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Introduction 

A Correlation Study of Formulations of 
Incremental Deformation and Stability 
of Continuous Bodies 
In the past a number of different linearized mathematical formulations of the infinitesi
mal incremental deformations of continwus bodies under initial stress have been pro
posed. The best-known formulations are reviewed, tabulated, and subjected to a com
parative study. It is demonstrated that they can be derived as special cases of a unified 
general formulation, and are all correct and mutually equivalent. In each formulation, 
the incremental elasticity constants and the incremental material stress tensor have a 
different significance. Their mutual relationships are established. Thus the analysis 
of a problem which has already been solved according to one formulation need not be 
repeated for another formulation. Furthermore, the connections to the various definitions 
of the objective stress rate are shown. The arbitrariness of choice between the infinitely 
many possible forms of incremental equilibrium equations corresponds to the arbitrari
ness in the definitions of (a) the finite strain tensor, (b) the material stress tensor, (c) 
the objective stress rates, (d) the stability criterion, and (e) the elastic material in finite 
strain. For demonstration of the differences, the problems of surface buckling of an 
orthotropic half space and a column with shear are studied. It is shown that the pre
dicted buckling stresses can differ almost by a ratio of 1 : 2 if the proper distinction be
tween various formulations is not made. 

T HE general problem of infinitesimal elastic stability 
of three-dimensional continuous bodies, as well as the closely re
lated problem of small incremental deformations of a medium 
under initial stress, have been studied by many researchers. 
Various authors, however, have chosen different mathematical 
descriptions of the incremental deformation. In the stability 
theory this has led to various formulations which appear to be 
considerably different from each other. 

ways is well known and has often been pointed out. It is also 
clear that such differences must be projected in the incremental 
equilibrium equations and other relationships, and that the 
various formulations must be equivalent. Nevertheless, it seems 
that no specific discussion of various formulations has been pre
sented so far. Such a discussion is needed because different 
formulations continue to be used at the present time. Although 
in the theoretical literature only one formulation, namely, the 
formulation associated with the Cauchy-Green strain tensor 
[6, 10, 11, 13-17, 19,21,23,26,27,29,34-36], is now generally 
preferred, other formulations [5, 8, 18, 2!l, 30, 37] seem to pre
vail in the analysis of practical problems. The results of these 
analyses are often distrusted because it is not immediately ob
vious whether the differences are caused only by a choice of dif
ferent mathematical formulation. 

The fact that stresses and strains may be defined in various 
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For the sake of simplicity, only rectangular Cartesian coordi
nates will be used. The coordinates of material particles in the 
initial stressed state under consideration will be denoted by Xi 
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In equation (23) and the first line of column e in Table 1 the 
fraction i should be changed to 2. 

In the 4th line after equation (28), following the reference 
brackets, the last bracket should be followed by Fk1F" = 5kr + 
2E~T. 

In the 5th line after equation (22d) following bt, the phrase "if 
coordinates xi are used,' should be inserted. 

In equation (31) F pq should be replaced by E;g. 
In the 3rd line of footnote 7, equation (7) should be (13) .. 
In equation (22b), the last minus sign should be changed to a 

plus sign. 



(i = 1, 2, 3) and the coordinates of the same particle after the 
incremental displacement Ui will be designated by x/ = Xi + Ui. 

No formal distinction will be made between the subscripts re
ferring to the initial and the final configurations. 2 Subscripts 
preceded by a comma will denote partial derivatives with respect 
to Xi (not X/), e.g., Ui.j = OUi/OXj. Doubly repeated subscripts 
will imply summation over the range 1, 2, 3. To avoid lengthy 
discussions, attention will be restricted to the case of "dead" 
loads, i.e., loads which do not change direction and magnitude 
during the incremental deformation. 

The best-known formulations of equilibrium equations for 
small incremental deformations which will be discussed here can 
all be written in the form 

.Tij,j + PO!i = 0 (in the whole volume) 

(on stress boundary) 

with the following expressions for Tij: 

(Trefftz) 

(Biot) 

(Biezeno and Hencky) 

(1 ) 

(Ia) 

(2a) 

(2b) 

(2c) 

Til' (Biot, Southwell) (2d) 

Here po is the initial mass density; ni is the unit outward normal 
in the initial state;!. and Pi are the increments of mass forces and 
surface loads (considered as "dead" loads); eij and Wij are the 
linearized incremental tensors of strain and rotation, i.e., 

Wij = t(Ui.; - Uj.i) (3) 

Tg is the stress tensor (of Cauchy) in the initial state; Tij is a 
certain nonsymmetric incremental stress tensor whose significance 
will be explained after equation (12). .Tensors at, afj, a~" 
at} represent certain incremental material stress, tensors. They 
are labeled by different superscripts because each of them has a 
different significance as will be demonstrated later by equations 
(14b), (I6b), (17c), and (20a). These tensors are all symmetric 
and are related to eij by linear relationships. For Pi = f; = 0, 
equations (1) and (Ia) represent conditions of neutral equilibrium. 

Expression (2a) can be traced back to Trefftz [34, equation 
(29)]. The stability theories presented by Goodier and Plass 

2 The notation which does make such a distinction [10, 35] is, of 
course, superior. Here, however, such a notation is not suitable be
cause it does not allow the introduction of the relative displacements 
Ui and other incremental quantities, which are convenient for the 
formulations that are associated with other than Cauchy-Green 
finite strain tensor. 

[14, equation (10)], Pearson [27], Hill [13], Prager [29], Trues
dell and Noll [35], Green and Adkins [15], Kappus [10], Novozhi
lov [26], Koiter [19), Nemat-Nasser [23], and others [1, 2, 6, 10, 
16, 21, 36] are all based on expression (2a). A special type of 
stability criterion (for bodies with prescribed boundary dis
placements) presented by Hadamard [12] also implies equation 
(2a). 

The equilibrium equations corresponding to expression (2b) 
are due to Biot [4, .5, equation (II.5.20)]. Identical equations 
were obtained, using different approaches, by Neuber [24, equa
tions (61) and (50)] and by Prager [28, equations (17) and (18)]. 

The equilibrium equations corresponding to expression (2c) 
have been deduced by Biezeno and Hencky [3, equation (20) or 
equation (.5)]. ' 

The equilibrium equations corresponding to expression (2d) 
were introduced by Biot [4, 5, equation (1.7.32)]. They were 
also used by Neuber [25, equations (12), (1), (3), and (15»). It 
can be easily verified that for a uniform initial stress field, that 
is for Tg,k = 0, these equilibrium equations may also be written 
in the form -

(3a) 

which was used by Neuber [2.'1, equation (16)]. A special form 
of equation- (3a) in the coordinate system whose axes Xi coincide 
with the principal directions of initial stl'el\S was presented already 
by Southwell [31, equation (16)]. (It should be noted that the 
term in parentheses in equation (3a) does not have the significance 
of Tij, as will be later discussed, and may not be substituted for 
Tij in boundary condition (la).) 

Incremental Stresses and General Form 
of Incremental Equilibrium Equations 

The work per unit initial volume which is done at the incremen
tal deformation will be denoted by W. The variation of oW 
which corresponds to the variation OUi of infinitesimal displace
ments Ui compatible with the boundary conditions of place may 
be expressed in either of the following two forms: 

oW = SijOEi; where Si; = Tg + ai; (4a) 

oW = T7;u;,j where T;; = Tg + Tij (4b) 

in which Ei; = certain incremental finite strain tensor a ~ym-
metric tensorial function of the displacement gradient u,,;, such 
that oW = 0 when Ui.; expresses a rotation. Equations (4a) 
and (4b) represent definitions of the incremental stress tensors 
aij and Tij. 

Tensor aij may be assumed as symmetric since Eij = Eji. It 
vanishes for a rigid-body rotation because in this case OEij 

---Nomenclature!------~--------------------

S 
Sij 

incremental elastic 
moduli 

incremental linear
ized strain tensor 

initial body force per 
unit mass and its 
increment 

unit outward normal 
at the surface 

initial surface load 
and its increment 

surface of body 
objective material 

stress tenso r re
ferred to initial 
configuration 

Cauchy'S stress ten
sor in final and 
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T~ 

Ui 

v 

po 

initial states and 
their difference 

mixed (Piola-Kirch
hoff) stress tensor 
referred to the ini
tial configuration, 
unsymmetric 

displacement incre
ment = xi' - Xi 

volume of the body 
rectangular Carte

sian coordinates of 
a part.icle in initial 
and ,final configu
rations 

inc~emental finite 
strain tensor 

initial mass density 

Tij Tt - T~ 

Superscript. 

a, b, c, d, e, ! 

Superscript 

obiective material 
stress increment 
referred to initial 
configuration 
(symmetric) 

mixed stress incre
ment referred to 
the initial config
uration, unsym
metric 

incremental linear
ized rotation 

individual formula
tions, Table 1 

obiective stress rate 
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tV = O. Owing to the invariance of the expression for work, 
censor 0".; is objective (i.e .. ; invariant at any observer transforma
tion [35, 10, 29, 16]) .. Thus O"'j is a tensor which may be used in 
stress-strain relations. If there exists an incremental strain po
tential, U(E.;), 0";; may be also defined by the equation S.; = 
aU 10E.; which leads to (4a) if U is identified with W. For adia
batic conditions U represents the total energy, while for iso
thermic conditions U is the Helmholtz free energy. 

Tensor T., is in general unsymmetric, unless U;.; represents pure 
(i.e., symmetric) deformation. From equation (4b) (as well as 
equation (13) derived later) it can be concluded that T7j or 
Tg + T,; must represent the total forces in the directions XI, X2, 

X3 acting on the sides of a deformed element which was originally 
(in the initial state) a unit cube. Thus tensor T71 is equivalent 
to the mixed (Piola-Kirchhoff) stress tensor (of the first kind) 
[35, 16, 11] which is, however, referred to the initial stressed 
state rather than a natural unstressed state as in the usual defini
tion. Sometimes the mixed tensor is also called Lagrangian [29] 
or Boussinesq's [21] stress tensor, or "pseudostress." 

The relationship between 0".; and To; may be derived by sub
tracting equations (4a) and (4b). Thus 

where the relations O",,eJe.; = O",;ou;,; and T?~Ui.; 
based on symmetry of 0",; and Tg have been utilized. 
(5) is satisfi'ld for any U •• ; if, and only if, 

o a(E". - e".) 
T,; = O"i; + Tpq --~ 

"1·3 

= TB~e;i 
Equation 

(6) 

For infinitesimal incremental deformation, u •. ;, 0",;, and T.; are 
infinitely small of first order while T~q is finite. Therefore it is 
sufficient if the finite strain tensor is expressed exactly only up to 
secoud order t.'rms in u,.;. 

The stress terl.~or of Cauchy after the incremental deformation, 
T.; (which is also called Eulerian stress [29] or "true stress" 
since it represents forcl's in the directions XI, X2, Xa acting on a 
unit cube which has been cut out after the incremental deforma
tion in point xi'), may be pxpreqsed with the help of the mixed 
tensor T~ (or T.;) as follows [29, equation (IXA.3)] or [11, p. 
439] : 

(7) 

whae J = det (ox.' lox,) = Jacohian of the transformation.' 

• For reader's convenience let us ~how how equation (7) may be 
obtained. Imagine witlun the given body an arbitrary infinitesimal 
parallelogram of area dS and unit normal "i, defined by two line ele
ments dx, and ax,. After the incremental deformation, dS, "i dx" 
ax, are transformed in dS', ";" dx;', ax;'. The force acting on dS from 
one side must be the same, whether it is determined from Ti; or Ti*;' 
Hence 

Here 

_ ()xm ' ()xn' 
"ldS' = CjmndXm'oxn' = ejmn'- -- (~XpaXq 

()Xp ()Xq 

where e;mn = permutation symbol. Furthermore, 

.. because 

(7a) 

(7b) 

F'Or small incremental deformations, J-I == 1 - Uk.k, so that 

!::..T'i = Tii - Tg == Tii +T?kUj.k - TgUk.k (8) 

It should be noted that the relationship between !::..T.; and 
T.; is independent of the choice ·of the form of finite strain tensor 
E.;, while the relationship between O"i; and Ti; (or 0".; and !1T.;) 
depends on this choice. 

The equilibrium conditions may be obtained from the principle 
of virtual work. For the equilibrium state after the incremental 
deformation, this principle yields the equation' 

r oWdV = r Po(f? + li)ouidV + r (p~ + Pi)OUidS J(n J(n J~). 
(9) 

which must be satisfied for any variation ~Ui comp!l,tible with the 
boundary conditions of place; Ii and P, are the incremental forces 
per unit mass and the incremental surface loads (dead loads); V 
= volume, S = surface of the body in the initial state. The as
sumption that the initial state is an equilibrium state may be ex
pressed by the principle of virtual work as follows: 

r Tr~Ui.idV = r PO!?OUidV + r P?OUidS (9a) J(n J(n J(~ 
If (9a) is subtracted from (9) and the relations O";jO€i; = O"ijOUi,j 
and (4a) are noted, the following equilibrium condition for the in
cremental deformation is obtained: 

r TijOUi.;dV = r po/.ouidV + r PiOUidS (10) J (V) J (V) J (8) 

Here the left-hand side may also be written in the form 

- r Ti;.ioUidV (11) 
J(V) 

Applying the Gauss theorem [29, 16] to the first integral in the 
last expression, it is fou.nd that equation (10) is equivalent to the 
following condition: 

f n;Ti;ouidS - r Tii.;OUidV = r poliouidV 
',8) J (V) J (V) 

+ r Piou•dS (12) 
J(8) 

where nj is the unit outward normal at the surface. To satisfy 
this condition for any ~Ui, it is necessary and sufficient that 

Ti;.i + Po/i = 0 (in volume V) 

(on stress boundary) 

(13) 

(13a) 

This iH the general form of the differential equilibrium equations 
for incremental deformations. These equations also corroborate 
the physical significance of Ti; as explained after (4b). 

It should be notpd that equations (4a)-(13a) are valid irrespec
tive of the material properties as well all thp choice of the form 
of Eij. 

Special Forms 01 Incremental Equilibrium Equations 
The ('ommon basis from which various special formulations 

may be obtained is equation (6), expressing the incremental 
mixed (Piola-Kirchhoff) tensor (of the first kind) as a function of 
the general incremental finite strain tensor E'j. Some of the in
finitely many admissible forms of Eij will now be considered. 

Expressing "kdS according to (7b), it is seen that (7a) is satisfied for 1 Substituting the classical Lagrangian (Green's) finite st.rain 
any i if. and only if,equation (7) is valid. tensor 
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Efj = e.; + lUi, .Uk,; 

for E'j in equation (6), it can be verified that 

T.; = ufJ + T2lU',k 

(14) 

(14a) 

Superscript a is used here and in the sequel to denote quantities 
which are conjugated with E~j. The relationship between the 
objective material stress increment ufj and the increment !:i.T.; 
of the true stress follows from equation (8); 

ufj = !:i.Tij - T2lUi,k - T2;uj ,k + TgUk,k (14b) 

It is seen that equation (14a) is identical with (2a). The formu
lation of stability theory used by Trefftz, Pearson, Hill, etc., is 
thus connected with the classical Lagrangian finite strain (or 
Cauchy-Green tensor). It is also noteworthy that, according to 
equation (14b) of (14a), the tensor 

(14e) 

appears to be identical with the Piola-Kirchhoff tensor of the 
second kind [35, 16, la, 29] except that it is referred to the initial 
stressed state under consideration rather than a natural un
.stressed state. 

2 Considering the expression (4a) for work, it may be conve
nient to look for such a formulation that the work T?jOEij be ex
:pressed as the work done by the components of T~ on the dis
placements u. as if T?j were forces kept constant during the in
cremental deformation. In the special case of a symmetric trans
formation Ui,j = Uj,i, called pure deformation, this work equals 
exactly T~i,; (per unit initial volume),4 Consequently, Eij = 

Iti,j, For a general, unsymmetric transformation, the expression 
for Ei; may be obtained if the transformation Ui,j is decomposed 
into a pure deformation Eij (at which the work equals T?jEij), 
followed by a rotation (at which the work is zero), This decom
position is called polar decomposition [35, p, .52]. Up to the 
second-order terms in u.,,, the finite strain tensor E~j defined by 
this decomposition is' [.'i] : 

(15) 

The incremental elastic moduli Cijkl and the objective material 
stress increment Uij which is conjugate to E~j will be denoted by 
C~jkl and U~j. Substituting Eij = E~j in equations (6) and (8), it 
can be obtained 

Tij (I6a) 

U~j !:i.Tij - T2jUi,k - T2iUj,k + T?jUk,k 

+ !(T2jCik + T2iejk) (16b) 

Obviously, equation (16a) coincides with equation (2b), obtained 
first by Biot [4]. Also it should be noticed that the objective 
material stress tensor 

(16e) 

• Note that this is not equal 11i .,,; e.g., for a uniaxial extension, 
.r, = u", + !ui" while (assuming T'I., as constant) the work equals 
T'l,u",. 

• This second-order approximation may be simply obtained as 
follows, The transformation of any vector dXi at the incremental 
defOrmation Ui,j, and its transformation at the pure deformation 
'~i defined by the foregoing decomposition, are given by the rela
tionships 

d::i ' = (Iii; + ui,;)dx;, dx;" = (Iii; + .:')dx; (a) 

where Iii is Kronecker delta. For rotation dXk'dxk' = dXk"dxk". 
Thus the following must hold 

(Ok; + uk,;)dx;(Oki + Uk.i)dxi = (Ok; + .t;)dx;(ciki + .~,)dXi (b) 

This equation is satisfied for any dXi if, and only if, 

(e) 

is different from the Piola-Kirchhoff tensor of the second kind 
[35, 16, 10, 29J given by equation (l4e). 

3 In general, any tensor polynomial in Eft or E~j whose first
order term equals eo might be adopted for representation of Eij' 

Thus the tensor. 

Ei; = eij + !Uk.iUk,j + aekiekj + beijekk + cOijekleki 

+ !M,ijekkell (17) 

where a, b, e, d are arbitrary constants and Oij is Kronecker delta, 
is the most general expression for an admissible second-order ap
proximation to a certain finite strain tensor Eij' 

It is interesting to consider the finite strain tensor 

(l7a) 

which represents the so-called logarithmic strain because E~l = 

U,,' - !U',12 = the second-order approximation to In (1 + ell). 
The substitution of E~j for Eil in equations (8) and (13a) leads to 
the relationships 

Ti; = U~j + T2fUi,k - T2jeik - T2ie;k 

U~j = !:i.Ti ; - 1'2iw;k - T2jWik + l'gUk,k 

(17b) 

(17e) 

In this manner one could obtain infinitely many forms of 
equilibrium equations, in each of which (Tij would be defined in a 
different manner. It may be verified, however, that no admissible 
expression for Eij leads to equation (2d) used by Biot and Neuber 
(as well as to equation (3a», The closest admissible expression is 
(2c) which differs from (2d) by the term TgUk,k. For materials 
of small volume compressibility (nonporous materials) this dif
ference is, of course, negligible. 

Relationships Between Various Definitions 
of Incremental Elastic Moduli 

All of the equations introduced so far aTe valid without regard 
to the material properties. Let us now consider that the material 
behaves in the infinitesimal incremental deformation as elastic 
(while the initial stressed state may still include other than elastic 
strains, e.g., plastic strains). Thcn 

cr;j = Cfjklek/, 
b = C~jklekl> (Iij 

(18) 
U~j = Cfjklekl> 

utj = C1jklekl 

where C'tk/, , .. are the incremental elastic moduli associated 
with ufjo etc. It is easy to verify by substitution that equations 
(14), (16a), (17b), and (2d) (or equation (4a) for the various forms 
of Tij) are mutually equivalent and represent the same material 
if the following relationships between the incremental elastic 
moduli hold: 

Crjkl = C~jkl - t(Oi/T?k + olIT?" + OikTjq + o;kT3) (19a) 

C~jkl = C~jkl + t(oi/T7k + ojIT?" + OikT~ + ojkT8) (19b) 

(1ge) 

Another relationship which correlates c1j kl and ~jk has been 
shown by Biot [5, equation (IIA.25)]. 

Obviously all of these relationships satisfy the necessary condi
tions of symmetry for the incremental elastic moduli, that is, 
Cijkl = Clikl = Cijlk . 

In addition, relationships (Iga) and (1gb) also preserve the 
symmetr ',' condition Cijkl = Cklii which must be fulfilled by 
Crjkl, C~jkl' and C~jkl if a potential for infinitesimal incremental 
deformations exists, 

Relationship (19c), however, does not satisfy the latter sym
metry condition, and if the potential exists 

(20) 
Replacing .t. by eki in the second-order term, equation (15) is ob-
tained. This asymmetry, which is an inconvenient formal feature of equa-
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tion (2d) devised by Biot and Neuber (or equation (3a) obtained 
by Southwell), disappears only for an incompressible material. 

In the sequel an expression for the incremental material stress 
tensor utJ' corresponding to equation (2d), will be also ~eeded. 
Equations (2d) and (8) yield 

(20a) 

The relationship of the material stress increments a~j and 
uti is, according to (16b) and (20a), 

utj = u~J + !(T?kejk + TJ"Cik) - TZ-ekk (20b) 

which is a relationship known from Biot's theory [15, equation 
(11.2.22)]6. 

With the help of boundary conditions (Ia) or (lla) it is possible 
to determine how the incremental elastic moduli can be measured. 
This topic has been dealt with in detail by Biot [5] and a rela
tionship of moduli C~kl and C~jkl to the "measurable slide 
moduli" [5] has been derived. Using this relationship and 
equations (19a, b, e), the moduli C~ikl and C'Ijkl may be also de
termined from measurements. 

Objective Stress Rates 
If the increment of deformation is associated with interval t:.t 

of time t, then lim (uid t:.t) = objective stress rate of Tij, 
"I .... 0 

lim ( Cij I t:.t) 
"I .... 0 

deformation rate dij, lim (Wid t:.t) = rotation 
"I .... 0 

rate Wij, 

dij = !(Vi.i + vi.i), Wij = !(Vi,j - Vj,i) (21) 

where Vi is the velocity of particle. The various time rates ob
tained from Urh U~h U~h uti represent the objective tensor 
rates (stress fluxes), i.e., tensors which are invariant at any ob
server transformation [35, 10, 29, 16]. The objective rates of 
the stress tensor Tii obtained from the expressions (14b), (16b), 
(17e), and (20a), are as follows: . 

for urJ ... T'ft = Tij - TkjVi,k - TkiVj,k + TijVk,k (22a) 

for U~j ... 
Ab 
Tij = Tij - TkjVi,k - TkiVj,k - Tiivk,k 

+ !(Tjkdik + Tikd jk ) (22b) 

for U1i ... 
AC 
Tij = T ij - TkiWjk - Tkiwik + T,Pk,k (22e) 

for u~ .. , 
Ad 
Tij = Tij - TkiWjk - TkjWik (22d) 

where 

Tij = lim (t:.Tijlt:.t) 
"t- 0 

Because t:.Tij is the change of stress (of Cauchy) in a given par
ticle, Tij must represent the material rate which is expressed as 
Tij = Tij,kVk + aTidat [29]. (If the material properties are 
defined by equation (18) for t:.t --+ 0, the material is called hypo
elastic.) 

It is readily recognized that expression (22a) is the Truesdell's 
stress rate [29, 10, 22] and expression (22d) is the corotational 
stress rate, due to Jaumann [29, 10, 3.5, 22J. The stress rates 
(22b) and (22c) probably have not been used so far. 

Thus it may be concluded that the Truesdell's stress rate cor
responds to the use of the classical Lagrangian strain tensor EfJ 

in the theory of incremental deformations or stability, and to 
Trefftz's equations of neutral equilibrium. The correspondence 
between the Truesdell's stress rate and the stability theory lead
ing to Trefftz's expression (2a) has already been shown by Masur 
[22]. 

The corotational (Jaumann's) stress rate corresponds to neu
tral equilibrium equation (2d) or (17b), due to Biot [5J and 

6 Biot's notation and terminology is: uti = Sij 

stresses," at = t,j = "alternative stresses," Ct;kE 
('iik/. 
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"incremental 
Bijk/. G", = 

Neuber [25] but has no corresponding form of finite strain tensor 
unless the material is incompressible. The fact that for the ma
terial T~kl = ~k"dkl the incremental potential exists for certain 
moduli such that GtJkl ,e C'f:lih and is nonexistent if ~kl ,e 
C~lih is to be regarded as an inconvenience of the corotational 
(Jaumann's) stress rate (22d). This feature disappears for the 
stress rate (22e) which corresponds to the finite strain tensor 
(17a) (logarithmic strain) and the Biezeno and Hencky's neutral 
equilibrium equations given by (2e) and (17e). The difference 
between (22e) and (22d) can be important, of course, only for 
materials of high volume compressibility such as porous ma
terials. 

Another often used rate is the convected stress rate, dUfil to 
Cotter and Rivlin [29, 10, 35] : 

(22e) 

It seems that no corresponding equation of neutral equilibrium 
has been devised. It may be verified that if the strain tensor 

(23) 

(which represents a second-order approximation to en/(1 + en» 
were used in equation (8), the corresponding stress rate would 
equal expression (22c) plus the term TijVk,k. But no finite strain 
tensor could lead to equation (22c) itself. Hence, for strongly 
compressible materials the convected stress rate (22e) leads to 
the same kind of inconvenience as the corotational (Jaumann's) 
rate (22d). 

Oldroyd's stress rate [10] equals Truesdell's rate (22a) if the 
term TijUk,k is omitted. Therefore, for an incompressible material 
this rate also corresponds to the classical Lagrangian tensor Efj. 
But for compressible materials the corresponding incremental 
moduli are again nonsymmetric if the incremental potential 
exists. 

Stability Criterion 
The diversity of admissible forms of equations considered 

hitherto is projected in other theorems of the theory of stability 
and incremental deformations. As an example consider the 
criterion of infinitesimal stability [35, 32, first attempt 7J. To 
avoid lengthy discussions let us restrict attention to conservative 
systems with dead loads. Then a given stressed state is infinites
imally stable if the work done at any further infinitesimal incre
mental deformation compatible with the boundary conditions of 
place is greater than or equal the work of given initial surface 
and volume loads. Noting that according to (4a) W = T~Eij 
+ !Ciikleijekl (for small eij), this criterion may be expressed as 
follows: 

f POf?UidV 
(V) 

+ f P?UidS 
(8) 

(24) 

Subtracting equation (9a) written without the sign 0, the 
sufficient condition of stability under dead loads is obtained in 
form of the inequality: 

f [!CijkleijCkl + T~(Eij - cij)]dV ~ 0 (25) 
(V) 

which must be satisfied for any kinematically admissible incre
mental displacements Ui.7 The special forms of the general 
criterion (2.5) are obtained by selection of a certain finite strain 
tensor Eij. If the classical Lagrangian form Et is substituted and 

7 From criterion (25) it can be concluded that the body is at the 
limit of stability when the variation of (25) is zero. Using this con
dition, equation (7) for Pi = Ii = 0 can be deduced from criterion 
(25) [1]. 
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the equality Ci;klei;ekl = Ci;klUi.jUk.l is considered, the stability 
criterion (2.5) takes on the form 

r (Crikl + OikTJt)Ui.;Uk.ldV 2 0 
J(V) 

(26) 

presented by Trefftz [34, equation (26)J. For the special case of 
an elastic body with displacements prescribed at the whole 
boundary, this criterion was obtained by Hadamard ([ 12], equa
tions (VI.18, VI.20); [9]; cf. also [27]), [13, equation (ii) 1), [33, 
equation (68b.2)), [29, equation (X.4.15)J.8 It is easy to verify 
that equation (26) b also equivalent to the criterion given by 
Pearson [27, p. 137, equation (13)], Hill [13, equation (22)], 
Prager [29, equations (4.18, 4.22), p. 219], Truesdell and Noll 
[35, equations (68b. 19)J and Goodier and Plass [14, equation 
(15)] . 

Substituting for Cijkl from equations (Hla) and (19b), other 
forms of criterion (2.'i) may be obtained, e.g., 

r [C7j kl + i(30 ikTJl - OilTJk - o;lT?k - o;kT3)J 
J(V) 

X Ui.;Uk.ldV 2 0 (27a) 

X Ui.jUk,l 2 0 ('27b) 

Elastic Materials in Finite Strain 
In the preceding, only the incremental properties were a"umed 

to be elastic, while the initial state could have been inelastic. 
Let us now examine the relationship between the defillition of an 
elastic material and the formulation of incremental deformations. 
The elastic material may be defined by the condition that a cer
tain material stress tensor be a tensorial function of a certain 
finite strain tensor. If the Piola-Kirchhoff stress tensor of the 
second kind and the dassieal Lagrangian strain tensor with 
respect to the unstressed state are used, the definition of the 
elastie material may be written as follows [3:;, l6J: 

(2H) 

where Fi , = oxi/oX, = transformation matrix with respect to 
the stress-free state, Xi and Xi coordinates of a particle in the 
stress-free state and after deformation, respectively; J o = 

det (Fi ,), EZ l = Cauchy-Green deformation tensor [:3:;' 16] = 
F\,Fd = Ok, + ~~rwhere ~Zr = c1a".;ical La!!:!'allgian finite strain 
tensor as referred to the stress-free state; j" = given tensorial 
function. 

For incremental deformations, superposed on finite deforma
tions, 

(29) 

(~ote that I1Ti;, defined by equation (13a), is not an objective 
stress increment.) 8ubstitution of equation (2S), rearrangement 
and omission of higher-order terms [16, equations (21.7-2U\)], 
[35, equations (68.16-17)]9 leads then to the relationship 

8 From (26) it was deduced by Hadamard [35, equation (68b.3) j 
that in each point of body the inequality 

(27c) 

must be satisfied for any two vectors Ai, !ti. This is a necessary (but 
not sufficient) local condition of infinitesimal stability. However, if 
displacements are prescribed on the whole boundary and the initial 
stress is homogeneous, equation (27c) is also a sufficient condition, 
irrespective of the shape of the body [35, equation (68b. 18)]. Equa
tion (27c) may be also given alternate forms if moduli erik' or e~ik' are 
used. 

t The procedure leading from (29)-(30) is not given in detail be
cause it may be found in a book by Jaunzemis [16, p. 492]. 
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(30) 

where 

It is recognized that expression (30) represents the material 
stress increment urJ (equation (14b»), from which the Trefftz's 
equations of neutral equilibrium (equation \2a) or (l4a)) may be 
obtained by application of equation (S). 

For other forms of definition of an ela;;tic mllterial [18, 30, 37J 
which are not based on the Piola-Kirchhoff teI;~or of the second 
kind, the derivative oTi,/oFkm needed in equat.ion (29) is given 
by complex expressions (even if only second-order terms a~e con
sidered). 

However, simple expres;;ions for Cijkl in ad formulations are 
possible if the material is hyperelastic, i.e., is defined by potential 
energy per unit initial volume. Then, according to the di.~cnssi()Il 
following equation (4), 

C~jkl = 02U /o~ijo~ZlJ C?Jkl = 02U /o~7jO~Zl' 

(31a) 

Example of Buckling of an Orthotropic Half Space 
To demonstrate the formal ditferenees between various t.he

ories, let us consider the problem of surface buckling of an in
compressible elastic orthotl'Opie half.-;pace X2 :$ O. The discns.-;ion 
will be restrict.ed to the plane-st raill problem in the plane (x" X2~' 

Fir~t, the Ol'thotropic two-dimensional stress-strain relation
ships for infinitesimal inerement:ll deformations must he int.ro
duced. In terms of moduli C:jkl (p<llIation (14b)), these relation
ships are 

a 
Oll C1l11l'll + C1122f 22 

a 
U22 C~211('11 + C2222('22 (:)'2 ) 

a 
Ul2 2C:Y212Cl'2 

Introducing the condit ion of in('ompre~sibi\ity III plane strain, 
ell = - ('22, the relationships (:)'2) take the form 

ill which u" = (U71 + u~2)/2 lind 

.ya = i(C1111 + C~222 - C1122 - C~211)' 

There are thus only two independent elastic constants, Q" and 
Sa. For an isotropic material Na = Qa. 

Proceeding in an analogous manuel', one can obtain for u~J 
and U~j equations of the same form as (:)3) in which 

l\,b = i(C~lll + C~222 - C~122 - C~211)' Qb = C~212 (:34a) 

Because equations (20a) for stress Uij with non symmetric moduli 
C1j kl differ from equations (17c) only by the effect of volume 
compressibility, 

]I,'d = Nc, (:3,')c) 

Using the relationships (19a, b, c), it may be established that 

lV'd = J','b + i(T~1 + 1'~2)' 
Nd = iVa + !(Trl + T~2)' 

Qd = Qb + hT~l + 1'~2) 
Qd = Qa + !(TYI + 1'~2) 

(36a) 

(36b) 

terms of moduli Nd, Qd, and formulation (2d), the exact 
solution of surface buckling of an orthotropic incompressible half 
space in plane strain was presented by Biot [:j, pp. 204-212J. 
In his solution the axis of orthotropy is assumed as parallel to the 
surface of the half space X2 ::; 0 and the initial stress field is con
sidered as uniaxial compression Trl = - P(T~2 = 1'~2 = 0). 
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The resulting dependence of the bucklin!!: stres~ Po< 011 the ratio 
Nd/Qd according to Biot's formula [.'i. equatiun (IVA.41), p. 
211] is plotted in Fig. 1 as curve c. 

If other equilibrium eqllations and other incremental moduli 
are used, the whole analysis need not be performed again, because 
at each stage of analy~is relationships (26a, b) or (19a, b, c) must 
be satisfied (although the equations may look quite different). 
To obtain the ~ollltion in terms of moduli j\/a, Qa or Sb, Qb, the 
relat ionships (::loa b) may be substituted into the resulting 
formula for the diagram in Fig. 1 (curve c). This substitution 
takes on the form 

Nb/Qb = (Nd/Qd + Pc,/2Qd)/(1 + Pcr/2Qd) 

Na/Qa = (2Nd/Qd + P cr /2Qd)/(2 + P,,/2Qd) 

(37a) 

(37b) 

Using these relationships, the plots of buckling stress P cr as a 
function of Na /Qa or Nb /Qb may be obtained from curve c in Fig. 
1. They are represented by curves a and b. It is seen that the 
differences between various formulations of stability theory, i.e., 
between the various definitions of the incremental moduli, can 
be substantial. It is found, for instance, that the values of P cr 
for the case N"/Qa = 0.7;) and the case Nd/Qd = 0.7;') are almost 
in the ratio 1: 2. Differences disappear for Na = Q", i.e., for an 
isotropic incompressible half space. It is especially noteworthy 
that the ratio between the values l'v'd/Qd, Nb/Qb and J'v'a/Q" lead
ing to the same Pc, approaches 1: 1: 1 as Nd/Qd tends to zero (or 
P cr -+ 0), which is the case of a strongly orthotropic medium. 

Example of a Column in Flexure and Shear 
(Timoshenko Beam) 

The formal differences between various formulations of sta
bility theory also disappear for thin bodies, such as shells, plates 
and bars, if the assumption is made that the cross sections (or 
normals) remain plane and perpendicular to the deflected middle 
line (or surface). However, differences are encountered if shear 
is considered, i.e., the cross sections do not remain perpendicular 
to the deflected middle line. (Shear must be taken into account, 
e.g., in orthotropic columns or built-up columns.) 

As an example, consider now the buckling of a perfect pin
ended or tho tropic column of rectangular cross section of area A 
and moment of inertia I. Let axis x be the longitudinal axis and 
consider that the column is initially under uniaxial stress TYI' 
The longitudinal displacements equal u, = zl/;(x) where I/; is the 
rotation of cross section. The shear angle is l' = I/; + w.% 
where w is the deflection in the sense of Xa = z; Ua = w(x) and 
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w.' = dw/dx. (Equations UI = zl/;(x), Ua = w(x) may be viewed 
as assumed expressions for the first terms of Kantorovich's direct 
variational method.) As a starting point, let us use the varia-

tional principle (10). Obviously one can write r CTijOeijdA = 
J(A) 

MOif;.x + To'Y where M = EII/;.x = bending moment; T = GA'Y 

= shearing force; A = area of cross section; I = r z'dA; E 
J(A) 

= longitudinal Young's modulus; G = shear modulus for direc
tions x and z (adjusted for the shear correction coefficient for the 
cross section considered); I/;.x = dl/;/dx. All components of Tg 
are zero except TYI' Furthermore, UI.I = ell = zl/;.x, Ua.l' = 
W.x> CIa = eal = !'Y, UI.a = 1/;, Ua.3 = e3a = O . 

If the Green's strain tensor t~j given by (14) is used and the 
relation t~l ell = !(z'l/;~x + w~x) is noted, equation (10) 
with TijOUi.j = CTijOCij + T~o(tt - eij) now reads: 

+ oW.x) + EaIif;.xN.xJ dx = 0 (38) 

where x = 0 and x = L are the ends of column. Integrating by 
parts with respect to ol/;.x and noting that I/; = 0 at the hinged 
ends of column, it follows, after rearrangement: 

i L 

[T?lAu·.,ow.x - (TrlIif;.x).xOif; + GaA(1/; + w.x)(Oif; 

+ ow. x ) - (EaIif; .• ).xN]dx = 0 (39) 

This equation is satisfied for any 01/; and oW.x if, and only if, 

-(TrlIif;.x - EaN.x).x + GaA(1/; + w.x) = 0, 

Tr1Aw. x + GaA(1/; + w.x) = 0 
(39a) 

If the second equation is subtracted from the first one and is 
integrated from 0 to x (noting that 1/;.% = w = 0 for x = 0), 
equations (39a) are brought to the form 

dl/; 0 dl/; 
EaI dx - Pw + Tu I dx = 0, 

( 
dW) 0 dw 

Ga I/; + d,; + Tu dx = 0 

(40) 

Solution of these equations satiHfying the boundary conditions 
w = 1/; .• = 0 at x = 0 and x = L may be sought in the form if; = 
A cos Trx/L, w = B sin Trx/L, with A, B as arbitrary constants. 
Substitution in (40) yields the characteriHtic equation 

o (41) 

and the smallest critical value of initial stress 

Trl = ! c - vtc' - EaG" where c = Ea + Ga + EaGa/T'i; 
(42) 

Here T'i; = EaITr'/(L'A) = Euler's critical stress for modulus 
Ea. It is easy to verify that for a very slender column, i.e., 
T'ft/Ea -- 0, T'ft/Ga ..... 0, expression (42) has the limit T'ft. 

Solutions for the other formulations of increment.al deforma
tion may be obtained by substituting in equations (40) or (41) 
the relations: 

Ea = Eb - T~J, 

Ea = Ec - 2TYJ, 

Ga = Gb - tTrl 
Ga = Gc - !Trl 

(43a) 

(43b) 

which represent a special case of (19a, b) for uniaxial stress. It 
can be verified that a direct derivation, similar as above but 
based on strain tensors f~J or f~" yields the same results. 
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Alternatively, the problem has also been solved assuming [33, 
p. 134] that the shear force equals Py;, which represents the com
ponent of P along the cross section that was perpendicular to the 
beam axis in the initial state. From the equilibrium condition 
the equation analogous to the second of equations (40) is then 
obtained (putting G = GI) in the form 

(45) 

It is interesting to note that this formulation can be found to cor
respond to still another form of finite strain tensor, namely, 
EI = Efj - 2ekiekj, and to the incremental moduli Ef =..Ea + 
4Trlt Gf = Ga + Tri' 

Thus, for instance, the characteriHtic equation (41) can take on 
considerably different forms 

In engineering literature the term TrlI dy; /dx in the first of 
equations (40) has been, as a rule, neglected. This is an admis
sible approximation for slender columns in which T~I < Ea but is 
exact only for Biot's'"incremental moduli FJb and 00. 

To illustrate the importance of distinguishing properly be
tween Ea, Eb, etc., consider four different (incrementally ortho
tropic) hypoelastic materials, for which Ea/Ga = 20 or EblOO = 

20 or Ec IGc = 20 or Ef IGI = 20 at any T~I' The plots of the 
smallest critical stress Tri versus column slenderness Llr = 

Lv' A/I have been computed from equations (42), (44a), (44b), 
and are shown in Fig. 2. 

Tn(10 + FJb/Tt;;) - Trl(5Eb + 8Gb + 4EbOO/Tt;;) 

+ 4EbGb 

T~;(9 + Ec/T'jg) - T~I(3EC + 6Gc + 2EcGc/T'jg) 

+ 2EcGc 

where 

o (44a) 

o (44b) 

Conclusions· 

It can be verified that for slender columns (Tri « Ea) equa
tions (40) and (42) are identical with the Engesser's equations 
for buckling with shear [33, p. 133J. These equations were 
originally derived by consideration of equilibrium from the as
sumption t.hll.t. the shear force equals -Pw.x , which represents 

1 Expt'ession (6) for the incremental mixed (Piola-Kirchhoff) 
stress tensor (of the first kind) is the basic relationship which 
provides a unified formulation of the incremental equilibrium 
equations and enables to determine the relationships between 
various special forms. In different formulations the incremental 
material stress tensors are not identical, as is exemplified by 

Form a 

Finite . 
Eij 

strain E~l = ell + !e~l 
tensor equation (14) 

(Green's, 
classical 
Lagrangian) 

Incremental equation (2a) or 
equilibrium (14a) (Trefftz) 
equation 

Objective equation (14b) 
material (Piola-Kirchhoff 
stress tensor of the 
tensor second kind) 

Incremental Cfikt 
moduli if 
a potential 

symmetric 

exists 

Objective 1'ii 
stress equation (22a) 
rate (Truesdell's rate; 

if incompressible, 
also Oldroyd's 
rate) 

Stability equation (26) 
criterion (Hadamard, 

Pearson, Hill) 

Definition 
of elastic 

equation (28) 

material in 
finite strain 

Buckling of equations (40) 
column and (41) 
with shear (Engesser) 
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Table 1 

b c 

b 
jBki€kj E~i = lii - ekifkj Eij = Eii 

E~l = ell Ell = ell - !e~l ~ 
equation (15) In (1 + Ell) 
(pure deformation equation (18a) 
part of displace- (logarithmic 
ment gradient) strain) 

equation (2b) or equation (2c) or 
(16b) (Biot) (17b) (Biezeno 

and Hencky) 

equation (16b) 
(Biot's alternative 

equation (17 c) 

stress) 

Ct-kl Cfik' 
symmetric symmetric 

T~j Tfj 
equation (22b) equation (22c) 

equation (27a) equation (27b) 

equation (44a) equation (44b) 

d e 

E:i eii - ~-ekiekj 
eh = ell - eil 
equation 23 

if the material is incompressible, 
otherwise nonexistent 

equations (2d) 
and (2e) (Biot, 
Neuber, South
well) 

equation (20a) 
(Biot's incremen
tal stress) 

~d 

Ti; 
equation (22d) 
(Jaumann's 
corotational 
rate) 

T;j 
equation (22e) 
(convected rate of 
Cotter and Rivlin) 

f 

e{j = €£j - 2ekiekj 

Efl = ell - ~eil 

C{,. 

equation (45) 
(Timoshenko) 
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equations (I4b), (I6b), (I7e) and (20a), and the values of incre
mental moduli are not the same. Their mlltual relationships are 
given by equations (I9a, b, e) or (36a, b). 

2 The arbitrariness of choice between the (infinitely) many 
possible forms of equilibrium equations for incremental deforma
tions corresponds to the arbitrariness in the choice of (a) the 
finite strain tensor, «b) the material strain tensor, (e) the objec
tive stress rate, (d) the form of stability criterion, and (e) the 
definition of an elastic material in finite strain. The correspon
dence between various special forms of these quantities or equa
tions, established in this paper, is summarized in Table l. 

3 The solution procedures of a certain problem according to 
different formulations must be completely analogous and satisfy 
at each stage relationships (I9a, b, e) (although the equations may 
look quite different). Using equations (I9a, b, e), it is possible to 
obtain from the solution according to one formulation a solution 
for any other formulation. 

4 All of the formulations of incremental deformations and 
elastic stability discussed in this paper, are correct and mutually 
equivalent. 10 But formulations in which Tij cannot be'expressed 
in form of equation (6) are inadmissible, excepting the case in 
which the deviation from expression (8) is proportional to Tguk,k. 
In this case, however, the elastic moduli are unsymmetric if the 
incremental potential exists and the material is compressible. 
This inconvenient feature is characteristic for the formulations 
in columns d and e in Table 1. 

5 Although the choice of a certain formulation is ultimately a 
matter of convenience, the formulation in column a in Table 1, 
which is associated with the classical Lagrangian (Cauchy
Green) strain tensor and directly follows from the condition of 
frame indifference, i~ basically preferable. The other formula
tions have the disadvantage that the associated finite strain 
tensors do not possess exact "losed expressions, which is imprac
tical in dealing with any material in finite strain. For an elastic 
material, only the formulation in column a in Table 1 admits a 
simple direct expression of the incremental moduli from the 
tensorial function frs defining the material, equation (28). 

On the other hand, in certain practical problems [5, 18, 30, 
37] other formulations might be more convenient. Biot's equa
tion (2b) allows a simple geometrical interpretation of stresses 
(]'~j and seems to be practical when dealing with incompressible 
materials under zero initial shears [.5, 37]. This is due to the 
fact that with the finite strain tensor (15), representing the pure 
deformation part of the displacement gradient, the nonlinear 
material effects are separated from the nonlinear geometrical 
effects. For instance, only for thi<; tensor the work done at any 
infinitesimal strain increments eii> less the work expressed as a 
quadratic form in ei;, equal~ the work of Tg expressed as if Tg 
represented forces which are held constant during the incremen
tal deformation. 

6 When the achievable initial stresses are not small with 
respect to the incremental moduli, the predicted buckling stresses 
for the various well-known formulations can differ substantially 
if the proper distinction between the various definitions of the 
incremental moduli is not made; e.g., in the problem of surface 
buckling, Fig. 1, the differences in buckling stress almost reach 
the ratio 1: 2. This is important for highly deformable rubber
like materials, or lightly strain-hardening metals in the plastic 
range. On the other hand, in thin structures the achievable 
initial stresses T?j are so small that the differences in predicted 
buckling loads are negligible. Undoubtedly, it is just this prac
tical fact which has clouded the fine points of the subject. 

10 Recent rejection of some of the older formulations of stability 
theory has not been justified as far as the final forms of relationships 
are concerned although the concepts from which some of the older 
theories have been derived might have been dubious, 
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