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One simple way to approximately describe the decay of creep rate at con- 
stant uniaxial stress o is to assume that the creep rate ¢C is a function of 
load duration T, or the current creep strain ¢ C or the current age t; thus, 
in general, ~C = F(°,¢C,T,t)" The decay of the creep rate as a function of 
load duration is called time-hardening, the decay of the creep rate as a 
function of ¢ C is called strain-hardening, and the decay as a function of 
age is called aging (1,2). Aging is in some way reflected in all existing 
concrete creep laws, but not strain-hardening or time-hardening. Time-hard- 
ening has the advantage that it does not destroy linearity of the stress- 
strain relation, while strain-hardening does (if the stress is variable and 
unknown). A form of time-hardening corresponding to an aging Maxwell model 
was introduced in the 1930's by Glanville and Dischinger and is called the 
rate-of-creep (or Dischinger) method (3). 

L'Hermite (4,5) was apparently the first to introduce strain-hardening for 
concrete. He proposed a special form of function F such that: 

k I 

¢C = ~(¢C - EC)(T + k2) (i) 

in which eC, kl, k 2 = constants, t = t' + T = current age, t' = age at load- 
ing. He then showed that his strain-hardening creep law can give a relative- 
ly good description of the creep curves of concrete at constant stress for 
various ages t' at loading. As for time-variable stress, L'Hermite did not 
consider the strain-hardening law to apply, and with Mamillan (4) he con- 
cluded that a hereditary creep law, such as a law based on the principle of 
superposition, is necessary to describe the observed creep behavior ade- 
quately. 

Recently, however, a creep formulation which is equivalent to the concept 
of strain-hardening was proposed by Acker and Lau (7,8,9) for general stress 
histories and has been adopted for the French code. The purpose of this note 
is to demonstrate the equivalence of this formulation to strain-hardening and 
to point out certain serious limitations as far as creep at time-variable 
stress is concerned. 
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Acker and Lau's model does not specify function F explicitly, but function 

F is implied in their model. They characterize creep by an empirical func- 
tion ~ which describes the concrete creep curves for various values of con- 
stant stress o, and for various ages at loading t' as well as various envi- 
ronmental humidities h and temperatures T: 

Cc(t ) = ~(o,T,t,h,T). (2) 

The creep rate at constant stress corresponding to Eq. 2 is: 

~c(t) = ~,t(o,T,t,h,T) (3) 

where ~ t = ~/~t. 

Consider now arbitrary stress history o(t). When stated in mathematical 
terms, the idea of Acker and Lau was to use Eqs. 2 and 3 as two simultaneous 
equations which are valid for the current stress o(t) at time t. This idea 
means that T in Eqs. 2 and 3 becomes a parameter. This parameter is called 
by Acker and Lau the equivalent time, T, and is defined as the duration of a 
constant stress equal to the current stress o(t) during which the creep 
strain produced is the same as the current creep strain eC(t). This defini- 
tion obviously also requires t to represent the current actual age of con- 
crete, and h and T to represent the current humidity and temperature (this 
is not explicitly stated in Refs. 7, 8 and 9, but no other alternative seems 

workable). 

The aforementioned definition of T means that T is to be solved from Eq. 1 
in which o, h and T are considered with their current values. Thus, denoting 
as ~ the inverse of function ~ with respect to T, we may write: 

T = P[o(t), gc(t), t, h(t), T(t)]. (4) 

Substituting this value into Eq. 3 and introducing the notation: 

[~,t[o(t),T,t,h(t),T(t)] T=~[o(t) .... ] = F[a(t),CC (t),~h(t),T(t)] (5) 

where F is a certain monotonic and smooth function of eC, we find that Acker 
and Lau's formulation is equivalent to the differential equation: 

~C = F(o, CC' t, h, T) (6) 

at variable o(t). The solution of this differential equation for o = const. 

is Eq. 2. 

The fact that the creep rate ~C in Eq. 6 depends on the total accumulated 
creep strain eu(t) (in addition to a dependence on t, h and T) means that 
Acker and Lau's creep formulation is equivalent to a strain-hardening creep 
law. Conversely, any strain-hardening formulation may be easily stated in 
the form used by Acker and Lau. For example, Eq. i of L'Hermite, which is 
linear if the stress is prescribed, can be integrated for constant stress a 

to yield: 

1  cE1 ~(O,T,t,h,T) = { E (--'("~ + ~ - (7) 

where E(t') = elastic modulus at loading age t', and T = t -t'. The use of 
this function in the manner of Acker and Lau is then, of course, equivalent 
to the direct use of Eq. i in structural analysis. 

Strain-hardening has found wide applications for creep of metals (1,2), 
for which the dependence of ~ on o (or of F on o) is always nonlinear. For 
concrete, the dependence of ~ on o may be assumed to be linear in the service 
stress range (as in Eq. 1), and then the function ~(...)/~ represents the 
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compliance function J(t~t'), 

The strain-hardening model of Acker and Lau was shown (7) to give rela- 
tively good predictions for creep after a partial unloading. However, this 
model gives poor predictions for other basic stress histories: 

i. All strain-hardening models including that of Lau and Acker predict no 
creep recovery at all; see Fig. i in which the test data are taken from Roll 
(i0), Kommendant et al. (ll), and Mullick (12) and are summarized e.g. in 
Ref. 13. 

2. All strain-hardening models also underpredict concrete creep for in- 
creasing stress histories. This may be illustrated for a two-step history 
by the test data of Kimishima and Kitahara (14) in Fig. 2 (summarized in Ref. 
13). By contrast, the linear superposition gives a reasonably good predic- 
tion, and the BTC model from Ref. ii an excellent prediction. The reason for 
the underprediction in Fig. 2 is clear from the graphical construction of the 
response curve according to Lau et al. (7), based directly on their formula- 
tion of equivalent time. Curve c is the creep curve at the new stress a z = 
800 psi which gives, at time tl, the same creep strain sC as the curve a at 
the initial stress a I = 400 psi. Curve c is determined by finding first 
curve b which gives, at time tl, the creep strain E C al/a 2 = ~C/2. Of course 
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FIG. l 
Some Typical Test Data on Creep Recovery (8,9,10) Compared to the 
Prediction of the Strain-Hardening Model by Lau et al. (7). 
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FIG. 2 
Typical Test Data for Creep at Two-step Stress History (14) Compared 
to the Prediction of the Strain-Hardening Model by Lau et al. (7). 

the determination of the equivalent time T = t I - t' for curve b inevitably 
involves some error, but this makes little difference since for all t'-values 
between 40 days and 150 days the error in prediction is large. 

3. According to Eq. 5 or Eqs. 2-3, all the stress histories which produce, 
at age tl, the same creep strain SC would have to lead to equal creep rates 
right after time t I. In reality, though, these creep rates can be quite dif- 
ferent. 

From the foregoing analysis, it appears that the strain-hardening consti- 
tutive law does not give a good representation of concrete creep at variable 
stress. Its errors in describing creep at variable stress, as seen in Figs. 
1 and 2, are approximately as large as those of the classical rate-of-creep 
method (Dischinger method), and are larger than those of the improved 
Dischinger method, used in the current CEB-FIP Model Code, or the current 
ACI Recommendation. At the same time, these existing formulations are easier 
to use in structural analysis than Acker and Lau's model because they are 
linear. Acker and Lau (7) demonstrated by an example a nonlinear solution 
for statically indeterminate beams by the layered approach. Their solution 
is, however, more involved than a linear solution according to the aforemen- 
tioned models, especially if the age-adjusted effective modulus method is 
used. 

The concept of strain-hardening, while inadequate if considered alone, 
might nevertheless prove useful in combination with other concepts, e.g., the 
principle of superposition. A combination of strain-hardening and a super- 
position principle has been studied at Northwestern University (13), and one 
such formulation provided a rather good description of broad range of test 
data. 

Another debatable aspect of the formulation proposed for the French code 
(7,8,9) is the form of the formulas for function ¢; see pp. 230-231 of Ref.3. 
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This aspect, however, is a separate issue, independent of strain-hardening. 
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western University. 

References 

i. I Finnie and W R Heller, Creep of Engineering Materials, McGraw Hill, 
New York (1959). 

2. J T Boyle and J Spence, Stress Analysis for Creep, p. 13, Butterworth, 
London (1983). 

3. State-of-Art-Report on "Creep and Shrinkage of Concrete: Mathematical 
Modeling," by RILEM Committee TC 69 chaired by Z P Ba~ant, in Preprints, 
4th RILEM Intern. Symp. on Creep and Shrinkage of Concrete: Mathemati- 
cal Modeling, ed. by Z P Ba~ant, Northwestern University, Aug. 1986, 
pp. 39-456. 

4. R L'Hermite, What Do We Know about the Plastic Deformation and Creep of 
Concrete? Bulletin RILEM (Paris), No. i, 22-51 (1959). 

5. Z P Ba~ant, The Impact of Robert L'Hermite on the Evolution of Creep and 
Shrinkage Theory, pp. 1-38, loc. cit. in Ref. 3. 

6. R L'Hermite and M Mamillan, Retrait et Fluage des B4tons Annales 
I.T.B.T.P. 21, No. 249, 1319-1337 (Sept. 1968). 

7. M Y Lau, PAcker et al., Time-Dependent Behavior of Prestressed Concrete 
Beams - Modeling Taking into Account Hygral Influences (in French), 
Proc. 10th Congress FIP, New Delhi, 65-70 (Feb. 1986). 

8. PAcker, Critique des modules de calcul actuels. Orientation pour la 
recherche pure, Annales ITBTP- "Journ4e d'4tude sur le fluage" (1986). 

9. PAcker, Interpretation des mesures. Modelisation pur local et debouch4s 
sur la r~glementation, ibid (1986). 

i0. F Roll, Long-Time Creep Recovery of Highly Stressed Concrete Cylinders, 
Symp. on Creep of Concrete, ACI Special Publ. sPg, 95-114 (1964). 

ii. G J Kommendant, M Polivka and D Pirtz, Study of Concrete Properties for 
Prestressed Concrete Reactor Vessels, Report No. UCSESM76-3 (Part II), 
Dept. of Civil Engng., Univ. of California, Berkeley (1976). 

12. A K Mullick, Effect of Stress History on the Microstructure and Creep 
Properties of Maturing Concrete, Ph.D. Thesis, Dept. of Civil Engng., 
Univ. of Calgary (1972). 

13. Z P Ba~ant, T Tsubaki and Z Celep, Singular History Integral for Creep 
Rate of Concrete, J. of Engng. Mech. ASCE 109, 866-884 (1983). 

14. H Kimishima and H Kitahara, Creep and Creep Recovery of Mass Concrete, 
Tech. Report C-64001, Central Research Institute of Electric Power 
Industry, Tokyo (1964). 


