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Creep and Shrinkage Prediction Model
for Analysis and Design of Concrete
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Synopsis: ,

A simple model for the characterization of concrete creep and shrinkage
in design of concrete structures is proposed. It represents a shortened form
of'model B3 which was presented in | 2] (as and improvement of the original
version [3]) and appears in this volume, and an update of a previous short
lorm [4]. The main simplification compared to model B3 comes from the use
of the log-double-power law as the basic creep compliance function. The B3
formulae for predicting material parameters in the model are simplified by
dropping the dependence of these parameters on the composition of concrete
mix, leaving only dependence on the strength and the specific water content of
the concrete mix. The model is justified by statistical comparisons with all the
data in the internationally accepted RILLEM data bank. The differences be-
tween the present short-form and model B3 are discussed and limitations of
the short form are compared to model 133 are noted. The model is suitable for
design of concrete structures with the exception of highly creep-sensitive struc-
tures for which the full model B3 is necessary
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shrinkage; viscoelasticity
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APPLICABILITY RANGE

The prediction of the matcrial parameters of the present model from strength
and composition is restricted to Portland cement concrete of normal weight
with the following paranicter ranges:

2500 psi < f'c_S 10,000 psi, 10 1b/ft* < e < 45 Ibs/fl>  in-1b. system
17 MPa < f. <70 MPa 160 kg/m® < ¢ < 720 kg/m® 5.1.

(1)
0.35 <w/c <085 2.5<a/c<135 (2)

(the numbers 0.85 and 45 lbs/ft.* or 720 kg/m® are of course outside the
range of good concretes in today’s practice). The formulae are valid for
concretes cured for at least one day. Forinulas predicting model parame-
lers from the composition of concrete have not been developed for special
concretes containing various admnixtures, pozzolans, microsilica, and fibers.
However, if the model parameters are not predicted [rom concrete compo-
sition and strength but are calibrated by experimental data, the model can
be applied even outside the range given by Eq. (1) and (2), for cxample,
to high-strength concretes, fiber-reinforced concretes, and mortars. Useful
information for such calibration is compiled in a parallel ACE 209 Subcow-
nittee 5 report.
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The average compliance function for the cross-section of a long member,
representing the sum of instantaneous deformation, the basic creep and the
acdditional creep due to drying, is expressed as:

J, ) = g+ Colt, ') 4 Ca(t, 1), 1) (3)
BASIC CREEP

Based on the log-double-power law [1], the basic creep compliance function
is given as:

Colt,t') = qolu{ 1 + ¢[(£)™ + al(t — t')"} (4)
m whichm =05, n = 0.1, « = 0.001, ¢ = (.3.

MEAN SHRINKAGE AND CREEP OF
CROSS SECTION AT DRYING

The initial relative humidity in the pores of concrete is 100%. Subsequent
exposure Lo environment causes a long-term drying process, which causes
shrinkage and additional creep.

Shrinkage

Mean shrinkage strain in the cross scction:

C,],(t,t()) = —€sheo kh SU) ('5)
Time dependence:
—1 :
sS1) = tanh\/t 2 (6)
Tsh
Hwnidity dependence:
1-4h3 for h <0.98
ky = -0.2 for h =1 (swelling in water) (7)
lincar interpolation  for 098 < h <1
Size dependence:
1o = 32D% (D) in inches) =1.9D* (D incm) (8)

where ) = 2v/s = ellective cross-section thickness (in inches or cm).



88 Bazant and Baweja

Additional Creep Due to Drying (Drying Creep)
) 1172
Coll 1) = s [e—'m(” — g IHU ’] / for ¢ > ¢, (4)

in which

H{t) =1 —(1 —h)S(t) (10)

PARAMETER PREDICTION BASED ON STRENGTH AND
WATER CONTENT OF CONCRETE MIX

Some formulae that follow are valid only in certaiu dimensions. 1'hese are
given both in inch-pound system anits (psi, i) and in metric (S.L) uniis
(MPa, m). The units of each dimensional quantity are also specified in Lhe
list of notations (Appendix 1). In the following ¢1, qu and gs are in the units
of (10° psi )™ or (MPa)™, f. and Py in the units of pst or MPa and .,
in the units of 1979,

Basic Creep

Jo = ‘2()()/ﬁ; ¢ = 0.6 x 10%/Eyy; Loyg = 57000@ inch-pound systemn
o= 2080\ gy = 06k 0] By fyy = 47341/ . S0

()
Shrinkuge

€shoo 7T QUL {26102"(f()'“‘“ + 270} {in 107%) inch-pound systemn
Cohme = QpL¥a [19 X 10"‘2102'](]:,-)—“'28 + 27”] (in l()*ﬁ) S.L
(12)
where
1O for type I cement;
ap = ¢ 0.85  for type Il ceineut; (13}
L.l for type HI cement,

and
0.75 for steam-cured specimens;
ay = { 1.0 for specimens cured in water or 100% relative humidity;
1.2

lor specimens scaled during curing.
(11)
Creep at Drying (happensto be the same in both inch-pound system and S.1.

units) _

4s = 60VO/(f) (15)
Fig. 1 shows creep and shrinkage curves for typical paramneter values,
Fig. 2 shows comparisons of predictions of the model with some typical test
data from the literature (for references to these data, see [2]). The scatler
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Table 1: Coefficient of variations of errors (expressed as a percentage) of the

basic creep predictions

Model B3S
Test data w |
1. Keeton 22.5
2. Kommendant et al ) 18.3
3. L’lermite et al. 18.6
1. Rostasy ¢t al. 16.4
5. 'I'roxell et al. 9.3
5. York et al. 11.0
7. McDonald 8.4
3. Maity and Meyers 13.4
9. Mossiossian and Gamble 20.0
10. Hansen and Harboe et al. (Ross Dam) 18.2
11. Browne el al. (Wylfa vessel) 51.8
12, Hansen and Harboe et al. (Shasta Dam) 22.2
3. Brooks and Wainwright 15.4
14, Pirtz (Dworshak Dam) 9.6
15. Hansen and Harboe et al. (Canyon ferry Dain) | 51.8
16. Russell and Burg (Water Tower Place) 30.2
17, Hanson 15.3
Wl 2()9

plots of all the data in Lhe data bank compared Lo the predicted values are
shown n Fig. 3.

STATISTICS OF ERRORS COMPARED TO TEST DATA

The model is statistically cvaluated in the same manner as previously de-

scribed for model B3 [2, 3] and used in {4]. The coefficients of variation of

etrors in comparison to all the data from the RILEM data bank are tabu-
lated in Tables 1-3. Fig. 3 shows the scatier plots comparing the model
predictions to the measured data. As demonstrated by the comparisons in
[2] and [1], these stalistics and scatter plots are slightly worse than those for
the full model B3 but are signiticantly hetter than those for the previons ACI
209 model (Chaptler 2 in ACHR-02 [5]}, and they are also better than those
for the new CEB-FIP model [6] and the (GZ model proposed to subcomitlce
4 of ACT 209 {7] which also appears in this volue,

COMPARISON WITH MODEL B3

The full B3 model, presented in this volwmne and in a previous report [2] as a
refinement of the original version in [3], is more detailed and rational than s
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Table 2: Coefficient of variations of errors (expressed as a percentage) of the
shrinkage predictions

—
Model 33S
Test data w
1. Hommel et al. 32.4
2. Riisch et al.(1) 35.3
3. Wesche et al. ’ 46.9
4. Riisch ct al.(2) 33.3
5. Wischers and Dahms 25.0
6. Hansen and Mattock 211
7. Keelon 47.1
8. Troxell et al. 6Y.6
9. Aschl and Stok! 312
10. S1okl 36.5
11, L’Hermite et al. A
12. York et al. 87.5
13, Hilsdorf 15.8
14. L’Hermite and Mamillan 36.0
15. Wallo ot al. 26.8
16. Lambotle and Momuweus 44.8
17. Weigler and Karl 37.6
18. Wittmann et al. ) 2.7
19. Ngab et al. 25.9
20. McDonald 233
21. Russell and Burg (Water Tower Place) | 42.3
Walt ) 40.8 l

present short form, which is more suited for simplified calculations of creep
and shrinkage eflects in concrete structures. Specifically, the following points
must be mentioned when considering the refative merits of the two models.

L. The compliance function for basic creep in model B3 has been derived
from the solidification theory. It gives a simple formula for the thoe
rate of campliance which is convenient for nse in step-hy-step computer
analysis of structures, The expression {or the compliance function itself
is more complex for the 133 model than the log double power law used
in the present short form.

2. The log-double-power law exhibits the phenomenon of divergence of
creep curves and thus, in principle, viclates one of the guidelines (8] by
the RILIEM '1'C107 for creep aud shrinkage prediction models. However,
the violalion is never Loo pronounced and occurs only for short time

" periods. The vielation may canse the phenomenon of stress reversal
when creep recovery calenlations are performed based on this fornmla
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Table 3: Coefficient of vanations of errors (expressed as a percentage) of the

predictions of creep at drying

Model B3S
Test data w

1. Tlansen and Mattock 34.9
2. Wheeton 4.4

3. ‘froxell et al. 14.7
4. Dllermite et al. 27.2
5. Rostasy et al. 28.7
G. York et al. 34.1
7. McDonald 30.2
8. Hummel 28.9
9. [’Hermite and Mawillan 27.5
10. Mossiossian and Gamble 7.0
1. Maity and Meyers 7.3
i2. Russell and Burg (Water Tower Place) | 20.0
13. Weil 24.1
14. Hilsdorf et al. 23.3
15. Wischers and Dahms 25.9
1G. Wesche et al. 34.9
17. Rusch et al. 17.49
wall 3.8

using the principle of superposition. It may also cause long-time stiess
relaxation of concrele stressed at low age to reach into negalive values.
‘T'he B3 model, based on the solidification theory, is free from such
problematic predictious. The problem is vevertheless not serious for
normal applications.

3. ‘Uhe shrinkage formulation in the present short form, though essentially
sittlar to model B3, does not include the infhience of curing duration
and specimen size on the final shrinkage.

4. A look al the values of coeflicients of variation and the scatter-plots of
measureq versus calculated values of creep and shrinkage deformations
[2, 3, 4] shows that the B3 model is overall disiinctly more accurate than
the present short form. “I'he predictions of the preseut short form are
better than the 1990 CEB-FIP model [6] for basic creep and shrinkage
and comparable to it for creep at drying.

CLOSING COMMENT

Although the present model is less accuvate than the full model B3 and does
not always yield stress and strain histories of adimissible form. it is sinypler to
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use and sufficient for structures that do not exhibit high sensitivity to creep
and shrinkage. '
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APPENDICES

Appendix 1. Notation

All notations introduced in presenting model 133 in this volume are retained.
They are as [ollows:

t = time, representing the age of concrete, in days;

' = age at loading, in days;

ty = age when drying begins, in days (only {o < 1’ is considered);

J(1,1") = compliance function = strain (creep plus elastic) at lime? caused
by a unit uniaxial constant stress applied at age t' (always given in
1075 /psi, the S.1. version of the formulae give J(1,1') in 1078 /MPa, |
psi = 6845 Pa);

‘o(,t') = cotpliance function for basic creep only;

Cult, ' La) = compliance funciion for additional creep due Lo drying;

tohs Cshoo = shrinkage strain and ultimate (final) shrinkage strain; ¢, =2 0
bul e, is cousidered negative (excepl for swelling, for which the sign
is positive); always given in 107%;

h = relative humidity of the environment (expressed as a decimal number,
not as percentage) 0 < h <l

H = spatial average of pore relative humidity within the cross section,
V<L '

S(t) = time function for shrinkage;

7on = shrinkage half-time in days;

D = 2v/s = efective cross section thickness in inches (in mm for the S.1
version, 1 inch = 25.4mmi);

v/s = volume-to-surface ratio in inches (in mun for the S.1. version);

¢ = cement content of concrete in 1b/fi? (in kg/m? for the S.1. version, |
Ib/ft3= 16.03 kg/mn®);

w/e = water-cement ratio, by weight; )

w = (w/c)e = water content of concrete mix in Ih/ft? (in kg/m? for the
S.1. version;

a/c = aggregate-cement ratio, by weight; and

f. = mean 28-day standard cylinder compression strength in psi (in MPa
for the S.1. version, | psi = 6895 Pa) (if only design strength f{ is
known, then fo = f{+ 1200 psi or [ = [l +8.57 MPa);

(1) = Conveutional Young’s elastic modulus al age 1y
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Eys = E(t) for t = 28 days;

0, o, ¢ = empirical material constitutive parameters given by formulac
hased on concrete strength and composition;

@(1,t') = Creep coellicient;

kx = Humidity correction factor for final shrinkage;

ke = Parameter used in calenlation of 7.

Appendix 2. Hypotheses and Explanations

"T'he present prediction model is restricted to the service stress range for which
creep is assumed to be linearly dependent on stress (generally up to about
0.5 f'c). This means thal, for constant stress o applicd at age ',

o(t) = J(t, 1Yo + en(t) + aAT'(2) (16}

in which o = uniaxial stress, ¢ = strain, AT({) = Lemperature change from
reference temperature at time t, a = thermal expausion coeflicient. When
slresses vary in time, the corresponding strain can be obtained from (3) ac-
cording to the principle of superposition {9,10]. Simplified design calculations
can be done according to the age-adjusted effective modulus method, which
allows quasi-elastic analysis [9,10] of the structure.

The compliance function, giving the strain per unit stress, may further
be decomposed as given by Fq. (3) in which ¢, = instantancous strain due
to unit stress, Co(t, 1} = compliance function for basic creep (creep at con-
stanl moisture content), and Cy(t, ', ty) = additional compliance function
due to sitnultaneous drying. For generalization to multiaxial creep, the creep
Poisson ratio may be arsumed to be constanl and equal to the instantaneous
Poisson ratio v = 0.18. (Tensile inicrocracking can cause the apparent Pois-
son ratio to be much smaller, but Lhis is properly taken iulo acconnt by a
inodel for cracking.)

The instantaneous strain, same as in previous models {12,13], may be
written as ¢ = 1/FEy where Eq = asymplotic modulus. The use of Ey in-
stead of the static elastic modulus I is convenient because concrete exhibitls
pronounced creep even for very short load durations (even shorter than 1074
s5). Ly should nol be regarded as the real elastic modulus but merely as an
convenient parameter that can be considered age-independent. As arough cs-
timate, Ep & L.5E. The value of the usual static elastic inodulus £ norinally
obtained in tests and used in structural analysis corresponds approximately
to .

E(t')=1/J(t' + A1) (17)
in which the stress duration & = 0.0} day gives values approxiimately agree-
ing with ACI formula, ¥ = 57,000\/—fi inpsifor £ = -1734\/ﬁ iw MPa). The
advantage of defining ¢; by extrapolation to extremely fast loading is that g
(or ko) can be considered as age independent and cquation (17) also gives
the age dependence of the elastic modulus. The value A = 1077 day gives
approximately correct values of the dynamic modulus of concrete and its age
dependence. The meaning of the value of 1 = 1/ ¥y is explained in Fig.
I, which also shows the Lypical curves of basic creep, shrinkage and drying
creep according to the present model. '
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The creep coeflicient, which represents the most convenient way to intro-
duce creep into structural analysis, should be calculated from the compliance
function, i.e.,

P(t, ) = B(t)J(t,t) 1 (18)

Note that for structural analysis it is not important which value of A corre-
sponds to E(t') in Eq. (18), and nol even whether some other definition of

E is used in Eq. (18). One can use the ACI formwla, I} = 5700()\/f—‘._ in psi

(or &' = 47344/ [ in MPa), or Eq. (17) for any value of A < 0.1 day. For the
results of structural analysis of creep and shrinkage (for t — £ > 1 day), the
vuly important aspect is that I and ¢ together mnust give the corvect total
compliance J{(t,t') = [I + ¢(t, ')}/ £(1'), as defined by model B3.

Note that significant ervors would arise if a prediction model would specify
¢ instead of J. In that case the user would likely calculate J [rom E and phi
values that are incompatible. ‘The elastic deformation in the creep tests that
established ¢ have often beew obtained for very different load durations and
load histories than those which correspond to the ACI formula (about 0.01
day). What matters for matters for predicting the long-time creep effects in
structures is only the values of J, and not the valucs of ¢ and E that yield
J. If different combinations of /2 and ¢ yicld the same J, the predictions are
about the same. Care in this vegard must also be taken when updating the
model paraeters rom some test data for which only the values of ¢ were
reported. J(1,1') cannot be caleulated from such data using a definition of £,
{or example, I = 570004/ f. in psi, which does not give values corpatible with
these ¢ values and gives J(L, V') disagreeing with Eq. (18). Conversions of
such data from ¢ Lo .J-values must be based on the short-time strains aclually
measured on the creep specimens themselves, or clse such dala cannot be
used.

The relative humidity in the pores of concrete is inilially 100%. In absence
of moisture exchange (as in sealed concreles), a subsequent decrease of pore
humidity, called self-desiccation, is caused by hydration, but in normal con-
cretes this decrease is small (to about 96%-98%). Exposure to environment
causcs a long-term drying process (described by the solutions of diffusion
equation), which causes shrinkage and additional creep. This means that the
wormal strain J(¢, ), representing the sum of the elastic and creep strains,
is measured] by subtracting the deformations of a lvaded specnen and a
load-free companion. For shear creep this is not necessary hecause shrinkage
is strictly a volume change.

In absence of dryiug there is another kind of shrinkage, called autoge-
eous shrinkage, which is caused by the chemical reactions of hydration. This
shrinkage usually is small for normal concretes and can be neglected(but not
for high-strength concretes). 1t docs not occur if the relative humidity in the
pores drops significantly below 100%. Further shrinkage (or expansion) may
be cansed by various chemical reactions, for example carbonation. But in
good concretes, carbonation occurs only in a surface layer a few millimeters
thick and\can be neglected for norunal structures. Tor concrete submerged
in water (R\=100%), there is positive ¢, that is, swelling, which is approxi-
malely predicted by the present model upon substituting b =100%.
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Appendix 3. Parameter Unecertainties to Be Considered in Design

‘I'he parainelers of any creep and shrinkage model must be considered as sta-
tistical variables. The preceding formulae predicting the creep and shrinkage
parameters from concrete composition and strength give the mean value of
J(t,t') and ez4. 'To take into account statistical uncertaintics, the parameters
G1s 425 05, Cshoo OUEHL to be replaced by the values

Y1g1, Y192, Yigs, Y2eonce (19)

Here ¥, and ¥, are uncertainty factors for creep and shrinkage, which may
be assumed to follow roughly the normal (Gaussian) distribution with mean
valne 1. According to Lhe stalistical analysis of the data in the data bank
12, 3, 4], the following coeflicients of variation of these uncertainty factors
should be considered in design:

w(yn)
w(d’z)

31% for creep, with or without drying (20)
11% for shrinkage

It

Other input parameters of the model are also statistical vanables. At least,
the designer should consider the statistical variations ol enviroinnental hu-
midity & aud of strength f.. This can be done by replacing them with y3h
and P4 f. where 3 and 14 are uncertainty factors having a normal distribu-
tion with mean 1. In absence of other inforination, the following coefficients
of variation may be considered for these uncertainty factors {14]:

w(a) ~ 20% for h — ysh (21)
w{yy) = 15% for f.— afe

Factor 3 is statistically independent of 9y, t,, and ¥4 and all the factors
may be assumed mutually statistically independent, as an approximation.

Appendix 4. Prediction Improvement Based on Shor(-Time Tests

The large uncertainty in the prediction of creep and shrinkage of coucrete,
reflected in the values of the coefficients of variation in Fq. (20}, is caused
mainly by the effect of the composition and strength of concrete. This effect
is very complicated and not sufliciently understood in quantitative terms.
Al present, the only way to reduce the uncertainly is to conduct short-time
tests and use them to update the alues of the material parameters. in the
model. This approach is part,lculaxlv simple for creep but is more difficnlt
for shrinkage (2, 3]. A method to improve the prediction based on short-time
shrinkage tests coupled with measurements of water (weight ) loss is described
in {2, 3}. This method can be applied to the present short form.

Appendix 5. Levels of Creep Sensitivity of Structures and
Type of Analysis Required

Accurate and laborious analysis of creep and shriukage is vecessary for some
type of structures but not for others. That depends on the sensitivity of the
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structure. Although more precise studies arc needed, the following approxi-
mate classification of sensitivity levels of structures can be made on the basis
of general experience.

Level 1. Reinforced concrete heams, frames and slabs with spans under 63
ft (20 m) and heights of up to 100 fi (30 m}, plain concrete foolings, retaining
walls.

Level 2. Prestressed beams or slabs of spans up to 65 fl. (20 m}, high-rise
building frames up to 325 ft (100 m) high.

Level 3. Mcdium-span box girder, cable-stayed or arch bridges with spans
of up to 260 ft {80 m), ordinary tanks, silos, pavements.

Level 4. Long-span presiressed box girder, cable-stayed or arch bridges;
large bridges built sequentially in stages by joining parts; large gravity, arch
or buttress dams; cooling towers; large roof shells; very tall buildings.

Level 5. Record span bridges, nuclear containments and vesscls, large off-
shore stroctures, large cooling towers, record-span thin rool shells, record-
span slender arch bridges.

For the type of model and analysis, the following recommendation can be
made:

1. The use of @ model as realistic and sophisticated as BJ: recommended
but not strictly required for level 3, mandatory for levels 4 and 5.
For levels 1 and 2 simpler models are adequate. Such a model ought
ta be always used for structures analyzed by sophisticaled computer
methods, including two or three dimensional finite clements (because
it makes no sense Lo inpnt inaccurate material properties into a very
accurate computer program for the analysis of strisses and deflections).

2. Mecihod of structural creep analysis: The ag: adjusted effective modus
lus method is recommended for levels 3 and 4. The elfective moditue
method suflices for level 2. For level 1, creep and shidubage analysis
of the struciure is not needed but a crude empirivally based estimals
is desirable. Level 5 requires the most realistic and accurate ai 1|\'~»l«
possible, typically a step-by-step computer solution based on a conski-
tutive law, coupled with the solution of the differential equations fm
drying aml heat conduction. :

3. Siatistical analysis with estimation of 95% confidence limits: {a) manda-
tory for level 5; (b) highly recommended for level 4; (¢) for ower levels
desirable but not necessary, however, the conlidence limits for any re-
sponse X (such as deflection or stress) should be considered, being
estimated X x (1 £ 1.96w) where X = mecan cstimate of X and w =
coeflicient of variation of X.

4. Analysis of temperalure cffects and fjf((ls of cycling of loads and enuvi-
ronment: must be detailed for level 5 and approximate for level 4. 1t is
ol necessary though advisable for !vvd 3 and can be ignored for levels
I and 2 (excepl for heat of hydration cffcets).
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/‘“Design Provisions for Shrinkage'and
Creep of Concrete

by N. J. Gardner

Synopsis:

This paper presents a simple design-office procedure for calculating the
shrinkage and creep of concrete using the information available at design;
namely the 28 day specified concrete strength, the concrete strength at end of
curing or loading, element size and the relative humidity. The method includes
strength development with age, relationship between modulus of elasticity and
strength, and equations for predicting shrinkage and creep. The only arbitrary
information are the factors appropriate {o the cementitious material, which can
be improved from measured strength age data. Atthe most basic level the
proposed method requires only the information available to the design engi-
neer. The prediction values can be improved by simply measuring concrete
strength development with time and modulus of elasticity. Aggregate stiffness
can be taken into account by back calculating a concrete pseudo strength
from the measured modulus of elasticity. Measured short {crm shrinkage and
creep values can be extrapolated to obtain long duration predictiois for simi-
lar sized elements. The predictions are compared with experiment. resulis
for seventy nine data sets for compliance and sixty three data sets for Shiitgh-
age. The comparisons indicate shrinkage and creep can be calculated within
+/-25%. The method can be used regardless of what chemical admixtures or
mineral by-products are in the concrete, casting temperature or curing regime.

Keywords: concrete; creep; modulus of elasticity; shrink-
age; strength development
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