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A more fundamental understanding of the macroscopic stress-strain behavior 
of clay can be achieved by studying the micromechanics of deformation. Although 
various hypotheses have been advanced over the years to characterize the 
microstructure of clay, it is only recently that a creep law that considers the 
physical processes involved has been proposed. Based on the assumption that 
the sliding of one clay particle over another obeys the activation energy concept, 
rate process theory has been adopted to study the creep behavior of clays 
(2,7,10). However, cases considered to date involve the assumptions that the 
material is isotropic and the interparticle shear forces that produce sliding are 
all equal and proportional to the macroscopic shear stress, the latter of which 
is not true in reality. 

The objective of this study is to develop a refined model for the multiaxial 
creep of clay in which these simplifying assumptions are obviated. In addition 
to giving an improved formulation for the stress dependence of the creep rate, 
such a model will allow the anisotropy of the clay fabric to be taken into 
account. The mathematical model then is applied to the analysis of data from 
creep tests on isotropic and anisotropic specimens of a kaolin clay. Cylindrical 
test specimens with their longitudinal axes in mutually orthogonal directions 
have been trimmed from laboratory consolidated blocks of clay (8) and incremental 
creep tests have been conducted under conditions of constant stress and constant 
temperature. The distributions of particle orientations for the test specimens 
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have been determined by use of x-ray diffractometry and appropriate statistical 
formulations have been incorporated into the mathematical model, which is 
limited to creep at constant stress. 

IDEAUZATION OF MICROSTRUCTURE AND KINEMATICS OF TRIANGULAR CELL 

Many clay soils are comprised of microscopic platelets that may be arranged 
in a large variety of geometrical configurations, termed the fabric of the clay. 
The so-called cardhouse arrangement, illustrated in Fig. lea), is one of the 
most commonly assumed configurations and has been substantiated in many 
instances by scanning electron micrographs. Clay fabric, together with the forces 
acting between particles, constitute the structure of the clay, and clay structure 
at the microscale governs the mechanical behavior of the clay at the macroscale. 
However, the exact nature of these interparticle bonds is largely unknown and 
virtually impossible to quantify. This represents the greatest single shortcoming 
in the development of realistic models of the microstructure. Nevertheless, despite 
this inadequate knowledge regarding bonding mechanisms and their relationship 
to fabric and pore fluid chemistry, it may be assumed reasonably that the forming 
and breaking of bonds is governed by rate process theory. 

The contact area between two adjacent particles is relatively small and it 
is likely that adsorbed water on the particle surfaces and the cations in the 
pore fluid participate strongly in the contact structure. An interparticle contact 
may contain many bonds and complete failure in shear involves the simultaneous 
failure of all bonds associated with all particle contacts along the shear plane. 
At subfailure stresses, creep is likely to be caused by the sliding of one particle 
relative to another due to a sequence of breaking and forming interparticle 
bonds. Accordingly, the clay fabric (particle spacing and orientation) and the 
pore fluid chemistry, both of which affect the interparticle distances at the 
contact zones, and the thicknesses of the adsorbed water layers should have 
a definite effect on the rate of bond failures. To make the problem tractable, 
the following simplifying assumptions will be made. 

Assumption I.-The clay fabric is considered to be a two-dimensional array 
of individual particles, as shown in Fig. l(b), and the three-dimensional formula
tion can be synthesized approximately from the two-dimensional one. 

Assumption 2.-Most particles have negligible thickness relative to their length 
and are plate-like rather than sheet-like or rod-like. 

Assumption 3.-For a constant macroscopic load, the particles are in a 
time-constant stress state, so that changes in the elastic deformation of the 
particles are negligible. In other words, the particles can be treated as perfectly 
rigid. 

Assumption 4.-Creep consists in the sliding of the edge of one particle over 
the face of an adjacent particle. 

Assumption 5.-The macroscopic load is carried solely by statically determinate 
triangular cells, shown in Figs. 2(a) and 2(b), formed by three particles, each 
of which has only one edge touching another particle of the cell. 

Assumption 6.-The displacements in the macroscopic continuum match the 
average of the displacements of the particle edges in the cells, the average 
being taken over a large number of cells. 
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Assumption 5 excludes polygons with more than three sides [case 2 in Fig. 
2( c)] and many other configurations [Fig. 2( c)] that are not easily amenable 
to analysis. Those that are kinelOOtically indeterminate [cases 2 and 3, Fig. 

FIG. 1.-Clay Microstructure: la) Schematic (14); Ib) Associated Two-Dimensional 
Idealization 

FIG. 2.-Basic Triangular Cell and Other Possible Configurations 
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2(c)] cannot by themselves resist the applied load. The statically indeterminate 
configurations, e.g., those shown in cases 4, 5, and 6 of Fig. 2(c), can carry 
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the applied load, but these configurations probably have a much smaller frequency 
of occurrence because they are geometrically overdeterminate. Statical indeter
minacy also may arise when a moment can be transmitted at particle tips; this 
moment is herein assumed to be negligible. With regard to assumption 4, note 
that apart from sliding, particles also can approach each other, but this mode 
of deformation results mainly in consolidation rather than creep. 

As a more general and possibly more realistic model, creep may be assumed 
to consist essentially of the sliding of a group of particles over an adjacent 
group. If the arrangement of particles within each group is assumed to be fixed, 
the present theory is also applicable. In this case the words "particle" or "platelet" 
in the ensuing development must be everywhere replaced by the phrase "group 
of particles" or "group of platelets." 

In view of assumption 6, the basic kinematic parameters of the cell are best 
chosen as the displacement components, UXi and u Yi (i = 1,2,3), of the contact 
edges, referred to cartesian coordinates x and y. The column matrices of 
displacements are 

U j = (uXi,Uy)T; U = (UX"UX2,UX3,Uy"UY2,Uy)T ....•....•..•. (1) 

in which the superscript, T, designates a transpose. Similar to constant strain 
triangles in the finite element method (16), the six displacement parameters 
in Eq. 1 for the triangular cell can be associated uniquely with a homogeneous 
strain field, defined as 

T (au x au y au x aUy)T 
~ = (Ex,Ey'"Y XY ) = i);' a;-' a;- + a:; ............... (2) 

in which Ex' E y' and "Y xy are the linearized (small) normal strains and the shear 
strain (shear angle), respectively, and 

1 
U x = 2A ([y 32 (x - x2 ) - x32 (Y - Y2 )] u

X
, + [-Y 31 (x - x 3 ) 

+ X31 (Y- Y3)] UX2 + [Y 21 (X- XI) - X 21 (Y- YI )] ux) ••••••••••• (3a) 

1 
u y = 2A ([y 32 (x - x 2 ) - x 32 (Y - Y2 )] un + [- Y31 (X - x 3 ) 

+ X31 (Y - YJ )] u Y2 + [Y 21 (x - XI) - X21 (y - YI )] u y3 } .••.•....•. (3b) 

in which Xjj = Xj - Xj; Yjj = Yj - Yj ; and A = area of triangle. To assure 
a positive value for A, the corners of the triangle must be numbered clockwise. 
Eqs. 3 are derived by assuming general linear expressions in X and Y for U 

and uyand imposing the conditions that the nodal displacements must be obtained 
for nodal coordinates. Substitution of Eqs. 3 into Eq. 2 yields 

E = Du ..... . . . . . . ........ (4) 

~ 
b2 b 3 0 0 :j 1 

in which D=- 0 0 c I c 2 .... ... ' ........ (5) 
2A 

c I c 2 c 3 b l b2 b 3 
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and b i = Yk - Yj ; and c i = Xj - x k where (i,j,k) = (1,2,3), (2,3,1), or (3,1,2). 
It is expedient to express b i and C i in terms of .i and the direction angles, 
al' a 2 , and a3' of the particles', as defined in Fig. 2(a). Then, bl = -b;, 
b 2 = -b~, b 3 = b~, c i = c;, c2 = c~, c 3 = - c;, and 

b~=b~'sinak; c~=b':cosak; b~'= j I 
[ 

2.i sin (a. - a.) JI /2 
I I I I I. ( ) • sm a k - a i SIO (a k - a

j
) 

(6) 

The edge displacement rates, Ii, of the particles in the cell uniquely determine 
the relative slip velocities, v p at the particle contacts, and one can readily 
find 

v = (v) , V 2' V 3) T = eli ............................. (7) 

in which the dot denotes a time derivative (u = du/ dt). For the configuration 
shown in Fig. 2(a): 

[CO' a, 0 cos a) -sin a I 0 ,,:aJ 
e= -cos a 2 cos a 2 0 -sin a 2 sina 2 ...... (8a) 

0 cos a 3 -cos a 3 0 sin a 3 -sma 3 

and, for the configuration shown in Fig. 2(b): 

[c:a, cos a 2 0 -sina
2 sina 2 -LJ e= cos a 3 -cos a 3 0 sina 3 ...... (8b) 

-cos a) 0 cos a I -sina) 0 slOa I 

Furthermore, it is necessary to express the slip velocities, v, in terms of the 
macroscopic strain rates, ~. These cannot be obtained by inverting matrix B 
in Eq. 4 because B is not a square matrix. This is due to the fact that u 
may include rigid body rotations, which are immaterial for stress-strain relations 
because no work is done by the stresses. Thus, without sacrificing generality, 
one may introduce an arbitrary statically determinate support for the basic cell. 
It can be verified that the resulting expressions (Eqs. 26 and 27) are the same 
for any such support. The support will be introduced for particle 1 in Fig. 
2(a) or Fig. 2(b). Under this assumption one obtains 

UYI,UY2,Uy)T= ~(UXI,UX2,UX3)T; ~ = Y(UXI,UX2,ux)T . (9) 

in which 

o 
-cot a 3 

o 

[ ',na, 0 

,:aJ or @ = [13 i) = -cot a 2

0

- tan a 2 -cot a
2 

0 

......... (10) 

and 
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b 2 3 ~b, 
'Y = 13' - I 13; p~ ; b] 13; = 2: CkP ki ; 13;' = Ci + 2: bkP ki ........ (11) 

t!~ 13; 13; k~1 k~1 

From Eqs. 7 and 9, it follows that 

Ii = be.; v = ebe.; with b = {'j-I } .................. (12) 
- - @'j-I 

Use of the support condition for particle 1 allows Eq. 7 to be reduced to 

v=~(UXI,UX2,ux)T ............................. (13) 

in which ~ is expressed in terms of e and 13 in the same manner as 'Y is expressed 
in terms of band p. Then - -

Ii = Dv; e. = BD:; with D = { ~ -)} ................. (14) - ~~-) 

CORRELATION OF MICROSCOPIC AND MACROSCOPIC CREEP LAws 
THROUGH ENERGY DISSIPATION 

According to rate process theory (2,3,7,10), the relative slip velocity, v p and 
the tangential force, Sp at the ith interparticle contact (i = 1,2,3; Fig. 2) may 
be related by 

kT (.iF) k = 2X-exp --
I h RT 

and 
A 

k =-
2 2kT 

(15) 

in which kl and k2 are material parameters (of which k) is a given function 
of time, provided S i is time-constant); T = absolute temperature; .i F = activation 
energy of creep; k = Boltzmann's constant; h = Planck's constant; R = universal 
gas constant; A = distance between successive equilibrium positions of the 
broken and reformed bond; and X = parameter that depends on A and the 
number of bonds in the contact area. 

For a wide range of clay soils and stress levels, Singh and Mitchell (13) 
showed that the time-dependence is described adequately by the power law, 
e. = cU)/t)m, in which m, c, and tl are constants that can be determined readily 
from logarithmic time plots. If rate process theory is adopted for the stress 
dependence of creep (at constant load), this result suggests that 

k) = kot- m 
••••••••••••••••••••••••••••• . (16) 

in which m and ko = constants (ko = the value of k at unit time). The constant, 
m, characterizes the time dependence of creep in soils; usually, 0.7::; m ::; 1. 
It will be shown that the experiments reported herein conform reasonably well 
to this power law. 

It will be helpful to carry out an incremental (tangential) linearization of 
Eq. 15, which is nonlinear. Using the first two terms of a Taylor series expansion 
about point (Sp v), one gets 

Vi = k) sinh(k2 S i ) + k) k2 cosh(k 2S) (Si - S) .............. (17) 
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in which the bar is used to label the quantities of a linearized relationship. 
No error is introduced by this procedure because only points (Sp v) that are 
infinitesimally close to (S i' v) will be considered. Rewriting Eq. 17, one obtains 

S=Av+So with S=(SI'S2'S3)T and So=(S~,S~,S~)T ..... (18) 

in which 

3 .. 
A .. = I} 

I} kl k2 cosh (k2 S) 

............................. (19) 

and 3 ij = Kronecker delta. The macroscopic multiaxial stress-strain relations 
for creep under constant stress also can be written in linearized form as 

<! = '!l(~ - ~O) = '!l~ + '!O 

with u = (u u l' )T. _ x' y' xy , 

. (20) 

. . . . . . . . . . . . . . (21) 

in which 1) = incremental (tangential) viscosity matrix (of size 3 x 3); EO == 
nonviscous (or inviscid) strain rate; and (To = nonviscous (or inviscid) st;ess. 
The <.!-~ relations are, of course, nonlinear, and therefore '!I, EO, and (To are 
all functions of <.! (or ~). However, it is important to realize that for infinitesimal 
deviations of state (u,e) from the tangent point «T,E), no error is incurred. 

The preceding lin~arizations are crucial steps in ~orrelating the macroscopic 
and microscopic behavior. The situation is analogous to the use of linearized 
incremental stress-strain relations in elasto-plasticity; 1), EO, and (To are analogous 
to the incremental (tangential) elastic moduli, the inelastic-strains,-and the inelastic 
stresses, respectively. 

The energy dissipation rate, §, within the triangular cell can be expressed 
in terms of either macroscopic parameters or microscopic parameters, and both 
expressions must be equal, yielding 

§ = <!T~.1 = kcSTV ............................. (22) 

in which kc = k~ k~; and k~ = 1/2 when there is a statically determinate triangle 
on each side of the particle (i.e., the particle belongs to two cells) and k~ = 1 
when there is a statically determinate triangle on one side and a kinematically 
indeterminate figure [e.g., cell 2 from Fig. 2( c)] on the other side (i.e., the 
particle belongs to only one cell). As an average for many cells, 1/2 < k c 

< 1. Coefficient k~ is the fraction of a macroscopic unit area in the material 
that is occupied by triangular cells; k; < 1, perhaps k'~ = 1/2. Note that .1 / k c 

= 3n/ N; in which N == the number of bonds per unit macroscopic area; and 
n = the number of bonds per edge. Substitution of Eq. 14 for E and of Eqs. 
20, 18, and 12 for <!' S, and V, respectively, into Eq. 22 yields 

(23) 

(24) 

64 FEBRUARY 1975 EM1 

These two equations must be satisfied for any column matrices e and v that 
are infinitesimally close to E and v. Recalling the basic lemma of variational 
calculus, Eq. 24 is fulfilled for any e if, and only if 

. T' kc kc T 
eTn+(To =eT-bTcTAcb+-So cb .................. (25) 
_;J - -.1 .1 

Applying the same consideration again with regard to ~ T and v in Eqs. 25 and 
23, one reaches the following result: 

......................... (26) 

kC b T TA b ~o __ kCbTCTSO 1)=- c c; v 

- .1 .1 
.... (27) 

Note that both 1] and (To depend on (T, because A and SO in Eq. 27 are 
both functions of S, which is, in turn, ~ function of (T, defined by Eq. 26. 
Given the macroscopic stress level and the geometry -of the triangular cell, 
one may compute S from Eq. 26 and, subsequently, '!l and <.!O from Eq. 27. 
The results are exact within the limitations of the assumptions specified. 

STATISTICAL ASPECTS OF CLAY MICROSTRUCTURE 

Eqs. 26 and 27 would apply only if all triangular cells were identical. In 
reality, the particle orientations, 0: l' 0:2' and 0: 3' and the cell area, .1, are 
random variables with certain statistical distributions. The orientation distributions 
of the three particles of each cell are certainly not independent, but correlated, 
so that one should speak of joint probability densities. For example, if particle 
1 with a given orientation 0: 1 is specified, orientation 0: 2 of particle 2 is unlikely 
to be close to 0: I' One reason probably is that the total surface Gibbs free 
energy for the solid walls of a rounded void is less than that for an elongated 
void of equal volume. This type of correlation between the orientation probabilities 
will be considered herein by dividing the region (O,.rr) of N(o:), the probability 
density distribution of orientation 0: for all particles (Fig. 3), into three subregions 
with equal areas, i.e., (0,0: 12 ), (0: 12 ,0: 13 ), and (0:13,1T), and by assuming that 
each of the orientations, 0: l' 0: 2' and 0: 3' of the sides of a cell lies only within 
one respective subregion. This assumption obviously reduces the frequency of 
occurrence of cells with very small angles. In fact, such a case can occur 
only when 0: is very close to 0, 0: 12 ,0: 23 , or 1T. There is, obviously, a certain 
bias for angles 0, 0: 12' 0: 23' but it is insignificant because subregions (13,0: 12 
+ 13), (0: 12 + 13,0: 23 + 13), and (0: 23 + 13,1T + 13) with any value of 13 yielded 
the same results in practical computations. Thus, averaging with regard to 13 
appeared to be unnecessary. The introduction of subregions also involves another 
simplification because it excludes triangles [e .g., case 7 in Fig. 2( c)] in which 
the orientation of two or three sides falls within one region in Fig. 3. Nevertheless, 
this assumption is not considered to be excessively restrictive, because the 
frequency of such cases is probably quite small. 

The probability density distribution, p(.1), for the areas, .1, of the triangular 
cells can be obtained from the cumulative experimental distribution functions 
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for pore sizes, which have been obtained by mercury intrusion tests (4). According 
to these data a plot of the cumulative volume (or area, in the two-dimensional 
case) of pores versus the logarithm of the volume (or area) of individual pores 
is approximately a straight line. Thus 

1l11l2 
p(ll) = -.:.........:~ 

1l 2 -ll l 112 
.................... (28) 

in which III and 112 = the smallest and the largest values of Il in the material. 
Values of 2 x 10- 11 cm 2 and 10-8 cm 2 for III and 1l2' respectively, were 
used in all computations reported herein. 

Assuming that the interparticle forces, S, for all cells of different shape 
correspond to the same macroscopic stress state, q, one may obtain the averaged 
macroscopic incremental viscosities and nonviscous stresses as 

.6. 2 '1T 0.23 a. 12 

:J = f f f f f(Ul'U2,U3,Il)N(uI)N(U2)N(U3)P(Il)dul du2du3dll (29a) 

.dICtnCl12 0 

.6. 2 1T 0.23 ex 12 

<!o= f f f f g(Ul'u2,u3,Il)N(uI)N(u2)N(u3)P(Il)duldu2dU3dll(29b) 

.6.1 Cl23 a 12 0 

inwhich f=[(:J)a+(:J)b]/2; g=[(<!O)a+(<!O)b]/2 ........ (30) 

Here, !l and qO are evaluated from Eqs. 26 and 27 for the kinds of cell 
configurations designated by subscripts a and b, respectively, as shown in Figs. 
2(a) and 2(b). To satisfy the conditions of symmetry of the material, both 
kinds of configurations must occur with equal frequency within a sufficiently 
large volume. Therefore, Eq. 30 introduces the average of the values obtained 
for the configurations shown in Figs. 2(a) and 2(b). 

The assumptions regarding statistics may be checked easily in the case of 
an isotropic material, for which N(u) is a constant (which corresponds to a 
perfectly random orientation of particles). Components 'T] r of matrix !l must 
then satisfy the conditions, 'T] \3 = 'T] 31 = 'T]23 = 'T] 32 = 0; ~ 22 = 'T] 1\; 'T] 12 / 'T] 11 

= 'T]21/'T]1\ = v'; and 'T]33 = 'T]11 (1 - v')/2. Computer calculations indicated that 
these conditions are indeed satisfied, with an error of not more than 0.1%. 
Thus, the statistical assumptions regarding particle orientations appear to be 
acceptable. These calculations always yield a value of 1/3 for Poisson's ratio 
in creep, v'. This is not surprising because it is known that the microstructure 
of an isotropic elastic material idealized as any isotropic system of elastic bars 
always leads to a Poisson's ratio of 1/3 (9) if no constraint to constant-volume 
is imposed. However, when the three-dimensional case and the constant-volume 
constraint are considered in the next section, the correct value of v' = 1/2 
is assured. 

For an N(u) distribution that is symmetric about 'IT /2, the material is 
transversely isotropic (in three dimensions). By imposing the condition that 
the x-axis must coincide with the direction, u = 'IT /2, one must obtain 'T] \3 = 'T] 23 

= 'T]31 = 'T]32 = 0, and for T xy = 0 one must get T~ = O. These conditions also 
were found to be satisfied with an error of less than 0:1 %. Moreover, computations 
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always yielded nearly exactly equal values of 'T] 12 and 'T]21' This means that 
'T] ij values are derivable by double differentiation from a certain scalar potential 
(dissipation potential). In fact, one could prove that this must be so, because 
v i does not depend on any force that would do no work, such as the normal 
force in the contact of particles. 

Experimental data characterizing the distribution of particle orientations were 
obtained from x-ray diffraction tests that were performed on carbowax impreg
nated thin sections (approx 100 I-L thick) according to the method developed 
by Baker, Wenk, and Christie (1) and Tullis (15). Fabric effects were averaged 
over an area approximately 1 mm in diameter, and the results were plotted 
in the form of polar orientation density distributions, n (a, <1», in which a and 
<I> = the spherical coordinates of the normal to the clay platelet. Once axial 
symmetry had been ascertained (all samples were either isotropic or cross-ani
sotropic), n(a,<I» reduces to n(a), which may be converted into the planar 
orientation density distribution, N(u), in which u is measured from the axis 
of symmetry, by projecting the normals of clay platelets onto a plane containing 
the axis of symmetry and normalizing the result with respect to the total intensity, 
NT' The geometry associated with this projection is shown in Fig. 4. The number 
of particles having a projected normal with an angle equal to or greater than 
u is 

f
7r

/
2 (f7r/2 ) N*(u) = n(a) sin ada d<l> ................. (31) 

° /(0<.<1» 

in which f(u,<I» = arctan (tan u/cos <1» because tan u = (sin a cos <I»/cos a 
and tan a = tan u / cos <1>. Due to symmetry, integration is necessary only 
over the first octant. Since N* (u) is the cumulative distribution, the projected 
planar orientation density distribution (Fig. 3) is 

1 dN*(u) 1 J7r/2df(U,<I» 
N(u) = - = - - n[f(u ,<1»] sin [f(u ,<I»]d<l> 

NT du NT ° du 
(32) 

in which constant NTis determined from the normalizing condition, 
f; N(u)du = lor 2N* (0) = 1, which, after substitution for N* fromEq. 31, yields 
NT = 'IT f ;/2 n(a) sin a da. In the plane case, the particle orientations are de
fined by angles u i of the particle rather than their normals (Fig. 2), and the 
conversion from u to u i is accomplished by substituting u = u i ± 'IT / 2. 

ApPROXIMATE GENERALIZATIONS TO THREE DIMENSIONS 

The anisotropic microstructure of clays is produced in large part by the 
anisotropy of the stress state under which it is consolidated. The axis of the 
maximum principal stress during consolidation will be identified as the x-axis. 
This area is normal to the prevalent orientation of clay platelets. In the laboratory 
consolidation techniques employed, the stress state during consolidation is 
axisymmetric about the x-axis and symmetric about the (yz)-plane, and the 
same must therefore be true of the microstructure produced by the consolidation 
process. Accordingly, it is logical to expect that the stress-strain relations of 
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these clay samples are transversely isotropic, provided that the stress state, 
l!, causing creep is likewise transversely isotropic, since the incremental material 
properties depend on a. 

In the three-dimensional case, stress-strain relations in the form of Eq. 20 
still may be considered, but all matrices must be expanded to either (6 x 1) 
or (6 x 6) in size. A three-dimensional model for the determination of material 
parameters perhaps could be based on a mixture of tetrahedral cells and prismatic 
(hexahedral) cells, but such a model would be much more complicated than 
the two-dimensional model developed herein. In view of the other assumptions 
involved, such a complexity seems to be unjustified at this time, and three-dimen
sional situations are better treated approximately by considering projections 
of the microstructure on various planes, as has been done already in connection 
with Eq. 32. If one considers separately the (xy)-plane, the projected orientation 
distribution, N(rx), within this plane (Eq. 32), and the stress state, ax' a y' 
and T xy' within this plane, it is possible to compute components TJ 11' 

TJI2' TJ22' TJI3' TJ23' and TJ33 of matrix ~ and components a~, a~, and T~y 
of matrix aO from Eqs. 26 and 27. Then, the same can be repeated for the 
(yz) and (zx)-planes. This procedure yields the complete matrix, aO, and all 
coefficients of the (6 x 6) matrix TJ, except TJ 15' TJ 26' TJ34' TJ 45' TJ~, and TJ 56' 

i.e., the coefficients relating a x to .y yz' a y to .y Xl' a z to .y Xl' T xy to .y yz and 
.y Xl' and T yz to .y lX. These coefficients, of course, cannot be determined from 
planar models and must be assumed to vanish in the present study. 

The coefficient, TJ 11' is obtained from computations for the (xy)-plane and 
then again from computations for the (yz)-plane. The results of both computations 
need not be the same, unless the orientation distributions, N(rx), for each of 
the two planes are normalized with regard to the same number of particles. 
Thus, all !l components and l! components for one of the planes [e.g., the 
(yz)-plane] must be proportionately adjusted to obtain the same value of TJ 11 

as determined from the (xy)-plane. Subsequently, the coefficient, TJ 22' is obtained 
from the (xy) and (yz)-planes, and now aliT] and a components from the (yz)-plane 
must be proportionately adjusted to yield the ~ame value of T] 22 as determined 
from the (xy)-plane. Finally, the coefficient, T]33' is obtained from the (xz) 
and (yz)-planes; however, this time both the (xz)-plane and the (yz)-plane already 
have been adjusted with regard to (xy), and no further proportional adjustment 
is justified. However, a difference in T] 33 may still appear because of the numerical 
error associated with the approximate nature of the three-dimensional generali
zation. In such a case, it is probably best to take for T] 33 the average value 
from both planes. Furthermore, the coefficient, a~, is also obtained twice, 
once from the (xy)-plane and once from the (xz)-plane; if the two values differ, 
their average should be taken again. The same argument applies for aO and 
° y a z. 
The axial direction of the creep specimens tested will be denoted by x' and 

y', and z' will identify the remaining two cartesian axes of the test specimen. 
To fit the test data, the stress-strain law given by Eq. 20 must be transformed 
(Fig. 5) from the material axes, Xi = (x, y, z), to the specimen axes, x; = 
(x', y', z'). The transformation of the stress tensor, a ij' is expressed in tensor 
notation as a~m = (ax~/axi)(ax~/ax)aii' which, in matrix notation, can be 
rewritten as a' = A Ta, in which A T is a (6 x 6) transformation matrix. The 
transformed ;ersion of Eq. 20 then-becomes 
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TABLE 1.-Characteristics and Creep Parameters 

Maximum 
effective Water content 

consolidation Water content after consoli-
Sample stress, in of slurry, as dation, as a 

designation" N/mm2 a percentage percentage 
(1 ) (2) (3) (4) 

DA-2 0.226 b 249 53 
DA-17 1.716 b 260 43 
FA-2 0.226 b 251 58 
FA-17 I.716 b 253 48 
DI-2 0.226 c 247 54 
DI-17 1.716C 249 41 
FI-2 0.226 c 261 64 
FI-17 1.716 c 271 46 

aD = dispersed slurry with N aO H; F = flocculated slurry with CaCl z; A = anisotropic 
bYertical. 
c Hydrostatic. 

a 

------

FIG. 5.-Creep Test Specimens Cut at Various Directions to Preferred Particle 
Orientation (Indicated by Dashed Lines) 

c( = (~T'!J~)~' + ~TqO; with q' = ~Tq; ~'= ~T~ .......... (33) 

Since the test program included only consolidated undrained creep tests for 
which the volume change is virtually zero, the following constraint must be 
introduced in the stress-strain relations: 

€=-€-€ or 
z x y 

. , .,., 
E=-E-E 

z x y 
................... (34) 

Furthermore, because the hydrostatic component of the stress tensor does no 
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of Kaolin (Hydrite 10) Samples 

Void ratio Time Stress level Creep rate 
after consoli- exponent, parameter, parameter, 

dation, e m k2 (N-') ko' mm/min. 
(5) (6) (7) (8) 

1.22 0.77 306 x 10 3 10.33 X 10- 14 

1.08 1.00 184 x 10 3 17.60 x 10- 14 

1.52 0.72 816 x 10 3 1.28 X 10- 14 

1.16 0.86 235 x 10 3 6.27 X 10- 14 

1.40 0.82 867 x 10 2 1.51 X 10- 11 

1.16 1.00 387 x 102 4.75 X 10- 11 

1.45 0.80 408 x 10 2 8.29 X 10- 11 

1.26 0.90 204 x 10 2 10.20 X 10- 11 

consolidation stress; I = isotropic consolidation stress. 

work, it is indeterminate and unrelated to creep at constant volume. Thus, 
only the deviatoric component of the stress tensor may appear in the stress-strain 
relations. For the tests performed in this investigation, one has 0' ~ ;1= 0, 0' ~ = 0' ~, 
and T' = T' = T' = O. Thus, the creep rate may depend only on (0' ~ - O"y)' 

Q " U . . 
so that Eq. 20 would simplify to the form, e ~ = a(O'~ - (J'~) + b; m whiCh 
a and b are functions of (0': - 0' ~). 

COMPUTER PROGRAM FOR PREDICTING CREEP AND FlmNG DATA 

There are only two free parameters, k( and k2' in Eq. 15 to fit the test 
data. Of these, k( = a function of time t, but if a specified time in the creep 
test is considered, k( appears to be a constant. In a computer program, which 
has been written to fit the creep data, the computations are performed in 
accordance with the following main steps: 

1. Assign chosen values to k2' m, and ko (Eq. 15 and Eq. 16). 
2. Choose the time, t, and the stress level, O'~. 
3. The deviatoric components of the actual stresses, O'~, O'~, and O'~, in the 

test (i.e., the components s~ = O'~ - 0' v /3, s~ = s~ = - s~ /2, in which 0' v = 0' ~ 
+ 0" + 0") are transformed to the material axes, x, y, and z (Eq. 33). 

4. y The txy)-'plane is considered first. For all possible combinations of chosen 
discrete values for ex I' exl' ex)' and .1., the values of S, !l, and <10 are evaluated 
(Eqs. 26 and 27) for the configurations shown in Figs. 2(a) and 2(b). Then, 
the statistical averaging integrals of Eq. 29 are computed by the trapezoidal 
rule, which yields averaged values of !l and <10 for the (xy)-plane. 
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5. Step 3 is repeated for the (xz)-plane, in which the same orientation 
distribution, N(ex), applies, and then for the (yz)-plane, in which the orientation 
distribution is perfectly random (isotropy). 

6. The elements of the two-dimensional matrices, !l and <1°, for the (xy), 
(yz), and (zx)-planes are composed as described in this section to yield the 
three-dimensional matrices, '!I and <10. Then, these are transformed by Eq. 33 
to the x' , y' , and z' -axes of the test specimen. 

7. Solve e~ from Eq. 33 under the constraint specified by Eq. 34; this yields 
one point on the e ~ - 0' ~ curve at constant t. 

8. Repeat steps 2 through 7 for several other values of O'~ and plot the e~ - O'~ 
curve. Then, repeat steps 2 through 7 to compute the curves for other times 
t and for other specimens (Fig. 5) of the same material. 

9. Choose other values of k2' m, and kQ and repeat steps 1 through 8 until 
an acceptable fit of all data is obtained. 

EXPERIMENTAL INVESTIGATION 

All test specimens were cylindrical in shape (4 cm high with a diameter of 
approximately 3.5 cm) and trimmed from blocks (approximately 20 cm in diameter 
and 15 cm thick) of a dispersed or flocculated hydrite 10 kaolin clay that was 
consolidated anisotropically and isotropically from a slurry in accordance with 
procedures described by Sheeran and Krizek (12), Edil (5), and Krizek, Edil, 
and Ozaydin (8). Although no attempt was made in the sample preparation 
to model or duplicate the soil-making processes of nature, an effort was directed 
toward producing a range of fabrics that includes that of most naturally occurring 
sedimentary clays. Since the environmental conditions that prevail during deposi
tion and post-depositional load history play important roles in controlling the 
resultant fabric of sedimentary clays, the sample preparation procedure gives 
considerable attention to the pore fluid chemistry of the slurry and the stress 
path followed during the slurry consolidation. The details of these techniques 
for preparing relatively large bulk samples from which test specimens were 
trimmed have been presented by Krizek, Edil, and Ozaydin (8). 

One test specimen was trimmed vertically and one was trimmed horizontally 
from each anisotropically and each isotropically consolidated sample, and one 
specimen was trimmed with its longitudinal axis inclined at 45° to the direction 
of the major consolidation stress from one of the anisotropically consolidated 
samples (Fig. 5). All specimens were tested in undrained creep at 78° F. A 
constant confining stress and axial stress were maintained, and only the axial 
strains were measured. The basic characteristics of the samples are given in 
Table 1, and typical scanning electron micrographs of two samples are shown 
in Fig. 6. A constant axial load was maintained on each specimen for at least 
two days and in some cases up to seven days, during which time the axial 
deformations and the developed pore pressures were measured. At the end 
of each loading step, the load was increased to that chosen for the next step. 
To reduce the disturbances that usually arise when an instantaneous load is 
placed on an already deforming specimen, the loading arm was locked before 
increasing the load, the load was increased, and then the loading arm was unlocked. 
This was done rapidly (within a few minutes) to minimize the stress relaxation 
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applied incrementally and employing the principle of superposition. In this work, 
the latter procedure was used due to the difficulty of producing and testing 
large numbers of specimens and the limitations imposed by the number of 
specimens that could be trimmed from the consolidated samples. Based on 

0) DISPERSED SAMPLES b) FLOCCULATED SAMPLES 
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FIG. 10.-Stress Dependence of Creep Rate for Anisotropically Consolidated Samples 
1,000 min after Loading (1 kp/cm 2 = 0.0981 N/mm2) 
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AXIAL STRAIN RATE. < -. (10 per minute) 

FIG. 11.-Stress Dependence of Creep Rate for Isotropically Consolidated Samples 
1,000 min after Loading (1 kp/cm 2 = 0.0981 N/mm2) 

the typical test data exemplified in Fig. 7, a representative plot of the time 
dependence of the axial strain rate is illustrated in Fig. 8. Values for the exponent, 
m, which characterizes the time-dependence of creep (Eq. 16) and results from 
the relationship of the shear force between two particles and the rate of relative 
displacement of the particles in the direction of that force, are given in Table 
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FIG. 12.-Fig. 10 Replotted in Semilog Scale (1 kp/cm 2 = 0.0981 N/mm2) 
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1 for the specimens tested. Essentially the same value of m was obtained for 
both vertically and horizontally trimmed specimens (as well as for the single 
450 specimen tested) from the 'same consolidated sample. However, as shown 
in Fig. 9, m does vary with the void ratio of a sample and there is a distinct 
difference in the values of m for specimens trimmed from anisotropically 
consolidated (oriented) samples and for specimens trimmed from isotropically 
consolidated (random) samples. Specimens with a random fabric exhibit higher 
values of m than those with a preferred orientation of particles. 

Stress-Dependence of Creep.-The straight-line relationship between the loga
rithm of strain rate and the logarithm of time was observed for all specimens 
tested, and plots similar to the one shown in Fig. 8 were used to evaluate 
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FIG. 14.-lnfluence of Void Ratio on Stress Level Parameter 11 kp 
= 5 for isotropic samples; n = 6 for anisotropic samples) 

9.81 N) In 

the strain rates at different stress levels for any given time to study the effect 
of stress on strain rate. Values of the parameter, k2 (Eq. 15), for each sample 
are given in Table I. 

Comparisons of Experimental and Theoretical Results.-Creep curves were 
computed for a number of values for the material parameters, k\ and k2' and 
the values th.at provide the optimum fit of the test data were determined. The 
corresponding theoretical curves are compared with the test data in Figs. 10, 
11, 12, and 13, and good agreement is found, except for one specimen (the 
horizontally trimmed specimen from sample F A-2) which showed excessive 
deformation during creep testing. Sample F A-2 was an extremely soft sample 
and the specimen was probably disturbed while setting up the test. Figs. 10 
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and 11 show the stress versus strain rate plots (both theoretical curves and 
experimental data) at 1,000 min after the application of each stress for all specimens 
tested. To demonstrate the stress dependence of strain rate at very low stress 
levels, a logarithmic strain rate versus stress plot is preferable. Figs. 12 and 
13 show such plots, where strain rates are again selected at 1,000 min after 
application of each stress increment. 

Although the strain rate decreases as the stress decreases, the rate of decrease 
becomes much more rapid for values of stress less than about one-half of the 
strength. Creep deformations at very small stress levels are very difficult to 
measure in the laboratory, but they probably do occur in nature, and the theoretical 
curves in Figs. 10 and 11 suggest the trend that may be expected at such stress 
levels. The variation of the parameter, k2' which can be termed a stress level 
parameter, with void ratio for both anisotropically consolidated and isotropically 
consolidated samples from dispersed and flocculated slurries, is shown in Fig. 
14. 

To reduce the cost of computation, the curves in the foregoing figures were 
calculated by a simplified procedure, which assumes that the stress dependent 
parameter, k2' is the same for all planes normal to the prevalent particle 
orientation. This can be true only when the same state of stress exists on 
all of these planes. However, based on a comparison with values determined 
by the correct procedure for specimens manifesting the greatest anisotropy, 
it was found that maximum differences in k2 values are less than 20%. Thus, 
it seems acceptable to use the aforementioned simplified and less expensive 
procedure to calculate k2' as was done herein. 

CONCLUSIONS 

Within the scope and limitations of the study presented herein, the following 
conclusions can be advanced. 

1. The micro mechanics model is capable of predicting the directional variations 
in the creep rate of anisotropic clays. 

2. The model predicts the stress dependence of the creep rate without implying, 
in contrast with previous works (10,11), the simplifying assumption that the 
microscopic stresses that produce particle sliding are all equal. 

3. The anisotropy of the clay fabric may be characterized by the probability 
density of the particle orientation distribution obtained from x-ray diffraction 
analyses; this reduces greatly the number of creep tests that must be performed 
to determine the anisotropy of creep behavior. 

4. The material parameters in the mathematical model are dependent on the 
void ratio of the clay, the chemistry of the pore fluid, and the consolidation 
stress path. 
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ApPENDIX II.-NoTATION 

The following symbols are used in this paper: 

A 
b 
B 
c 

D 
kc 

kO ,kl'k2 ,m 
N(6),N*(cx) 

incremental rate parameter in Eqs. 18 and 19: 
matrix defined by Eq. 12; 
matrix defined by Eq. 4; 
matrix defined by Eq. 7; 
matrix defined by Eq. 14; 
parameter defined after Eq. 22; 
creep parameters in Eqs. 15 and 17; 
particle orientation cumulative distribution and its planar 
projection (Eqs. 29 and 30); 
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u, up U Xi ' uYi v,v i 

x,y,z 

x/, y/, z/ 
ClpCl 

Superscripts 

T 
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pore size density distribution (Eqs. 28 and 29).; 
slip forces in interparticle contacts (Eq. 15, Fig. 2); 
nonviscous slip forces (Eqs. 18 and 19); 
time; 

EM1 

particle ed~e displacements (Eq. 1, Fig. 2); 
slip velocities in interparticle contacts (Eq. 7); . 
cartesian axes, of which x is normal to prevalent particle 
orientation (Fig. 5); 
axes of the creep specimen (Fig. 5); 
planar particle orientation angle (Fig. 2) and projected angle 
of normal to particle in space (Fig. 4); 
matrices in Eqs. 10, 11, 13; 
area of triangular cell, Fig. 2; 
strain column matrix and its components (Eq. 2); 
nonviscous strain rate (Eq. 20); 
incremental viscosity matrix (Eq. 20); 
column matrix of macroscopic stresses (Eq. 20); and 
nonviscous stress (Eq. 20). 

quantities for tangential linearization of stress-strain relations; 
time derivatives; 
transpose of a matrix; and 
components referred to axes x/, y/, z/ (Fig. 5). 
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