
B = o Vi>1, peZ (33)
! ZpezAfa ’ dpq
ol =dy— > A Bl -d, (34)
qeZ
ed)=duy— Y A -B -d, (35)
peEZ

where Elpq = eXP(— [ Uapg) * Uy fy + €XP(—[L - Upyy) - Uy is the composite deterrence; eo, and ed are
the origin and destination residual errors, respectively. At the end of every iteration, destination
constraints are satisfied precisely, ed’ = 0. Origin residual errors converge to 0, maxp{eof =00,
usually fairly quickly, especially if the matrix d is reasonable. In early iteration solutions of com-
bined models d can be problematic, leading to fairly slow convergence of the balancing process,
which may require hundreds of iterations to achieve even a moderate precision of
max,{e)} < 0.01. Waiting for the balancing process to achieve higher precision is clearly ineffi-
cient. Stopping the balancing process with imprecise solutions is also problematic, since these
imprecisions propagate to solutions of subsequent iterations through the averaging of demand,
thus making all subsequent solutions infeasible as well.

We devised a simple correction procedure that appears to be fairly robust. In the last balancing
iteration, j = n, let

—2r— ifeo" ! <0
AZ = ququ Hpy g (36)
A;_l, if eo}';l =0
n __ pn—1
B =B (37)

As a result, all residual errors are non-negative, eo) = 0VpeZ edZ > 0 VYq € Z, and can be di-
vided proportionally among all OD pairs. That is, setting OD flows to
ed"
a’p =4, By - d,,q +7 (38)

e

where e=3_ ey =3 ,ed;. Finally, ODM flows can be easily determined by
Aapg = dpg » €XP(— I+ Ugpy) - apq’dtpq = dpy - €XP(— L+ Uppg) " Uppg-
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