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Abstract
Extending the analysis of the evolution of pore humidity and carbonation presented in a preceding paper by Ferretti and Baz˘ant, this paper
analyzes the redistribution in time of vertical normal stresses across the multiple-leaf wall of ancient towers, using the example of collapsed Pavia
Tower. It is shown that stress redistribution due to nonuniform shrinkage and nonuniform creep across the wall, including the additional
redistribution due to cracking, produces in the masonry cladding of the wall very large compressive stresses that reach, after centuries, the level of
compression strength of the cladding.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
This study is motivated by the sudden collapse of the Civic
Tower of Pavia in 1991, at the age of about eight centuries,
without any warning signal. The possible causes of failure were
examined in [1–3] considering the evidence from collapse, tests
on the ruins and finite element analysis. Researchers concluded
that creep damage, triggered by stress concentrations, was the
main cause of failure [3]. Other possible concomitant causes
were pointed out, such as temperature fluctuations, vibrations
produced by bells, soil vibrations, and action of wind.
Aside from these phenomena, we propose redistribution of
stresses in time as a major cause of failure. The redistribution is
caused by nonuniformity of carbonation, drying shrinkage and
drying creep, and is modified by distributed cracking. These
phenomena arise from the slow evolution of pore humidity in
time.
The preceding part of this study [4] addressed the evolution of
pore humidity and carbonation degree across the wall of the tower.
Based on this background information, the present paper will
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analyze the redistribution of vertical normal stresses due to selfweight across the wall. No mathematical model seems available
for this ancient material. Therefore, we will adapt an existing
model proposed for Portland cement concrete. This analogy
seems possible because the underlying physical considerations are
similar for both materials. Although the results will be only
approximate, they will serve to quantify the phenomena involved,
which in the past were studied only qualitatively. Moreover, the
results of this stress analysis are needed for a subsequent study that
will address the fracture process with size effect.
2. Humidity diffusion and carbonation
The Civic Tower of Pavia, like many other medieval towers,
had massive multiple leaf walls. Observing the wall section cut
out by Calvi [5] from a block that survived the collapse (Fig. 1),
we can see the external regular brickwork which served during
construction as a mould for casting the core. The core is a
conglomerate, built layer by layer from stones and brick pebbles
embedded in mortar and alternated with thick courses of
limebased mortar [3]. The maximum aggregate size in the
mortar ranged between 20 and 60 mm [6]. The conglomerate
differs from regular masonry as well as Portland cement
concrete and is called the ‘ancient concrete’ [1,3].
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core

cladding

The system of partial differential Eqs. (1), (2), and (3) is
solved by finite element method in the sense of Galerkin. In the
domain x ∈ (0, D), a uniform mesh of one-dimensional elements
is introduced. The elements are based on Lagrangian quadratic
shape functions. The solution in space and time is obtained
following the procedure described in [4]. At any time t, the
solution provides the profiles of R, h, and c across thickness D
of the wall. The variation of h in time produces creep and
shrinkage in lime mortar. At the same time, its mechanical
properties vary with carbonation R, which substantially
depends on humidity h.

Fig. 1. A section of a wall of the Civic Tower of Pavia cut from a block that
survived collapse (after [5]).

Since little research dealt with this material, previous studies
treated it as a poor Portland cement concrete and assumed it to
be homogeneous and isotropic [1,6]. In contrast to concrete,
cementation depends on the reaction of hydrated lime with
atmospheric carbon dioxide (CO2), which produces a durable
carbonate matrix [7]. The process is controlled by humidity
diffusion through ancient concrete, which causes a reduction of
pore water content and allows diffusion of CO2 from the outside
to the pores. The reaction of hydrated lime with CO2 then
produces calcium carbonate and water. By reducing total
porosity, carbonation retards diffusion of humidity. So,
carbonation, humidity diffusion, and CO2 diffusion interact.
To model these phenomena and their interaction, three coupled
diffusion–reaction equations must be solved. Such a model has
been formulated and used in [4,8–10]. Here we describe the
model and use it for spatially one-dimensional calculations.
The first partial differential equation governs the rate of
relative concentration of carbonate, R ¼ ½CaCO3 =½CaCO3 max
BR
¼ a1 f1 ðhÞf2 ðcÞf3 ðRÞf4 ðT Þ
Bt

ð1Þ

where h = relative pore humidity, c = [CO2], T = absolute temperature, and t = time (age of wall). Coefficient f1(h) expresses
the effect of relative humidity h. Coefficients f2(c) and f3 ðRÞ
describe the influence of concentration of carbon dioxide, c, and
of the degree of carbonation, R.
The second partial differential equation governs moisture
diffusion in terms of relative humidity h in the pores;


Bh
B
Bh
Bhs
BR
¼
C
ð2Þ
þ a2
þ
Bt Bx
Bx
Bt
Bt
where C = diffusivity of h, hs = self-desiccation humidity
(humidity variation caused by water consumed in chemical
reactions), and α2 = coefficient that governs the effect of water
liberated during carbonation.
The third partial differential equation describes the diffusion
of carbon dioxide


Bc
B
Bc
BR
¼
Dc
ð3Þ
−a3
Bt Bx
Bx
Bt
where Dc = diffusivity of CO2, and α3 = coefficient governing
the sink term due to the consumption of CO2 by carbonation.
For more details see [4].

3. Interaction of humidity diffusion, creep, and fracture
Only few studies are available for creep and shrinkage of
lime mortar concrete [3,11,12]. They all indicate that a
mathematical treatment similar to low strength Portland cement
concrete is possible. Some investigators nevertheless expressed
the opinion that some differences in treatment were necessary.
In the case of lime concrete, there is no cement gel, and no
hydration but only carbonation, unless the mortar contains
pozzolanic materials (such as pozzolana or brick pebbles, and
dust), with which the hydrated lime reacts [13]. In that case a
certain amount of cement gel and calcium silicates is present
and the chemical similarity is stronger.
Consequently, at the present level of knowledge, it appears
logical to adopt a creep and shrinkage model that has been
physically justified for Portland cement concrete. For the
reasons described in [14], model B3 [15] is adopted here, but
with the hydration features removed.
3.1. Mechanisms of creep and aging
At service stresses, which are less than about one half of the
strength, and in the absence of cracking, the creep strain
depends on stress linearly and may, therefore, be characterized
by the compliance function, J(t, t′), defined as the strain at time t
caused by a unit uniaxial stress applied at time t′. According to
model B3 [15]:


J ðt; t VÞ ¼ v−1 ðtÞCg ðhÞ þ 1=gf
ð4Þ
v−1 ðtÞ ¼ ðk0 =tÞm þ q3 =q2

ð5Þ

nhn−1

Cg ðhÞ ¼ q2 n
k0 þ hn

ð6Þ

where J ˙(t, t′) = dJ(t, t′) / dt = compliance rate. The initial value
J(t′, t′) = q1 = age-independent constant; θ = t − t′ = load duration; λ0 = 1day; m = 0.5; n ≈ 0.1–0.2; q2, q3 = material parameters; Cg(θ) = compliance function for a non-ageing constituent; ηf = effective viscosity for viscous flow; and v(t) =
volume of cement gel or carbonate per unit volume of
material, growing due to hydration or carbonation. According
to the solidification theory, aging is described by the volume
growth v(t) of cement gel or carbonates into the pores. In
Portland cement concrete, the volume growth of hydration
products is relatively short-lived, terminating in about one
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year, if sufficient water is supplied. In lime concrete the
volume growth of carbonated products is fast once carbonation occurs, although this may take a very long time due to
diffusion. To explain and model the long-term aging in creep
and the effect of pore humidity variation, a flow term is
introduced. For creep of sealed specimens at constant
temperature, called the basic creep, the flow term may be
written as 1 / ηf = q4 / t where q4 is a material parameter. When
the specific water content (mass of water per unit volume of
concrete) varies because of moisture diffusion, hydration and
carbonation, the flow term is modified by introducing the
concept of microprestress [16,17].
3.2. Microprestress and coupling of creep with humidity
changes
In Portland cement concrete, microprestress is regarded as a
measure of the stress peaks at creep sites in the nanostructure of
cement gel [16]. The microprestress is considered to be
unaffected by the applied load and to be produced solely by
chemical volume changes and by drying or wetting. Expressed
in terms of microprestress S, the flow term becomes [16,17]

1=gf ¼ q4Vðp−1ÞS p−2 S
ð7Þ
where q4′ = coefficient that depends on the type of concrete, and
p ≈ 2. The microprestress relaxes in time and its evolution at
each point of a concrete structure, at constant temperature and
variable humidity h, may be solved from the differential
equation


S þ c0 S p ¼ −c1 jh =hj
ð8Þ
where c0, c1 = positive constants. The absolute value is
introduced to reflect the experimental observation that not
only drying but also wetting accelerates creep.
The main justification of the concept of microprestress
relaxation is that it describes not only drying creep but also the
long-term aging of creep, manifested by a decrease of flow
viscosity. The concept of microprestress seems reasonable also
for lime concrete since lime was observed to undergo aging,
especially for alternating humidity [18]. Of course, the physical
justification given in [18] differs from the case of concrete, and
the model coefficients need to be recalibrated by tests.
At variable environmental conditions, time t in Eq. (5) must
be replaced by the equivalent hydration time
Z t
te ¼
bh bT dt
ð9Þ
0

where βT = exp(Qh / RT0 − Qh / RT), T0 = 296K, Qh / R ≈ 2700 K,
and, in analogy to concrete, βh = [1 + (5 − 5h)4]− 1. The loading
duration θ = t − t′ in Eq. (6) must be replaced by θ = tr − tr′,
where
Z t
tr ¼
wh wT dt
ð10Þ
0

is the reduced time for creep, different from te; ψh = 0.1 + 0.9h2,
ψT = exp(Qv / RT0 − Qv / RT), and Qv / R ≈ 5000 K. To take into
account carbonation, the equivalent hydration time te could be
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modified by introducing in Eq. (9) an additional factor bR, but
no data exist in this regard.
3.3. Free shrinkage
Because of nonuniform distribution of pore humidity h, the
free (unrestrained) shrinkage strain rates ϵ˙sh at various points of
the structure are in general different, and their incompatibility
causes microcracking or cracking. For this reason, ϵ˙sh cannot be
measured directly and must be determined indirectly by finite
element analysis of the overall shrinkage of specimens [15,19–
21]. Data fitting by inverse analysis [16] confirms that

e sh ¼ ksh h
ð11Þ
where ksh = constant coefficient. Only few measurements of
shrinkage of lime mortar are reported in the literature [11,12,22].
No useful data seems available regarding drying creep (or
Pickett effect) and the separation of the effects of cracking and
stress-induced shrinkage in the sense of [20]. Thus, the simple
behavior expressed by Eq. (11) must be co-opted.
At early ages of ancient concrete, the excess of water is lost
and shrinkage occurs. During this process, diffusion of CO2
from the environment into partially dried pores activates the
carbonation process of portlandite into calcite [23], and thus
carbonation shrinkage takes places (carbonation shrinkage of the
compacts of hydrated lime was observed in [24]). In lime mortar
specimens, sand grains must resist and reduce carbonation
shrinkage, although some authors, e.g. [7], were unable to detect
it. This point is still debatable and further research is needed. For
this reason, we neglect carbonation shrinkage.
3.4. Cracking and fracture mechanics aspects
Tensile stress produced by hindered shrinkage usually causes
microcracking or cracking [19,25]. For deep drying penetration
of massive structures, cracking may localize into widely spaced
large macro-cracks, surrounded by shorter, tiny, and closely
spaced cracks. In this situation, the structural and diffusion
problems may be coupled because cracks wider than 0.5 mm
influence diffusivity. In towers, due to self-weight, horizontal
cracking is partially suppressed, and so a network of closely
spaced narrow cracks is likely. Thus, the diffusion problem may
be assumed to be uncoupled to cracking and can be solved
separately, before the stress analysis.
To take the fracture mechanics aspects of cracking into
account in a simple manner, the crack band model is used [26],
and cracking is assumed to localize into discrete cracks with a
certain characteristic spacing s. Because parallel adjacent crack
bands cannot overlap, the minimum possible spacing of such
cracks must be taken equal to the empirically known width wc of
the crack band (or the fracture process zone), which must be
considered as a material property. For cement concrete, roughly
wc ≈ 2da to 3da where da is the maximum aggregate size. For
ancient concrete, if cracking occurs in the lime mortar, we use
the same estimate but da is the maximum aggregate size of the
mortar. For masonry, since cracking occurs in the joints, we
hypothesize wc to be equal to the height of the bricks.
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(a)

(b)

(c)

Fig. 2. Cracking: (a) evolution of a system of parallel shrinkage cracks and crack spacing as a function of crack length (after [29]); (b) crack system limited by
minimum spacing wc equal to width of crack band (fracture process zone); (c) tensile stress–strain relation of cracked concrete based on the cohesive crack model [30].

When the parallel cracks get too long compared to their
spacing, every other crack closes and the spacing of the
remaining (dominant) cracks doubles. Based on the analysis of
equilibrium path bifurcation in a system of parallel thermal
cracks [27,28], it was shown in [29] that the spacing of the
dominant (open) cracks increases on the average as s = 0.69a
where a is the length of the cracks (Fig. 2a). For the
aforementioned reasons, the general rule for the dominant
crack spacing may be written as
s ¼ maxðwc ; 0:69aÞ:

ð12Þ

According to the crack band model, the accumulated
cracking strain may be defined as ϵcr = δ / s where δ is the
opening width of the actual cracks. The stress corresponding to
ϵcr is obtained from the bilinear softening function (Fig. 2c) of
the cohesive crack model proposed in [30], which is written in
secant form:
rðecr Þ ¼ rðd=sÞ ¼ Ecr ecr :

ð13Þ

Differentiating in time, we get the stress rate
r ¼ E e þ E e
cr cr
cr cr

ð14Þ

whereas the corresponding incremental strain is
ecr ¼


Ecr

1 
r−
ecr ¼ Ccr r þ eWcr :
Ecr
Ecr

ð15Þ

case Eq. (14) is replaced by σ˙ = Ecrϵ˙cr. At a given ϵcr, the slope of
the unloading curve represents the corresponding secant
stiffness of the virgin curve (Fig. 2c). For the sake of simplicity,
reloading is assumed to follow the same curve as unloading,
even though a hysteretic behavior could be introduced [19].
Unloading and reloading are complicated by the fact that during
time the flow of water into the cracks may produce recrystallization of the calcium carbonate and the cracks can thus
be sealed. This effect is neglected and so is viscosity of the
fracturing process (e.g. [31]).
4. The case of Pavia Tower: calibration of main parameters
The numerical procedure used to solve the creep and
shrinkage problem is described in the Appendix. It was applied
to study the wall at the base of Pavia Tower. Its wall (Fig. 3) has
indefinite height and width, whereas the total base is D = 2.8m.
At both edges it is lined by a good coursed masonry cladding of
thickness d = 0.15 m.
4.1. Material properties
Measurements in [5] on small size panels (approximately
700 × 500 × 300 mm) recovered from the ruins of the tower
provide the following data. For the core: aggregate size

During shrinkage (and raising of the tower), some zones
undergo unloading or unloading–reloading cycles, in which

II: Pine forest soil

Fig. 3. Cross section of a wall of the tower: finite element mesh for diffusion and
stress analyses in one dimension.

Fig. 4. Calibration of B3 model by means of creep strains measured in [6] on the
ruins of Pavia Tower.
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(b)
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(c)

Fig. 5. Calibration of coefficient c0 of microprestress at constant relative pore humidity: (a) relative pore humidity h; (b) microprestress S; (c) strain J.

da = 20 mm, secant Young's modulus Ec = 2670 MPa, Poisson
ratio ν = 0.14, compressive strength fc′ = 3.1MPa, tensile strength
fct = fc′ / 20, w1 = 0.2 mm, wc = 0.8 mm, and specific weight
γc = 18.1 kN/m3. For the masonry cladding: secant Young's
modulus Em = 2650MPa, Poisson ratio νm = 0.16, compressive
strength fm′ = 4.1MPa, tensile strength fmt = fm′ / 20, and specific
weight γm = 17.2 kN/m3. The bricks have the average height of
60 mm, and the mortar joints 20 mm. Perfect bond between
masonry cladding and lime concrete core is assumed, as
suggested by tests on blocks composed of both materials [6].
The mechanical properties were measured on carbonated blocks
that survived the collapse. As pointed out in [23], the scarce
literature about these materials and the controversial results do
not explain how to consider the variation of mechanical
properties with the degree of carbonation R, and so the
properties are considered constant.
4.2. Creep
The creep model is calibrated by long-term tests in [6] and
[3] on specimens recovered from the ruins, and the early-age
behavior is co-opted from concrete. In these tests, specimens
labeled 19-30A and 19-30B were subjected to an initial
constant stress σ = 1.11MPa ≈ 0.4 fc′. After 30days, the stress
was increased to σ = 1.38 MPa. For the first period of the test
(1000 days) the strain history, measured on the bases of
L = specimen height and l = 300 mm, is represented in Fig. 4.

(a)

(b)

The means of the scattered curves are used here to calibrate
the creep model; exponent n = 0.15 in Eq. (4) is chosen to
enhance long-term creep; parameters q1 = 0.0005 MPa − 1 ,
q2 = 0.0025 MPa− 1, q3 = 0.2q2, m = 0.5 provide the numerical
curve represented in Fig. 4 by a thick line. Only a few tests
are available for creep and drying creep of masonry
brickwork [12,32], and so the aforementioned parameters
are also used for the mortar joints in the cladding. In
compatibility equations (31), the overall creep strains of the
cladding are reduced by the ratio of the thickness of joint to
the thickness of brick and joint, which is about 1/4.
4.3. Microprestress
The parameters for microprestress in Eq. (8) are calibrated to
obtain the flow term. The initial value of microprestress at
t = 28days is considered to be S0 = 1MPa. Like the compressive
strength, this is one order of magnitude lower than a typical
value for normal Portland cement concrete. At constant
humidity h = 1 (Fig. 5a), the evolution in time of microprestress
is governed by parameter c0, taken as 0.01MPa− 1 day− 1.
Although microprestress decays greatly over the centuries (Fig.
5b), over a long time period, it nevertheless suffices to produce
an important flow contribution to the compliance Ĵ, characterized by q4′ = 5 × 10− 7 (Fig. 5c). If c0 were replaced by 0.1c0, the
microprestress would decay so fast (Fig. 5b) that the flow
contribution to the compliance Ĵ would become negligible for

(c)

Fig. 6. Calibration of coefficient c1 of microprestress at variable relative pore humidity: (a) relative pore humidity h; (b) microprestress S; (c) strain J.
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shrinkage and cracking are largely affected in the construction
stage, during which water moves between the mortar joints and
bricks [33].
4.5. Load history

Fig. 7. Total load ramp Nz(t).

long times (centuries) (Fig. 5b). If replaced by 10c0, an
implausibly large microprestress would arise (Fig. 5b), and the
flow strain would probably be overestimated (Fig. 5c).
The effect of pore humidity h on microprestress is controlled
by coefficient c1, taken as 0.01MPa− 1. A linear reduction of humidity with time (Fig. 6a) produces higher values of microprestress (Fig. 6b) and increases the flow contribution to Ĵ, especially
after centuries (Fig. 6c). The value 0.1c1 would give only a modest
effect of humidity (Fig. 6b), whereas 10c1 would give an
excessive effect compared to standard behavior of concrete.
4.4. Shrinkage
Coefficient ksh = 0.003 in Eq. (11) is assumed for lime mortar
concrete. The same applies for masonry joints, although their

Based on ancient manuscripts on similar towers, the average
speed of construction is assumed to be about 5 m year− 1.
Because the tower was probably built in four stages, described
in [2], an extended time ramp of loading by self-weight Nz(t) is
assumed (Fig. 7). The self-weight is considered to be the only
permanent load to be taken into account for creep analysis. Note
in Fig. 7 that a belfry consisting of heavy granite blocks was
built in 1583, and this increased the weight of the tower by 30%.
Additional stresses due to wind can be quite important for
ancient towers but are not of long enough durations for affecting
creep. Seismic effects are neglected for the same reason, and
thermal cycles probably affect only a relative thin surface layer
of the wall, but further studies are needed.
5. Results of analysis of Pavia Tower
The problem of diffusion and carbonation is solved
separately in advance, as described in a preceding paper [4].
In particular, at the surfaces of the wall, which are in contact
with the environment, convective boundary conditions ∂h /
∂x = β(h − he) are assumed; β = 5 mm day− 1 (surface convection
coefficient), and he = 0.8 + 0.07cos(2πt) (environmental relative
humidity). The essential boundary conditions are c(0, t) = c(D, t)
= 0.035% and Rð0; tÞ ¼ RðD; tÞ ¼ 1. The initial conditions at

(a)

(b)

(c)

(d)

(e)

(f)

Fig. 8. Profiles after t = 50, 200, 400, 800 years: (a) relative pore humidity h; (b) shrinkage strain ϵsh; (c) microprestress S; (d) cracking strain ϵsubcr; (e) viscous strain
ϵv; (f) stress σ.
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(a)

(b)
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(c)

Fig. 9. Evolution of stress profiles in walls of different thickness: (a) D = 1.4m; (b) D = 2.8 m; (c) D = 5.6 m.

time t = t0 are h(x, t0) = 1.0, c(x, t0) = 0, and Rðx; t0 Þ ¼ 0 for all
x ∈ ]0, D[. All the materials parameters and coefficients are
reported in [4], which also gives the detailed results of finite
element analysis. Fig. 8a shows pore relative humidity profiles
at the ages of 50, 200, 400, and 800years. Their slow evolution
controls the temporal scale of shrinkage strains ϵsh and
microprestresses S, which are plotted in Fig. 8b,c. Fig. 8e,f
shows the corresponding distribution of creep strains ϵv and
vertical compressive stresses σ throughout the core and the
mortar joints of the cladding at the base of the tower.
Initially, concrete shrinks near the cladding (Fig. 8b),
producing tensile stresses which exhaust the tensile strength
and cause a modest cracking near the cladding (Fig. 8d). To
balance the tensile stresses, the compressive stresses increase
slightly in the core of the wall.
There are several distinct sources of stress variations over
centuries (Fig. 8f): (1) During construction stages, vertical compressive stresses increase because of increase of self-weight,
causing crack closure. (2) After many centuries, the central
portion of the wall shrinks significantly (Fig. 8b), and thus cracks
tend to close (Fig. 8d). (3) The stress relaxation due to creep
causes stresses nonuniformity to diminish with the passage of
time (Fig. 8e). (4) Since the cladding creeps and shrinks only in
the mortar joints (the creep of the bricks being negligible), the
stresses and strains in the cladding must increase to maintain plane
cross sections. For all these reasons, the vertical compression
stress in the cladding roughly reaches, after many centuries, the
strength measured in laboratory tests [1,2]. This can explain
vertical splitting microcracks observed in the cladding of Pavia
Tower 20years before failure [2], and also in many other towers.
For comparison, the analysis was repeated to study the stress
evolution in the walls of different thickness, D = 1.4, 2.8, 5.6 m.
See Fig. 9, which shows the dependence of the shape of the
stress profiles on the wall thickness (due to moisture diffusion)
and the consequent size dependence of shrinkage and creep [4].
This is one reason for the size effect on nominal compressive
strength of the wall.
6. Conclusions and closing comments
Stress redistribution across the wall of the Pavia Tower,
engendered by drying and creep, leads to a gradual increase of
compression stresses in the masonry cladding. Computations,

taking into account distributed cracking in the lime mortar core,
indicate that after about eight centuries these stresses reach the
approximate level of compression strength of the masonry. This
is likely a major cause for the collapse of Pavia Tower, although
many phenomena may also contribute. However, comparison of
the stresses with the strength in a structure of the size of the
tower does not suffice to assess the danger of collapse because
the material is brittle. Fracture mechanics must be used and the
consequent size effect taken into account. This will be the
subject of a following study.
Some researchers noted that, because the ratio of the
cladding thickness to the total thickness of the wall is very
small (around 1/10 to 1/20), the cladding was not contributing
much to the strength of the wall [1]. Indeed, if the stresses were
uniform, the core of the tower would be able to carry the vertical
load without cladding. However, because the stress is
nonuniform and because a localized failure acts as a notch,
causing stress concentration, the failure of the cladding must
cause the stress to become critical elsewhere (near the mortar
next the cladding), and thus the failure can propagate even if the
average stress does not exceed the strength limit.
Seemingly, different opinions of various researchers [3,34]
can be reconciled with the present model. For example,
nonlinear creep has been suggested as responsible for damage
propagation [3], but since damage evolution and localization are
time- and rate-dependent they are essentially equivalent to
nonlinear creep. Others [34] suggested that increase of stress
concentrations due to wind loading during storms can trigger
rapid nonlinear creep [34], sometimes called the secondary and
tertiary creep, but mathematically this is equivalent to time
dependent damage evolution (which eventually accelerates, like
tertiary creep, due to decreasing undamaged cross section of
material). In Pavia Tower, the zone particularly endangered by
stress concentrations was the stairwell at the base, where the
stairs passed through the wall along all the four sides of the
tower, leaving on the sides two walls of thicknesses 1.4 and
0.6m instead of one wall of thickness 2.8 m. Thus cladding
failure near the stairwell is most dangerous. Also vibrations
produced by bells, and temperature fluctuations, could produce
fatigue and damage propagation. Because of scant data, a
unique cause of failure is hard to identify.
So far, the diverse failure mechanisms were discussed mainly
qualitatively and therefore their relevance is not sufficiently
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understood. Introduction of mathematical models to describe
them is indispensable to quantify their effects and decide their
relevance in various situations.
Because sufficient experimental data are lacking at present, it
is necessary to exploit analyses with Portland cement concrete
which exhibits many similar characteristics. The analysis shows
the stress redistribution due to nonuniform shrinkage and
differential creep evolving over centuries can explain attainment
of the strength limit within the wall, which can serve to trigger
damage or fracture propagation. Once broader experimental
basis becomes available, updating and recalibration of the
model will be appropriate.
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Appendix A. Details of numerical solution
To study the behavior of the wall depicted in Fig. 3, the
diffusion and structural problems have to be solved in space and
time. As they are assumed to be uncoupled, the diffusion
problem is solved in advance of structural analysis. In
particular, the time is divided into discrete times tr (r = 1, 2,…,
N) with uniform steps Δt = tr+1 − tr. Nodes of coordinates xi
(i = 1, 2,…, n) subdivide the wall thickness D into onedimensional finite elements (Fig. 3). Spacing Δx = xi+1 − xi is
kept constant to capture the advancing front of carbonation. The
problem of moisture diffusion, carbonation, and carbon dioxide
diffusion is solved in space and time via the finite element
method, following the procedure described in [4].
Once humidity profiles (given by the values of the pore
relative humidity h at each node xi) at each time step tr are
obtained, the microprestress is computed by numerical
integration of Eq. (8) (in which the classical second order
backward difference formula [35] is used);



 Dh=Dt 
4
1
2
p

Srþ1 ¼ Sr − Sr−1 þ Dt −c0 Srþ1
−c1 
ð16Þ
3
3
3
hrþ1 
where Δh is the humidity increment over Δt. This formula,
which is implicit, is also used to integrate the diffusion problem
in time. Iterations are necessary to obtain Sr+1 at every node xi
and at every time step tr.
Once the values of microprestress and pore humidity are
completely known, it is possible to tackle the structural problem
of creep, shrinkage, and microcracking. The total strain ϵ(t) is
expressed as (e.g. [36,37])
Z t
eðtÞ ¼ ev þ ef þ esh þ ecr ¼
J ̂ ðt; t VÞrðx; dt VÞ þ esh þ ecr :
t0

ð17Þ
Here t0 is the instant of the set of concrete (i.e. at which
concrete ceases to be a liquid); σ(x, dt′) = [∂σ(x, t′) / ∂t′]dt′ if σ
varies continuously; Ĵ(t, t′) = (1 − ν)J(t, t′) = biaxial compliance

function of concrete in plane strain conditions, while J(t, t′)
= uniaxial compliance function; and ν = Poisson ratio. The
history integral is eliminated from Eq. (17) by approximating
the compliance Cg(θ) in Eq. (6) by Dirichlet series [17];

 
M
X
t−t V
Cg cA0 þ
Al 1−exp
:
ð18Þ
sl
l¼1
Parameters Aμ are age independent moduli approximating a
continuous retardation spectrum [38]. Retardation times
τμ = 10− 3, 10− 2,…, 106 days, which are increased in a geometric
progression (μ = 1, 2,…, M), are chosen to represent the shortterm as well as long-term behavior of the tower. The
approximation in Eq. (18) leads to an equivalent ageindependent Kelvin chain spring-dashpot model whose behavior is characterized by a fixed number of variables. This is a
great advantage from the computational point of view because
the stress history is replaced by the current stress values at the
end of the last time step Δt, and thus need not to be stored. For
the purpose of numerical analysis, Eq. (17) is written in an
incremental form;
De ¼ Dev þ Def þ Desh þ Decr :

ð19Þ

To attain good accuracy with long time steps, one must use
the so-called exponential algorithm [19,39]. In this algorithm
the differential equations of creep are integrated analytically
within each time step under the assumption that all the time
dependent parameters are constant within the time step while
changing only by jumps between the steps. Thus it was shown
that the viscous strain increment Δϵv = ϵv,r+1 − ϵv,r, which
depends on the stress increment Δσ = σr+1 − σr, can be written
as
Dev ¼ Cv Dr þ Dev W
where
Cv ¼ q1 þ

Dev W ¼

"

1
vrþ1=2
1

M
X

vrþ1=2 l¼1

A0 þ

ð20Þ
M
X

#
Al ð1−kl Þ

ð21Þ

ð1−kl ÞðAl rr −gl;r Þ

ð22Þ

l¼1

and Δyμ = Δt / τμ, kμ = exp(− Δyμ), λμ = (1 − kμ) / Δyμ. Solidification (Eq. (4)) is introduced by means of the factor


1
k0 m q3
¼
þ
ð23Þ
vrþ1=2
trþ1=2
q2
computed at time tr+1/2 = tr + Δt / 2. The flow strain increment,
Def ¼ q4VS ðtrþ1=2 ÞDSr̂ rþ1=2

ð24Þ

depends on microprestress S(tr+1/2) and on the unknown stress
σ̂r+1/2 = σr + Δσ / 2. The exponential algorithm can also be
applied to the increment of cracking strain defined in Eq.
(15), which gives [19]
Decr ¼



1
Ecr
Dr−
ecr ¼ Ccr Dr þ DecrW
Ecr
Ecr

ð25Þ
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1
1−expð−DzÞ
Ecr
¼
Ccr
Dz

ð26Þ

DecrW ¼ ½1−expð−DzÞCcr r̂ rþ1

ð27Þ

where Ccr = effective cracking compliance, Δϵcr″ = effective
inelastic strain increment due to cracking, and Δz = − Ed crΔϵcr /
Ecr. Finally, according to Eq. (11), the incremental shrinkage
strain in Eq. (19) is written as Δϵsh = kshΔh. Eq. (19) may now
be rewritten for every node i = 1,…, n in the quasielastic form
Dei ¼ ðCv;i þ Ccr;i ÞDri þ Dev;i
W þ Def þ Desh;i þ Decr;i
W

ð28Þ

Because the wall is tall and symmetric, total strain ϵ may be
considered to be uniform throughout the width, D. Assuming
plane strain conditions, we may then analyze a slice of the wall
having a unit thickness b. Vertical equilibrium in the horizontal
cross section of the wall requires that
Z D
rðx; tÞbdx ¼ N ðtÞ
ð29Þ
0

or, in discrete incremental form,
n
X

ci Dri Dxi b ¼ DNr

ðr ¼ 1; 2; N N Þ

ð30Þ

i¼1

where Δσi,r = σi,r+1 − σi,r = increment of stress at node i;
ci = coefficients of trapezoidal numerical integration formula
(c1 = cn = 1 / 2, c2 = … = cn−1 = 1); b = thickness of the wall; and
ΔNr = N(tr + 1) − N(tr) increment of vertical load, which varies
in time.
The step-by-step solution of stresses and strains in a
generic time step Δt may proceed according to the following
algorithm.
Evaluate Δϵsh,i = kshΔhi (i = 1,…, n).
Evaluate Cv,i and Δϵv,i
″ (i = 1,…, n) from Eqs. (21) and (22).
Begin loop I = 1, 2,…, Nit.
From Eqs. (25), (26), and (27), evaluate Ccr,i and Δϵcr,i
″
(i = 1,…n) considering loading or unloading, and trial
values of stresses and strains.
5. According to equilibrium condition (Eq. (30)), calculate:

1.
2.
3.
4.

De ¼

ib
Rni¼1 Ccv;ii Dx
W þ Def þ Desh;i þ Decr;i
W Þ þ DNr
þCcr;i ðDev;i
ib
Rni¼1 Ccv;ii Dx
þCcr;i

ð31Þ
6. From Eq. (28) calculate stress increment (i = 1, 2,…, n):
Dri ¼

De−Dev;i
W−Def −Desh;i −Decr;i
W
Cv;i þ Ccr;i

ð32Þ

7. Evaluate trial values of stresses and strains:
r̂ i;rþ1=2 ¼ ri;r þ Dri =2
e ̂ i;rþ1=2 ¼ ei;r þ Dei =2

ð33aÞ
ði ¼ 1; 2; N ; nÞ

ð33bÞ
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8. Check the convergence criterion. If not met, go to 3.
9. End loop. Update stresses and strains (i = 1, 2,…, n):
ri;rþ1 ¼ ri;r þ Dri

ð34aÞ

ei;rþ1 ¼ ei;r þ Dei

ð34bÞ

gl;rþ1 ¼ gl;r kl þ rr Al ð1−kl Þ þ Al ð1−kl ÞDri

ð34cÞ

10. Go to 1 and start the next time step Δt.
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