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SUMMARY 

A solution is given for the long-term de flexions of a 
reinforced concrete column with an initial curvature 
according to a general theory of linear creep. This is 
used to produce solutions: (1) according to the 
Arutyunyan-Maslov theory (using an incomplete gamma 
function); (2) according to the approximate Dischinger
Whitney law; (3) by the use of an effective deformation 
modulus. It is shown that, whilst critical long-term loads 
may be calculated, these are very sensitive to inaccur
acies in the creep theory and that it is more convenient 
to consider the long-term buckling strength of a column. 
A practical method of analysis is presented in which the 
long-term buckling strength is assessed by calculating 
the short-term buckling strength but using a reduced 
elastic modulus. Graphs are presented to aid analysis. 
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normal strain 
normal stress 
Young's modulus of concrete 
time 
instant of load application 
length co-ordinate of bar 
ordinate of the deflexion line 
initial curvature 
ordinate of the initial elastic deflexion 
buckling length of bar 
relative deflexion 
relative deflexions reduced with respect to 
strength variation and load variation 
(equations 39a) 
moment of inertia of the concrete part of 
section 
moment of inertia of the reinforcement 

·The first draft of this paper was submitted in 1966. During the 
present academic year Dr BliZant is a Visiting Research Fellow 
at the University of Toronto, Department ofCivii Engineering. 
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Young's modulus of steel 
parameter of reinforcement of the section 
load 
elastic Euler critical load 
reduced Euler critical load with respect to 
creep (equation 39) 
corresponding reduced modulus 
reduced load with respect to creep (equa
tion 41) 
long-time critical load 
additional short-time load 
creep function (creep strain from time T 

to time t under unit stress) 
creep operator in time 
creep factor (relative creep strain) from 
time t to infinity 
creep factor for an infinitely old concrete 
creep factor reduced with respect to rein
forcement of section (equation 17) 
parameters for the calculation of 1) 

(equations 17, 18, 20) 
effective modulus (with respect to creep) 

Introduction 
In a concrete column, creep produces an increase of 

the lateral deflexion, so that the column may lose its 
stability in the course of time. Simultaneously with the 
deflexion, bending moments from the longitudinal 
force increase and, therefore, both buckling strength 
and bearing capacity become lower. If the column is 
later exposed to an additional short-term load, it be
haves as if its initial curvature were greater. Conse
quently, buckling strength and bearing capacity are 
lower under the combined effects of a long- and a 
short-term load. 

In the various existing regulations, these effects are 
considered only more or less approximately-usually 
only by introducing a reduced modulus of elasticity 
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for long-term loads. For a correct approach, it is 
necessary to consider the actual stress-strain law of 
concrete. 

Work which has so far been done on the problem 
of creep stability has been concerned mainly with 
metals at high temperatures (1), the creep of which has 
the character of non-linear viscous flow. Visco-elastic 
materials, invariant with time, have also been treated 
to a lesser extent(2,3). As, according to the accepted 
creep law, concrete is not invariant with time, these 
solutions cannot be applied to concrete. For concrete 
columns, if the ageing of the concrete and the rein
forcement are to be taken into accoun't, probably the 
best solution-based upon the linear law of creep by 
Arutyunyan-Maslov-which has so far been presented 
is that by Distefano(4). A solution for the creep buck
ling according to the approximate linear law by 
Dischinger-Whitney has already been published by the 
author. (5) 

For bearing capacity, a non-linear concrete creep 
law has to be assumed. This problem, which is not the 
subject of the present paper, was investigated by 
Naerlovic-Veljkovic(6), who used a creep law of the 
Dischinger-Whitney type with a non-linear elastic 
component whilst, for simplification, the viscous flow 
component was considered as linear and the ageing of 
concrete was neglected. Recently Mauch and Holey(7) 
presented a numerical solution for a completely non
linear creep law of the Dischinger-Whitney type. 

In the present paper we shall use an improved 
form(8,9) of the Arutyunyan-Maslov law of linear 
creep(4) which (unlike reference 4) also yields, as a 
special case, approximate solutions according to the 
Dischinger-Whitney law or according to an effective 
creep modulus. Meanwhile a considerably shorter 
method of derivation of basic equations will be shown 
which makes use of creep operators and an analogy of 
creep with elasticity. It will further be shown that, in 
view of the high sensitivity of instability to inaccur
acies arising from the introduction of the linear creep 
law, it is necessary to consider also the problem of 
long-term buckling strength. A simple method will be 
suggested by which this problem can be converted, by 
a comparison of the internal forces, into a short-term 
(elastic) buckling strength, this being possible even in 
the more general case of a combination of long-term 
load with short-term load. The results of this solution 
have already been presented in preliminary publication 
by the author in 1965. (10) 

Lateral deflexions of a strut with an initial 
imperfection 

For stresses in concrete of less than one-half of its 
ultimate compressive strength, and for increasing, con
stant or only slightly decreasing loads, linear creep 
may be assumed. Let us denote the measure of creep 
by C(t;t), i.e. the creep strain at a time t produced by 
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Figure J: Assumed initial curvature of column and de flexions. 

a constant unit stress applied at a time T. If we use the 
principle of superposition for the increments, 

d ( ) - oa(t) d at --- t 
Of 

and if we integrate by parts, the creep law between the 
stress a(t) and the strain E(t) is obtained in the 
form:(S,8,1l) 

a(t) It 0 [ 1 ] E(t) = E- 1a(t) = - - aCT) - - + C(t,T) dT 
E(l) to OT E(T) 

........ (1) 

in which E-l is the integral operator of Volterra(l2), 
and E(t) is the Young's modulus of concrete at a 
time t. 

Let us assume a reinforced concrete column of sym
metrical cross-section (for plain concrete, no symmetry 
is required). The centroidal moment of inertia of the 
(homogeneous) concrete part of the section with regard 
to the axis of symmetry will be designated by I, and 
that of the steel reinforcement 1m the modulus of 
elasticity of the steel being Ea. Let E, I, Ea and la be 
constant along the axial co-ordinate x. The buckling 
length according to the theory of elasticity is I; the 
deflexion is y = y(x). The initially curved column is 
assumed to have the form Yo = yo(x) (Figure 1). In 
the theory of elasticity, according to the hypothesis 
that cross-sections remain plane and perpendicular, 
the following equation applies(l3): 

02 

(EI + Ea1a) - (y - Yo) = -Py ........ (2) 
ox2 

The equation of any creep problem can most readily 
be obtained by the analogy of creep with e1asticity(S,8), 
the elastic constants being replaced by the correspond
ing creep operators, e.g. liE by E-l (these operators 
referring to forces or moments in the same way as to 
stresses and strains), provided that the parts of the 
section corresponding to the introduced internal forces 



and deformations are homogeneous. Thus, from 
equation 1, we obtain: 

02 

(EI + EalaEE-1)- (y - Yo) + EE-1(Py) = O .. (3) 
ox2 

which, together with the end conditions, determines 
the solution. In this equation it is possible to separate 
the integration in the co-ordinate x and in the time t 
through a representation of Yo in a series of charac
teristic functions of the corresponding homogeneous 
equation with homogeneous end conditions. Therefore 
we introduce 

00 

Yo = ~ an sin mT x ............ (4) 
n ~ J I 

This satisfies, for t = to with "l)n(t 0) = 1, the initial 
condition, i.e. the well-known (13) expressions for the 
elastic deflexion. As a special case, there is evidently 
involved also the case of an eccentrically loaded 
straight column. 

If equation 5 is substituted into equation 3, the 
following equation is obtained, by a comparison of 
coefficients (at the individual harmonic components): 

(n = 1,2,3 ... ) where 

expresses the influence of the degree of reinforcement 
(for plain concrete, Pa = 0; for a steel, Pa = 1); PE(t) is 
the Euler's critical load corresponding to E(t) at time t, 

These equations also apply to elastically restrained 
columns and to struts in a frame, provided that creep 
occurs homogeneously in all cross-sections. Equation 
6 represents Volterra integral equations for r;nCt). For 
a general form of eet,T), the solution may be obtained 
by some numerical method. 

Next it will be shown that, for some special forms 
of eet,T), an analytical solution may be given. For the 
sake of simplicity, only the first term of the series (4) 
and (5), "I) = "1)1 only, will be taken into account, that 
is an initi.al curvature of the column according to the 
first sine curve. This term has a dominant influence. 
The solution "l)n(t) for higher components could then 
be obtained, if necessary, by a mere substitution of"l)n 
for "I) and of n2PE for PE' 

Creep stability and buckling strength of concrete columns 

For long-term stability, as will be seen, it is neces
sary to consider a relatively more complex creep law 
by Arutyunyan-Maslov: 

eet,T) = tFoo(T)(1 - e-y(t-T)) ........ (7) 
E(T) 

tFoo(T) is a final factor of creep, i.e. from the time T to 
OJ; usually tFoo( OJ) = 0·7 to 1'3, tFoo(1 month) = 1·5 to 
2'5, Ify = 30 to 60 days. 

It has been shown by the author I5 ,8,9,10,14) th,lt 
this law can be represented by the well-known 
Boltzmann's rheological model (which consists of a 
spring and a dashpot in parallel, coupled in series with 
a spring) if its parameters are considered as time
dependent, the viscosity of the dashpot being A = 

E(t)/noo(t) and the spring constant of the spring 
parallel with the dash pot being E(t)/tFoo(t) - A(t). 

If equation 7 were substituted into equation 1 and 
the first and second derivative of this equation with 
respect to t written, it would be found that in both 
equations thus obtained the same integral appears. 
Eliminating it from both equations 2 and 3, a differen
tial equation e: = E-1 cr would be obtained, where E-1 
is a linear differential operator with variable coeffi
cients: 

E-1 = _1_ [~ + Y (1 + tFoo(t) _ ECt))~] 
E(l) M2 yE(t) M 

x (:t: + y ~r··················· .(8) 

E dE/dt. The initial elastic condition is cr(to) = 

E(to)e:(to). The initial condition for the strain rate 
results from the first derivative of equation 1 for 

[(~ + noo) (E ~)_1] .... (9) 
M M I~ 10 

Let us now introduce the operator given by equation 
8 into equation 6 (for n = 1,"I)n = "I)). This yields the 
following differential equation of the second order in 
time t with variable coefficients: 

d
2

"1) [ ( E) ] d"l) d
2
(P"I)) - PE - - PEY 1 + Pa tFoo - - - + --

dt2 yE dt dt 2 

(
1 _ E) d(Pr;) _ + y + tFoo - -- - 0 ............ (10) 

yE dt 

In addition to an initial condition r;(to) = 1, it is 
necessary to know the initial strain rate for which, by 
substituting the operator given by equation 9 into 
equation 6, we obtain: 

PE(to) dr;d(to) = [o(P"I))] + [1 - Pa(to)]noo(to)P(to) 
t Of 1 ~ to 

........ (11) 

With a load P variable with time, equation 10 
also contains the term "I) and cannot be integrated 
analytically. Consequently, let us assume that P = 
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constant for t ~ to. Equation 10 with 11 is then 
simplified as follows: 

d~ dY) 
- = F(t) - .............. (12) 
dt2 dt 

with an initial condition: 

where 

F(t) = - {I - 1 - Pa(t)PE(t)/P [ (t) _ E(t)] 1, 
y PE(t)jP - 1 ({loo yE(t)} 

........ (14) 

Equation 12 represents an equation of the first order 
for dY)jdt that can be solved by a separation of the 
variables: 

The integral (15) can be expressed analytically only 
for certain specific functions ((loo(t) and E(t). 

For concrete, it is usually assumed that E(t) = con
stant and, according to Arutyunyan(1ll, ((loo(T)jE(-r:) = 
Co + B/T, which makes possible a solution using in
complete gamma functions. For the latter function a 
solution for deflexion has already been submitted by 
Distefano(4). This function, however, is not partic
ularly suitable, because in the corresponding Boltzmann 
model for fresh concrete, t -+ 0, the spring constant of 
a spring coupled in parallel with a dash pot tends to a 
negative quantity of -I/By, this being an absurdity. 
The solution will therefore be carried out for a 
function (S) 

for which the above-mentioned paradox does not ap
pear. This function is also more convenient because, 
unlike the first function(4), the Dischinger-Whitney 
law of creep is its special case for ({loo( (0) = Co = 0, 
the creep factor being ({l(t) = 1 - e- yt . 

By substituting for ((loo(t) into equation 15, we ob
tain: 

Y)(t) = 1 + -yj(to) f exp f y[q( (0) - 1](8 - to) 

10 

+ z(to)(1 - e-y(6-to)) } de .............. (16) 

where 

q(t) = ({looa(t) .......... (17) 
PE/P - I 

({looaCt) = (I - Pa i) ((loo(t) ...... (17a) 

z(t) = q(oo) ( q>oo(t) - 1)=z(to)e-w-to) .... (18) 
((l00(00) 
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If the function z(t) is substituted as a new variable, 
that is, 

yet - to) = In z(to) 
z(t) 

dz 
ydt = --

z 

we obtain, after the corresponding modifications: 

fZ(IO) (00) " 
Y)(t) = I + u(to) z-q e-zdz ........ (19) 

z(l) 

where 

u(to) = (1 - Pa)q(to) exp {z(to) + [q( (0) - 1] In z (to)} 

........ (20) 

The integral in equation 17 represents the incom
plete gamma function, Tables of which are available 
(reference 11, p. 54), for ° ~ q ~ 0·5(1S-1S). Let us 
note that the integral 15 might be similarly expressed 
in terms of an incomplete gamma function for a 
function ({loo/ E = Co + Ae-y-r of a more general 
character where Yl =I y. An advantage in comparison 
with reference 4 is that Y)( (0), according to equation 
19, does not depend upon y. 

For practical application a Table has been com
puted of 1)( (0) according to equation 17 for different 
values of ({loo(to), ({loo( (0) and PjPE' For Pa = 0, i.e. for 
plain concrete, the graphs of the quantities Y)( (0) are 
given in Figure 2. These graphs can, however, also be 
used for determining 1)( (0) with a non-zero percentage 
of reinforcement. If, for given ({looa(to), ({looo( (0) and 
PIPE, the corresponding value in Figure 2 is designated 
as 1)ao the value of 'Y)( <Xl) is 1 + (1 - Po) (1)a - 1). 
Among the individual graphs for ({loo(to) = 1·0, 1'5, 2'0 
etc., it is possible to interpolate linearly, but for 
greater accuracy it is more expedient to interpolate, 
for example, by using a curve plotted from three 
points (or to assume for interpolation the same inter
mediate course as according to the approximate form
ula below equation 25. The values 1)(t) for t < <Xl 

may be determined by multiplying Y)( (0) by the ratio 
Y)(t)/1)( (0) found from the approximate formula 25. 

The approximate but widely used Dischinger
Whitney law of creep(S, s, 19, 20) is, in principle, based 
upon the assumption that all creep deformations are 
irreversible, so that the curves CCt,T) for different 
values of T are identical and parallel, i.e. 

({l(t) - ({l( T) 
C(I,T) = ............ (21) 

E(to) 

where ({l(t) is called the creep factor; ({l(t) should be 
introduced especially in order to make the value 
[({l( (0) - ((l(to)]/E(to) conform to the actual measured 
value CC <Xl, to) for a given to. Because ({l( (0) has to be 
of finite value, a zero creep corresponds to changes of 
stress in the very old concrete. This is the main draw
back of this theory. (Tkis is evident also from a 



1·0.-----,-----,----,----,------,----, 

0·81-----I-----~---+--__+----:::±-_--~ 

o 
1 

1·0 

(a) For'Pooa(to) = 0·5 

1J(t) = y(t,x) 
y(to,x) 

. nx 
Yo = asm T 

10 

,,2 
PE = (E/ + Ea/a) 7' 

20 

'Pooa(t) = <poo(t) (1 - pa ~) 

'1'( 00) = 1 + (I - Pa) [1Ja( 00) - 1] 

50 100 

, I 
<P~.(t:!-f---

o 8 ~ 025- ~::=: V ----

/ 
---

... --
6 

,..---

J V 
O· 

O· 

'/ 
O· 2 

0 

(b) For 'Pooa(lo) = 1·0 

10 

1). (00) 

z(to) 

1J(t) = 1 + u(to) J Z-q(oo)e-zdz 

z(t) 

20 

0·5 

50 

u(to) = (I - Pa)q(to)exp : 2(10) + [q(oo)_I]In z(lo): 

<pooa(t) ( 'Poo(t) ) 
q(t) = PE/P-1' z(t) = q(oo) '1'00(00) - 1 

100 

Creep stability and buckling strength of concrete columns 

10 

1). (00) 

20 

(c) For <;>ooa(lo) = 1·5 

50 100 

08,---,----_,-_---, __ --, ___ ---, __ --, 

10 

1). (00) 

20 

(d) For 'Pooa(lo) ~ 2·0 

50 100 

0·8 r---,------,---,---,----,----,-----, 

'1].(00) = 0 

(e) For <;>ooa(lo) = 2·5 

Figure 2: Graphs for determining the effect of the load P upon 
the increase of deflexion 1Ja( 00) for an infinite time for different 
values of the creep factors 'Pooa( 00) and'Pooa(lo). 
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rheological model, the Maxwell model with a dash pot 
viscosity E/rp tending to infinity for t -+ 00.) The 
Dischinger-Whitney law with rp(t) = 1 - e- Yt is a 
special case of the Arutyunyan-Maslov law for rpoo/E = 
e- YT, i.e. rpoo( 00) = O. 

By substituting equation 2 into equation 1 and 
differentiating with respect to t, we obtain an equation 
giving E-l: 

E-l = (_1 ~ + _1 ) (~)_l ...... (22) 
E(t) orp E(to)·. orp 

After this has been substituted into equation 6, 
there results a linear differential equation of the first 
order for 'Y)(t): 

(PE - P) d'Y) _ ~ (p - PaPE + E(lo) dP) 'Y) 
drp E(to) E d rp 

= Pa E~o) PE (1 - :~;;:») ................ (23) 

Specifically for P = constant and when E is assumed 
to be approximately constant this equation has the 
form: 

d'Y) 
drp - C"ti = Pa 

............ (24) 

and its solution is: 

'Y)(t) = - ~ + (1 + ~) eC['l'(t)-'l'(to)) .•.. (25) 
c . c 

For this law of creep, the solution can be expressed 
simply even with a stepwise variable load P. Let in 
time interval (to, t1) the load Po and for t ~ tl the load 
PI be acting. In the time tl the ordinate 'Y) is elastically 
changed, in the ratio 

01:01 = 1 - PO/PE 

1 - P1/PE 

The solution of equation 24 is: 

...... (26) 

where Co or C1 is the value of c according to equation 24 
for Po or Pl' This expression is considerably simplified 
for plain concrete, i.e. for Pa = O. 

For a small percentage of reinforcement, it is also 
possible to assume Pa ~ 0 and to express the influence 
of the reinforcement approximately by a reduction of 
rp(t) to a value xrp(t), where(5) x = EI/(EI + EaIa) = 
1 - Pa' For P = constant and E = constant we then 
obtain: 
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'Y) ~ ecx[ q>(t) - q>(to)] ••.•.•••..•• (27) 

whilst for a variable P(t): 

fq>(t) 
'Y)(t) ~ OI:Ot exp c(t)xdrp . ....... (28) 

q>(to) 

1 - P(to)/PE 
OI:Ot = __ ..:....:.c...~ •••••••••••• (28a) 

1 - P(t)/PE 

and for a stepwise variable load: 

'Y)(t) ~ 01:01 exp [COx[rp(t1) - rp(to)] + clx[rp(t) - rp(tl)] l

........ (29) 

The equations for this creep law also result from the 
equations for the Arutyunyan-Maslov law if we put 
rpoo( 00) = O. 

Another approximate law for the creep of concrete 
is the law of 'effective creep modulus' (also called 
'ideal modulus')(S). In principle, this theory is based 
upon the assumption that, once a load has been ap
plied, the concrete does not age any more, i.e. the 
creep law is time-invariant, with parameters merely 
depending upon to. All curves C(t, T) for different 
values of T are identical and mutually translated in the 
direction of axis t. Whenever the load tends to a 
constant value for t -- 00, the state of stress tends to 
a steady state 0'( 00) = EeffE( 00) where 

E E 

1 + rp( 00) - rp(to) 

is the effective creep modulus. Hence 

where 

'Y)( 00) = 1 - PIPE .......... (30) 
1 - P/PEeff 

P eff = (E effI + Ea1a)1T2j12 

is the Euler load corresponding to Eeff(to)' Within. the 
range of the validity of the principle of superposition, 
all deformations according to this creep law are per
fectly reversible. This law diverges from the real 
behaviour in a sense contrary to that of the Dischinger
Whitney law, because for increments of stress in a 
very old concrete it assumes a creep of the same 
magnitude as that for the first load. 

If C(t, T) is introduced according to equation 7 with 
rp( 00) = constant = C( 00, to), the stress-strain law 
(equation 1) may be reduced to a differential form with 

1 (0 ) (0 )-1 E-! = - - + y[1 + rpoo(to)] -+ y .... (31) 
E(to) Of Of 

The solution of the corresponding equation 6 is a 
special case of equations 15 and 19. 

A comparison of the values of 'Y)( 00), which can be 
obtained according to the different creep laws can be 
clearly seen in Figure 1. 



Distribution of the internal forces in a 
cross-section 

The bending moment Mit) carried by an elastic 
reinforcement is obviously -Ea1ao2[y(t) - yo]/ox2

• If 
equations 4 and 5 are substituted here and [2 is ex
pressed by means of PE(to), the following expression is 
obtained: 

The relative increase of the moment carried by the 
reinforcement, ma(t) = Ma(t)/ Mito), is then given by 

mit) = 1 + ['Y)(t) - I{E(to) > 'Y)(t) ...... (33) 
P(to) 

The bending moment Mb(t) transmitted by concrete 
according to the condition of equilibrium is then 
-P(t)y(t) - Mit). The initial value of Mb(to) accord
ing to the theory of elasticity is 

Mb(to) = -P{to)y(to) [1 - pi to)] 

Further, 

By using these relationships it is possible to determine 
the relative increase of the moment transmitted by the 
concrete, mb(t) = Mb(t)/Mb(tO)' in the form: 

mb(t) = 'Y)(t)P(t)/P(to) - ma<t)Pa(to) < 'Y)(t) . ... (34) 
1 - Pa(to) 

It is interesting that, for relatively low loads, 
P < PE(to)Pa(t), the moment Mb(t) decreases even 
when the deflexion increases. [The value mb(t) with 
P = constant is lower than for ma < 1 + ('Y) - 1)/ 
Pa(to)·] 

The distribution of the normal force P into a force 
Nb(t) in concrete and a force Nit) in steel is indepen
dent of the deflexion. The elastic compatibility condi
tion is Nb/EFb = (P - Nb)/EoFa, where Fa and Fb are 
sectional areas of steel and concrete. Interchanging 
I/E with E·l, the basic equation for Nb(t) is: 

EF(P - Nb) = EaFaEE·Wb ...... .. (35) 

Long-term stability 
In steel struts at high temreratures, because of the 

progressively non-linear creep, a loss of stability takes 
place within a finite time called the critical time. As 
regards concrete columns, the concept of a critical 
time has no sense under linear creep; for a long-term 
load, a loss of stability can occur only within a limit 
for t ---- 00 (a condition which, of course, is applicable 
only for a theory of small deflexions). As a condition 
of stability, it will be required here-just as is required 
by Distefano<4l-that for t - 00 the deflexion should 
tend to a finite value, i.e. 
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lim 'Y)(t) = 'Y)(oo) < 00 ............ (36) 
t .... oo 

For the Arutyunyan-Maslov law, according to equa

tion 15, the integral fooF(t)dt has to be negative, for 
to 

which it is necessary that lim F(t) < o. According to 
t .... oo 

equation 14, we thus obtain the following condition 
of stability (lim E = 0): 

P( 00) < Per = 1 + PaCfloo( 00) < PE . ... (37a) 
1 + Cfloo( 00) 

The critical load Per is equivalent to the Euler 
critical load for a column, the concrete of which has a 
modulus E/[1 + Cfloo( 00)] instead of E, that is an eff~c
tive __ I::_reep modulus for infinitely old concrete. 

. The same result would also be obtained from equa
tion 19, in which lim z(t) = 0 and the integrand in 

t .... oo 
equation 19 becorr.es 00. For a convergence, it is 
necessary and sufficient that q( 00) < 1, from which 
equation 37a again results. 

For the Dischinger-Whitney law, equation 25, there 
results c < 00, from which, according to equation 24, 
Per = PEeff will be obtained. This does not conform to 
the actual conditions and is due to the fact that the 
relative creep for stress increments produced here by 
an increase of the deflexion after a very long time tends 
to zero (and in the corresponding Maxwell model the 
viscosity of the dash pot tends to infinity) although, in 
reality, it tends to a non-zero value, Cfloo( 00) > O. For 
the law of effective deformation modulus (equation 
30), there is Cfloo( 00) = Cfloo(to) in (37a), Per = PEeff. This 
is too small a value, which is again due to the approx
imate character of the theory of an effective deforma
tion modulus, according to which the relative creep 
for increments of stress produced by an increment of 
deflexion is, after some time, the same as the initial 
one, i.e. Cfloo(to), although it has to be smaller and to 
tend to Cfloo( 00). The values of critical loads are repre
sented in the graphs (Figure 2) by horizontal asymp
totes to the curves. 

It is thus evident that any estimation of the stability 
is very sensitive to the inaccuracies of the creep law, 
particularly to the value Cfloo( 00) of the creep factor to 
infinity for an infinitely old concrete. It is, conse
quently, necessary to use at least the Arutyunyan
Maslov law. All linear creep laws, however, have a 
weakness which consists in the fact that a critical load 
does not depend upon the age of concrete to at the 
instant the load is applied. For these reasons it is 
necessary (for linear creep law) to go on from the 
problem of stability to consider the problem of 
buckling strength. 

This would not, of course, be necessary if a non
linear creep law could be considered from the instant 
when the stress passes beyond the range of linear 
creep. Then a finite critical time would be obtained 
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and the concept of critical time could be introduced 
in the problem of bearing capacity. 
NOTE: A long-term critical load considerably depends 
upon the percentage of reinforcement of a column. 
Let us assume, in order to illustrate the problem, a 
cross-section where Ea/E = 7 and ia2/ib2 = 1'5 for 
radii of inertia of the respective parts of the section, 
this being a reasonably typical example. Let us further 
assume that tp(xl (0) = 1. For a low percentage of rein
forcement by sectional area (0·6 %), PJ = 0·06 x 7 x 
1·5 = 0'063, so that, according to equation 33a, the 
critical load is Pcr = P(1 + 0·063)/(1 + 1) = 0·532P. 
For a high percentage of reinforcement (3 %), Pa = 
0·03 x 7 x 1·5 = 0'315, so that Per = P(1 + 0'315)/ 
(1 + 1) = 0'657P, which is 24 % more than for the low 
percentage of reinforcement. 

Conversion of a long-term buckling strength 
into a short-term buckling strength 

It is expedient to relate the creep (long-term) buck
ling to the elastic (short-term) buckling which has 
already been thoroughly investigated, even as regards 
the experimental data. If the value of stress in concrete 
or in steel were chosen as a criterion for a comparison, 
there would result relatively complex relationships. 
Meanwhile, from the bearing capacity aspect, it is the 
values of the total bending moment and of the normal 
force that count rather than the stresses (the calcula
tion of which is, anyway, rather problematic in view 
of the considerable influence upon creep of the dimen
sions and of the distance from the surface(S»). As a 
criterion for comparison, therefore, the value of a total 
bending moment, - Py, is suggested here. 

It is pertinent to express the influence of creep, as of 
physical characteristics of the material, through a 
reduction of the modulus of elasticity. In view of the 
dominant influence of the first sine component in 
equation 5, it is possible to confine our considerations 
to a column with a sinusoidal initial curvature. We 
establish, consequently; which reduced modl,llus of 
elasticity E a given column would have to possess in 
order that a load P, under elastic deformation, should 
produce a bending moment in it, the ratio of which to 
the permissible bending moment Mperm, p for a short
term load at a time t is equal to the ratio of the actual 
bending moment - Py for a long-term load at a time 
t to a permissible bending moment Mperm, c for a long
term load. This condition may additionally be ex
tended, even to the case of the combination of a long
term load P and a short-term load Pp (with the 
eventual dynamic coefficient included). Instead of the 
additional application of a short-term load Pp at a 
time t, it is possible to assume first an elastic unloading 
of the column at time t by which the ordinate of 
deflexion is reduced at a ratio of 1 - PIPE and, subse
quently, the application of a combined load P + Pp to 
the column, whereby the said ordinate will be in-
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creased again at a ratio of [1 - (P + Pp)/PE]-l. The 
above condition is formulated as follows: 

1 - PIPE . M 
_ (P + Pp)/PE ' perm, c 

= (P + Pp) a j sin 7Tx/1 : Mperm,p ........ (38) 
1 - (P + Pp)/PE 

where JiE is the Euler critical load corresponding to a 
reduced modulus E, i.e. PE = (EI + Eala)7T2/f2. From 
equation 38 there results a formula which determines 
PE: 

P ~ Pp = 1 - (1 - P + Pp) .! ...... (39) 
PE PE ~" 

where 

~" =~' 1 - P(t)/PE(t) , ~' = ~(t) M perm, p .. (39a) 
1 - P(to)/PE(to) Mperm, c 

For P = constant and E = constant,~" = ~'. The 
ratio Mperm, p/ Mperm, c depends upon the statistical dis
tributions of strength for short- and long-term loads 
(including the changes of the stress distribution in the 
section) and upon the distributions of the values of 
these loads. Approximately~' = ~. 

Let us investigate now JiE and Ii in dependence on 
P for Pp = 0 (Figure 3). For P -0, through a deter
mination of the limits of equation 15 or 19, it is found 
that lim ~ = 1 (lim'i)(to) = 0). From equation 39, 

lim PE = PE[l + lim (~ - I)PE/P]-l 
p-..o 

'Pro. (00) = 0 
1·0,---,---,------,------r----6I 

0·81---1---1-----+---~'----__j 

0·6 

!... 
PE 

0·4 

2·0 

o 2 

0'2 0·3 0·6 

Figure 3: Graph showing the reduced critical load PE for 
'PCOa(t 0) = 2, "a = 0 and 1)" = 1) and for different values of 
'P COa( co ). 



For Pa = 0, it is possible to determine 

lim PE = PE/[1 + EC(t, to)] = P Eeff, lim E = Eeff 

For Pa > 0, lim JiE is slightly larger because 

lim (1) - I)PEIP 

= (1 - Pa)C(t, to) r exp [ - YPa fl 'Pro(t)dtd8] 

to to 

For P ---- Pen 1)( (0) ---. 00 which yields lim JiE = Per. 
According to the law of an effective deformation 
modulus, for all values of P < P PE = PE and en eff 
E = E eff . 

The correct values of E are higher than these values 
but-as can be verified-they are lower than the E 
values according to the Dischinger-Whitney law. Con
sequently, the error inherent in the law of an effective 
creep modulus works in favour of safety, whilst the 
error inherent in the Dischinger-Whitney law works 
against it. These errors are the higher, the higher is 
PIPE, and come near to zero for small values (when 
P - 0). A graph of the PEIP values for 'Pro(to) = 2, 
( - 00, 1)' = 1), Pa = ° and Pp = ° is shown in Figure 
3. The deviation of approximate theories from the 
actual behaviour is considerably smaller for Ethan 
for a deflexion, but they are nevertheless still large 
enough. 

Instead of a reduced modulus E, there might also 
be introduced an increased long-term load P, produc
ing with Pp in the elastic strut the same (relative) 
bending moment as the load P and Pp in the actual 
strut. This yields for P the condition: 

1 - PIPE -----'---:::.-- . M 
_ (P + Pp)IPE ' perm. e 

= (P + Pp) a1 sin 7Txll --.....:-=:----'--- : Mperm. p 
1 - (P + Pp)/PE 

'" and, after modifications: 

........ (40) 
l' 

P
_ PEp = 1 + (~ - 1) ~ ...... (41) 

+ p P + Pp 1) 

For this method it is not necessary to know elastic 
buckling coefficients for different values of E. 

As a third method, an increased buckling length I 
may be introduced. Here, however, it is problematic 
whether it is more correct to assume that a column of 
an increased buckling length has an equill absolute 
value Yo = Yo' or an equal relative value YolT = Yo II in 
regard to the buckling length etc. In the former case, 
the right-hand side of equation 38 would remain the 
~me, except that we have to write PEIIlz instead of 
PE, so that the following relationship would exist: 

111 = ..;PEIPE ..•...•..••.. . (42a) 

In the l~!er case, it would be necessary to write, on 
the right-hand side of equation 38, the expression 
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a1T/1 instead of a1. We should then obtain a quadratic 
equation for 111, the solution of which is: 

r= -A + JA2+~ 
I P + Pp 

A = 21 " (~ - 1) ............ (42b) 
1) P + Pp 

which is a value smaller than that given by equation 
42a.' , 

EXAMPLE 

In the design of a particular prestressed concrete 
bridge constructed by the cantilever method, the 
question arose of how slender the columns could be 
designed in order to keep the effects of dilatation to a 
minimum. The procedure of analysis follows. 

The buckling length is determined and the Euler 
critical load of a strut inside an elastic frame PE = 
8,030 tonnes. The self-weight and the permanent load 
produce in the strut an axial compressive force P = 
2,810 tonnes, a live load Pp = 605 tonnes. The load P 
is assumed to be applied, in the mean, to a concrete 
of an age to = 2 months and the factors of creep are 
assumed to be 'Pro(t 0) = 2'10, 'Pro( (0) = 1·05. The per
centage of reinforcement being H, Po = 0·10 (equa
tion 6a). First we calculate 

PIPE =' 0'35, 

'Proa (to) = 2·10 (1 _ 0·10 x 8,030) = 1'50 
2,810 

?roa(oo) = 1·05 (1 _ 0·10 x 8,030) = 0.75 
2,810 

(equation 17) 

and then from Figure 2c can determine 1)a 

so that 
2'75, 

1)(00) = 1 + 0'9 x 1·75 = 2'58. 

According to equation 39, for 1)" = 1) we will then 
have 

(P + Pp)(PE = 1 - (1 - 3,415)/2'58 = 0'777 
8,030 

(equation 39) 

and, as a final result, 

or 

- 3,415 
PEIPE = = 0'548 

0·777 x 8,030 

PE/(P + Pp) = 1 + (8,030 - 1 )/2'58 = 1·52 
3,415 

(equation 41) 

P + Pp = 5,270 tonnes 
For this value of PE (or P), the buckling coefficient 

should now be determined as for an elastic strut and 
1he section then assessed. 
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The idea of an initial curvature has in principle been 
introduced only to make possible the ef>tablishment of 
a relationship between short-term (elastic) and long
term buckling (under the creep). Otherwise the magni
tude of an initial curvature has no influence upon the 
result and the diversity of its forms comes into play 
to a very limited extent only. Consequently, an analy
sis of buckling for an elastic column with a reduced 
modulus of elasticity E or, alternatively, with an 
increased long-term load P (or with an increased 
length of buckling) can be accomplished by any 
method which need not even be based on the concep
tion of an initial curvature. It should be noted that the 
solution presented here does not concern bearing 
capacity and applies for slender columns with low 
stress values and, consequently, a linear creep. 
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