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NATURE OF PROBLEM 

Due to the aggregate interlock on their surfaces. cracks in reinforced concrete 
transmit substantial shear forces. This fact has been known for a long time, 
but in limit design it has usually been disregarded arguing that the friction 
is highly variable and should be neglected (in order to be on the safe side). 
This argument is, however, false (7). The reason is the dilatancy of the crack. 
A shear slip of crack surfaces cannot occur at constant crack opening displacement 
if the normal stress across the crack surface is constant. Rather, the slip is 
always accompanied by an increase of the crack opening (relative normal 
displacement, width), and if the opening is restrained then a large compressive 
stress is induced on the crack surface. The compressive stress must be balanced 
by tensile forces in the reinforcement, which are in addition to those needed 
to balance the applied tensile forces. Consequently, taking crack friction into 
account generally leads to a heavier rather than a lighter reinforcement, and 
thus a neglect of friction is seen to be generally on the unsafe side (7). 

In finite element analysis, shear transfer across the cracks was introduced 
by Suidan and Schnobrich (29) reducing the shear modulus G by a shear transfer 
factor 0, (0 oS 0, oS I). However, the frictional shear stress cannot exist without 
a normal compressive stress across the crack, and development of a compressive 
stress due to crack slip has not been considered. The significance of this effect 
was brought to light by recent experimental results, which also revealed that 
the phenomenon of shear transfer is highly nonlinear. The experimental data 
presently available (8,9-12, 14-15,27,28,30-32), although far from complete, make 
it possible to develop a much more realistic model. We choose it as the objective 
of this work. 
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We will consider in-plane forces in a concrete wall (slah. plate. shell) reinforced 
hy a regular net of steel hars. Our attention will be limited to monotonic loading 
(i.e .• unloading and cyclic loading are excluded) and will he directed primarily 
to situations in which the failure occurs hy tensile yielding of the hars rather 
than compression or shear of concrete. This is usually the case if at least one 
principal internal force is tensile and not small compared to the other ones. 
We will adhere to the following customary assumptions: (I) The reinforcing 
hars arc sufficiently densely distrihuted and can he cnn~idered "smeared"; (2) 
the nads are parallel and sufficiently ~knsely c.listri!lutcd; and (J) the reinforcing 
!lars carry only axial forl'cs dowel "dion across the CI acks and h .... kinking 

,."",111(0 
,Ifill' •• '" 

"IG. 1.-Stress-Displacement Surfaces (a)-If) and Crack Morphology (g )-li) 

,~ ncglected. 80th or these effects can actually he quite significant. but sufficient 
test data arc lacking. 

'rhe principal results of this work were outlined and analy£ed at a recent 
.;onference (4) in the context of nuclcar containments. 

Theory of Stress-Uisplacement Relations for Rough Cracks.-Considcr a single 
crack that is planar hut microscopically rough (Fig. I). l.et 1'1. and &, represent 
the relative normal and tangential displacements of crack surfaces (1'1. ?: 0); 
let &, = crack opening (width); and let 1'1, = crack slip. The associated forces 
which give a proper work expression are the riOl'mal stress ,<. (lT~n < 0 negative 
for compression) and the shear stress 1.1:, where suhscripts nand t refer to 
the normal and tangential directions. and the suffix c refers to concrete. 

As an average over large Clack areas and m:~ny cracks, the relation hetween 
If' 'r' and 1'1 /) Illay be considercd til he a material property, similar to 
,;t;~'ss-s~'rain rel;;in~s. and may be generally a~sllmcd in the form 
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Bn,]{da n} I' ••••••• 
B" da, 

. (I) 

in which B.n , B." ... are crack stiffness coefficients which depend on a , 
c c . " a" 0 n.' a", and possIbly also other state parameters. The matrix of B.n, ... , 

B" may be called the crack stiffness matrix. The stress-displacement relations 
in Eq. I are analogous to the stress-strain relations of incremental plasticity. 

Due to the scarcity of test data we must content ourselves, however, with 
a simpler and less general formulation: 

a:. =/.(a.,a,); a:, =/,(an,I),) ....................... (2) 

which is analogous to the deformation theory (total strain theory) of plasticity 
and ~ne~itably has the same weakness-namely that Eq. 2 gives a response 
that IS Independent of the loading path in the (I).,a,) plane, whereas Eq. I 
would in general give a path-dependent response, which must normally be expected 
of inelastic behavior. Differentiating Eq. 2 and comparing the result to Eq. I 
we conclude that 

0/. 0/. 0/, 0/, 
B •• =~' B., = -, B,n =--, B" =- ................ (3) 

n aa, aa n aa, 

This means that, as a consequence of assuming Eq. 2, our stiffness coefficients 
satisfy the integrability conditions 

aB.. aB., aB,. aB" 
-=- -=- .......................... (4) 

(1) , (1) " iJl) , iJl) " 

Certain properties of the stress-displacement relations may be deduced by 
considering idealized crack surface morphologies. Most simply, one can imagine 
the c.r~ck surface as a regular array of trapezoidal asperities (Fig. I). If they 
are ngld, the response surface of normal stress a C as a function of a and 
I), has the form shown in Figs. I (a) and I (b) and "if the asperities elastically 
deform under the contact forces, the response surface looks as shown in Figs. 
I(c~ an~ I(d). The response surface for a general irregular crack surface may 
be unaglned as a certain superposition (most simply, a weighted sum) of the 
~urf~ces in Figs. I (c) and I (d), resulting in a surface of the type pictured 
In FIg. I(e). We could speculate on the superposition rule on the basis of 
the statistics of asperity shapes and the number of contact points as a function 
of a" and ~,. However i~ would be too hypothetical to engage in such arguments 
and we will exploit the models in Fig. I merely intuitively for introducing the 
general properties to be expected. These are: 

l. The case a. < 0 is meaningless and impossible, and always a:. s 0 
(compression) . 

2. Since t.h~ surface asperities are irregular and deformable, they engage in 
contact at different displacements, and since the number of contact points may 
be considered infinite, the resulting stress-displacement relations may be con
sidered to be continuous and smooth (Fig. I (e») . 

3. For a, = 0 and a. > 0 we must have a:. = 0 because the crack surfaces 
cannot be in contact. 
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4. For 8 n = 0 Ihere is fuJI conlinuily in Ihe malerial, i.e., Ihere is no crack . 
Thus, the states where 8 n = 0 and 8, =I 0 cannot be obtained. Neither can 
one obtain states that are infinitely close to the axis 8. = 0, except when 
8, -+ 0, and so the domain of applicability ends at some finite distance from 
this axis, particularly at the line where d:. equals the compression strength 
/; of the concrete between the cracks (line AA' in Fig. I(e)). Thus, 0:. must 
exceed /; at 8. -+ 0 (8, =I 0) and in particular it may tend to 00. 

5. For 8, = conslant > 0 (constant slip) and increasing 8 n • the number of 
contact poinls decreases and the elastic deformation of the asperities recovers. 
Consequently, 10:.1 as well as I(J~,I must decrease as the opening increases, 
i.e. 

illa:.1 illrr:,1 
---=B •• <O; --=B,.<O; for 8,>0 ............. (5) 

il8. il8. 

Thus, the crack stiffness matrix is never positive definite. except for 8 I = 
O. So, the crack response causes a tendency for instability; however. the response 
is usually stabilized by the restraint provided by the reinforcement and the 
boundary conditions. (Because B •• < 0, and because B., and B,. must be expected 
to be nonzero, the stress-displacement relations cannot be modeled by springs, 
not even nonlinear ones). 

6. If slip magnitude 18 I I increases at 8. = constant> 0, the asperities gradually 
engage in contact and also deform elastically. and so the condition 

ala:.1 
---= B.,>O; 

a8, 
ala :,1 
--= B >0' 

a8, '" 
for 8. > O ............. (6) 

should hold unless 18, I is so large that the asperities break. 
7. From properties 3-6 it follows that the response surface of a:. as a function 

of 8. and 8, must exhibit a discontinuity and a singularity at the origin 8. 
= 8, = O. This is something that would not be expected by analogy with stress-strain 
relations. 

8. The existence of singularity calls for imposing an energy restriction. The 
work consumed' or released by the crack as the displacements increase from 
zero to 8. and 8, must be bounded, i.e. 

f 3. ( 5, 

-00< w=)o a:.d8.+)0 a:,d8,<00 .................. (7) 

The sign of the frictional stress 0:, is the same as the sign of the slip 8,. 
When the sign of I), changes from positive to negative. a:. remains the same 
but a:, changes sign. Consequently, we may write: 

au: .. 
B = ±--' 

., al8,I' 
a 10:, I 

B = +---' ,. - ila. ' 
a 10 :,1 

B =--....... (8) 
•• a 18, I 

in which the plus and minus signs apply for posilive and negative 8" respectively. 
We see that the off-diagonal coefficients switch the sign, but the diagonal ones 
do not. 
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EMPIRICAL STRESS-DISPLACEMENT RELATIONS 

To choose suitable mathematical expressions for the stress-displacement 
relations, it is helpful to observe some simple features of the test data, especially 
those of Paulay and Loeber (27): (I) The curves of IT:, versus 0, at constant 
ll. rise approximately up to the points where ll,/lln = 1.2, beyond which they 
flatten off and reach horizontal plateaus quite abruptly; (2) the maximum shear 
stress slightly decreases as on increases and may be considered approximately 
independent of 0 n; and (3) the curves of IT:, versus 0, at constant 0 n start 
with a finite slope, i.e., B" = 0 IIT:,I /00, < 00 and> O. This slope is approximately 
inversely proportional to on and increases as 0, grows (locking behavior). 

Based on these observations as well as the preceding theory. we see that 
(1:, should depend primarily upon the ratio r = o,/on' Examination of test 
data (27) further suggests that IT:. should vary approximately in proportion 
to (1:" as in friction, and in inverse proportion to on' By optimizing the fits 
of Paulay and Loeber's data (27) the following functions have been identified: 

with 

P=1.30(1- 0.231 2) 
1 + 0.18511. + 5.630. 

in which 0 n 2: 0 
2 N 

and oo=O.OIDQ; 0,=0.000534--; 
mm 

These expressions satisfy the properties 1-7 stipulated before. 

... (to) 

mm 2 

02 = 145--; 
N 

Noting that for ll, » lln (large slip) Eq. 9 gives (1:, = T., we see that 
T. represents the maximum shear stress (in newtons per square millimeter) which 
is attained as an asymptote of the curve (1:, versus 0, at constant lln' and 
To = limiting value of this asymptote when 0 n -+ 0; /; is the 28'-day standard 
cylindrical compressive strength; and D g is the maximum aggregate size (in 
miUimeters). 

The functions in Eq. 10 appear to be valid for various concretes. [This is 
also supported by Fenwick's finding ( 15) of the similarity of his measured response 
curves for various concretes]. Figs. 2(a), 2(b) and 3(a) show the comparisons 
of Eqs. 9-11 with the Paulay and Loeber's test results (27). These tests represent 
the best ones available as their scope is sufficiently large. Further comparison 
is made with F.enwick's tests (15)-see Fig. 3(b) in which the end segments 
of the measured curves were not fitted because the observations have been 
affected by secondary diagonal and flexural cracks [Fig. 3(b)]. Moreover, in 
the case /; = 16 N/mm2 it appeared to be necessary to reduce the values 
of coefficients 0) and 0.; this may be justified by the low value of strength 

824 APRil 1980 SH 

of this concrete. and its high water-cement ratio. Some typical response diagrams 
given by Eqs. 9 and to are exhibited in Fig. 4. 

Although the test data have been filled well using our picture of singular 
behavior near the origin. it must be recognized that this picture is speculative 
because for very small displacements. such as 8. < 0.1 mm and II, < 0.01 
mm. the available test data reveal nOlhing. 
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FIG. 2.-Fit of Peuley end loeber', Test Results 

The work condition in Eq. 7 restricts the admissible loading paths in the 
(II., &,) plane. Every smooth and continuous path may be approximated near 
the origin 8. = &, = 0 by the equation 

........................... .. (12) 

in which c. a = constants. Substituting this, as well as Eqs. 9, 10 into Eq. 
7 .. and carrying out the integration. one can find that the work is bounded 
only if a > I. Furthermore. the condition that 11:. be finite (and less than 
concrete strength) also admits only those paths for which a > I. This indicates 
that 
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d8, 
-=0· 
d8 n ' 

for 8 n =0 . ............ . (13) 

Thus, the first displacement on the rough crack must be normal and the slip 
can occur only after some finite opening has already been achieved. This condition 
must be carefully followed in numerical calculations. 

As a function of 8 n (Eq. 10), T u varies only mildly and may be considered 
to be nearly constant. Thus,. Eq. 9 indicates that the shear stress u:, is nearly 
~onstant as long as the ratIO r = 8,/8 n is constant. A line of constant u:, 
10 the (8 n , 8,) plane may be called the frictional path, and we see that such 
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FI~. 3.-:-Fit of: (a) Paulay and Loeber's Test Results; (b) Fenwick's Test Results 
(( 0) Failure due to Premature Formation of Flexural (A) and Diagonal n Cracks) 

a pat~ i.s approximately a radial line in the (8 n , 8,) plane-see Fig. 1(/). Near 
the ongm, ho.wever, the radial line does not follow the admissible loading path 
(Eq. 12).a?~ mtersects the boundary of admissible states (Fig. 1(/). Therefore 
a small Imtlal segment of the frictional path is unattainable (dashed segment 
in Fig. I (f»). 

It is ~oteworthy that the maximum or asymptotic value of T u can be attained 
accordmg to Eq. 9 for arbitrarily small 8, provided that 8

n 
« 8,. Again, 

h~w~ver, becau~e of the curved boundary of the admissible domain (Fig. I (i)l, 
thiS IS only. possible at a small but finite distance from the ·origin. 
Th~ avadabl~ tests show only a mild decline of T .. with increasing crack 

?penmg 8 n , ~nd they would alone be insufficient to determine the function 
10 E~ .. 10. ThiS function results as the simplest one satisfying two reasonable 
cond~tlons: (I) When 8n exceeds the height of surface humps (which can hardly 
be higher than the aggregate size D Q) there can be no contact between the 
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crack surfaces and therefore T u must become vanishingly small-we choose 
Tu = 0.01 To for 8n = D., and solving a o from Eq. 10 for Tu we get a o 

= 0.01 D! (Eq. 11); (2) when 8n « Do, the effect of 8n upon Tu should 
be negligible. or lim (iIT wi il8 n ) = 0 for 8 n ~ 0, which is satisfied by using 
8! in Eq. to for Tu. 

For 8n » 18,1 (small slip). Eqs. 9 give 

18,11' 8, 
u: n = -A, F; u:, = A 2 8 ..................... (14a) 

n n 

which can be easily inverted: 

A I(1C I" " ,~. " =A A-I' 
Un = ,. • U, '2 

(-<T nn) A 2 
.......... (I4b) 

Here A, = a, (a 2 a J T .. )I'; and A 2 = a J T u. Note that a linear relation between 
(1:, and 8,/8 n holds at the beginning of the shear test at constant 8 n • and 

(a) 

6" e.Oflmm 

___ ~_~~.mm (b) 

_-'c!Z 
'.1~ 

( /---;~:.D.~., -- -~ 1.0' 

I//' ~~-~·-~:~O .' . 
/ /' ~:~--:i-~~J_ L 

04 01 01 10 12 14 1. 

SHEAR DISPlACEMENT lit C'""') 

FIG. 4.-Typical Response Diagrams for Concrete with Cracks (Concrete Strength 
/; = 31 N / mm 2; Crack Spacing s = 50 mm) 

Fig. 4 confirms it. The secantfriction coefficient is k = -1(1:, I /(1:n = A J 18 ,1'-1' 8~ 
in which A J = A 2/ A I. Thus k = 0 for 8 n » 18, I. Substituting for a J and 
Tu from Eqs. 10 and II, we further have (1:, = 2.45(8,/8 n )a o /(ao + 8;) = 
2.45(8,/8 n ) (in newtons per square millimeter) for small 8 n • which means that 
the initial slope (Fig. 2(a» is independent of concrete strength; experiments 
tend to confirm that (15,17,30). 

For 18,1 » 8 n (large slip). Eq. 9 gives 

C A 0 c 
(1 nit = --, 1(111, I = Til' •••.•.••. 

8n 

. . . . . . . . . . . . . . . (15) 

in which Ao = a.(a 2 T u )I'. Thus, at large slip the normal stress is inversely 
proportional to the crack opening, but this is only valid if 8 n is r _. "0 small 
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as to be out of the admissible domain [Fig. I (f)]. The secant friction coefficient 
is k = A ~'TuO. = -Tu/a: •. 

Recalling that the ratio of norma'l and tangential inelastic strains at constant 
normal stress is in plasticity called the dilatancy ratio, we may call ad = 10./0,1 
at constant rr:. the crack dilatancy ratio. For 10,1 « o. (small slip), Eqs. 
9 and 10 give 

ad = 1:·1 = a 2 a 3 T u I ~I'IP -a
3 T

u •••.•••.••••••••• (16) 
, <Tnn&n Ja:,1 

We see that for 10, I < < o. the dilatancy ratio is the largest at the beginning 
of the shear test and declines about in inverse proportion to I) n (because exponent 

-0-
0>0 

FIG. S.-Cracked Reinforced Concrete 

p is close to 1.0) as well as a:,. On the other hand, if I I), I > > I)., which 
characterizes the end of the shear test, we have 

and because a:. is bounded. ad -+ 0 as I I), I -+ 00. 

CRACKED REINFORCED CONCRETE 

. Consider now a concrete plate (or wall. slab. shell) that is carrying only 
ill-plane forces and is reinforced by a regular net of bars. Concrete is intersected 
by a system of parallel cracks of average spacing s and inclination 0 with regard 
to the bars of x direction (Fig. 5). We will assume that the plate is sufficiently 
large compared. to the spacing of bars and to the spacing of cracks and that 
the intem~1 forces vary gradually and smoothly so that they could be assumed 
almost. ufiJfo~m over a distance of several bar and crack spacings. 

By ~versl~n of the crack stiffness matrix B from Eq. I (with stiffness 
coeffiCients given by Eq. 8). we obtain 
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F.,] { d (J:. } 
F" d(J., (18) 

in which the square matrix represents the flexibility matrix of the crack, F, 
and F = 0'. 

In concrete containing many parallel cracks (Fig. 5). the deformations due 
to cracks may be considered continuously distributed or smeared. This treatment 
of cracks is commonplace in finite element analysis of concrete structures. 
The averaged strains due to the smeared cracks are 

e, 
E =_. .. . 

s 

I) 

-y:: = 2E:: = ~ 
s 

. ....................... (19) 

in which s = mean crack spacing (Fig. 5). So, according to Eq. 18. 

[

F •• S-' 

= 0 

F,.s-' 

o 
o 
o 

F_::]. {::~} ........... (20) 

F"s dan, 

........... (21) 

Here superscript cr refers to crack. If the stiffness due to kinking of bars 
and their dowel action across the cracks is neglected and' if the cracks are 
continuous. the stresses in the solid concrete between the cracks are equal 
to the stresses 11: •• 11;',11:, on the crack. as already implied. Moreover. under 
these assumptions. the averaged strains of the reinforced concrete plate E •• , 

E". 1 n' (referred to as the crack directions) are the sums of the strains of 
the solid concrete between the cracks. <:. <,<. E~;. and of the strains due 
to the cracks. E::. E~', E;:'; so 

dE = dEC' + dE" ............................... (22) 

in which dE = (dfnn,df".dfn,)T; T denotes the transpose; and dEC'. dE" 
are the analogous column matrices for strains due to the cracks and to the 
solid concrete between the cracks. The latter strains are related to stresses 
by the incremental stress-strain relations 

dE"e = D"ed(J< ................................ (23) 

in which D,e is the incremental (tangential) flexibility matrix of solid concrete. 
which generally depends on (J<, E< and possibly other state parameters. As 
the most realistic formulation currently available. DOC may be considered as 
given by the plastic fracturing theory (5) or by linearization (I) of the endochronic 
theory (6). These sophisticated models are justifiable, however. only if the stresses 
and strains in the direction parallel to the cracks are large. In many cases. 
the stresses in cracked reinforced concrete are small (usually below /; /3). in 
which case DK can be considered as constant: 

[ 

E-' 

I)"e = symmetric 

E - 1 
-1/ 

.................... (24) 
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in which £ = Young's modulus; v = Poisson ratio; and G = 0.5 £/(1 + 
v) = shear modulus. Even if linear elasticity is not quite applicable, the strains 
often are not too large, and then 9ne can determine the tangent flexibility matrix 
DSC by differentiating some suitable total stress-strain relations for concrete, 
or just assume, as a simplification, incremental isotropy and evaluate the tangent 
shear modulus G T and bulk modulus K 7' as functions of octahedral normal 
and shear strains, using expressions available in the literature; in particular, 
those of Cedolin, et al. (13) have been employed in the computer program, 
and the coefficients in Eq. 24 are then determined as G = G 7 , E = 3(1 -
2v)K 7"' and v = (E/2G) - I. 

Substituting Eqs. 23 and 21 into Eq. 22 we obtain 

dE=Dcdu c; DC=D<r+D oC 
••••••••••••••••••••••• (25) 

in which DC = incremental flexibility matrix of cracked concrete as a whole. 
Now we may bring the reinforcing net into the picture. We may assume 

that its average strains are the same as those of the cracked concrete as a 
whole. This of course implies localized bond slip near the cracks because the 
strain of the bars is assumed not to be equal to that of solid concrete. The 
averaged stresses due to the reinforcing net, therefore, are 

du' = C'dE ................................. (26) 

in which superscript s refers to steel. Since the cracks are in general inclined 
with respect to the reinforcing bars (Fig. 5), matrix C' relative to crack coordinate 
axes n and I must be obtained by transformation and summing of the stiffnesses 
due to the bars of various directions: 

N 

CO = L R;C,'R,. 
1-1 

[ 

Cl, 

R, = SI, 

-2CS, 

............ (27) 

2CS, 

[

P,E,(EJ, 0, 

in which C: = 0, 0, 

0, 0, 

:] . . • . . . . . . .......... (28) 

Here C = cos 6/; S = sin 6,; 6, = angular deviation of the crack normal 
from the direction of the ith bar system (i = 1,2, ... , N); P, = reinforcement 
ratio of the ith bar system. For an orthogonal net, shown in Fig. 5, we may 
substitute in Eqs. 27 and 28 N = 2, 6 1 = 6 and 61 = 6 - 9OD

• The value 
E .(E) is the uniaxial tangent modulus of the steel bar corresponding to axial 
strain E. Within the elastic range, E. is constant, but in calculating large 
deformations beyond the service stress range it is generally necessary to consider 
the yielding of steel bars as well as their subsequent work-hardening. In numerical 
calculations described in the sequel, the yielding and work-hardening of steel 
bars have been considered according to the formulas of Brown and Jirsa (9) 
in the same manner as in Ref. 2. (However, to improve the numerical convergence 
in step-by-step incremental analysis, the sharp corner of the stress-strain diagram 
used in Ref. 2 has been eliminated by rounding it out with an exponential 
function that is tangent to the linear-elastic segment at 0.9 of yield strain, and 
tends asymptotically to the yield plateau.) 
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Finally, we must add the stresses due to cracked concrete and to steel bars: 
C DC I d C h du = du c + du'. Because, according to Eq. 25, du = E ,we ave 

du=CdE; C=C'+Dcl 
•••••.•••••••••••••••••• (29) 

in which C is the incremental stiffness matrix of cracked reinforced concrete, 
referred to crack coordinates nand t. 

Eq. 29 is al\ that is needed for using the present theory in finite element 
pr~grams. There, matrix C must of course be further transformed to element 

coordinates. 

NUMERICAL CALCULATIONS AND ANALYSIS OF RESULTS 

Method of Numerical Solution.-The preceding theory allows calculating the 
response of cracked reinforced concrete to prescribed monotonically increasing 
strains or stresses. For each tensorial component, it is possible to prescribe 
in the loading step either the strain increment or the stress increment. Writing 
Eq. 29 in element form, we single out those equations for which the right-.h.and 
side values of .1u components are known, and solve the system of those equallons 
for the corresponding .1E components. The remaining .1E components are the 
prescribed ones, and we may solve the corresponding .1u components just by 
evaluating the right-hand sides of the remaining equations. 

A special procedure must be used during the first 10i'ding step to handle 
the singularity of the stress-displacement relation at 5" :=' 5; = O. It is necessary 
to set B"" = 0, assign to B" a very large value (say 10

40
), and to B", and 

B," very small values (say 10 -40). The calculations based on these assumptions 
then yield .15, = .11", = 0 at 5" > 0 in the first loading step. When the load 
is exactly tangential, one gets not only .15, = 0 but also .15" = 0, in which 
case one must assign to .15" for the first loading step a small nonzero value 
(say, 0.001 mm). The starting value for the second step must then be obtained 
exactly by calculating 5, from Eq. 14 b, using the v~lues of u:", u:, and. 5" 
previously calculated for the end of the first step. UntIl a larger crack opemng, 
such as 5" > 0.02 mm is reached, and always when lu:"1 is too large (close 
to the strength value), only forward steps (corresponding to forward difference 
formulas) may be used, i.e., no iteration may be carried out for the crack 
stiffnesses to satisfy central difference incremental formulas for the step; the 
crack stiffnesses for these first steps must be based strictly on the end values 
for the previous steps and the starting value of 5, for each subsequent step 
must again be solved exactly from Eq. 14b using the values of u:" ' u:, and 
5 calculated for the end of the preceding steps. 

"The numerical algorithm for load increments after the crack has opened (5" 
> 0.02 mm) is as follows: (I) Using the initial values of u:", u:" 5", 5" 
calculate the tangent crack stiffnesses (Eq. 8); (2) then evaluate tangent flexibilities 
for Eq. 26, matrix Dcr (Eq. 21), matrix DSC (Eq. 23), total flexibility matrix 
D (Eq. 25); (3) then calculate tangent stiffness matrix of reinforcement (Eqs. 
27, 28) and the total tangent stiffness C (Eq. 29); (4) finally, solve the load 
increment using Eq. 29 (this may involve finite element analysis); moreover 
(5) to improve accuracy, steps 1-4 may be several times iterated evaluating 
the crack and material properties from the average values of displacements, 
stresses and strains obtained in the previous calculation. 



ST4 ROUGH CRACKS 831 

Fits of Test Data.-In fitting the available test data for reinforced concrete 
specimens, we must model several types of tests. Some types of tests (e.g., 
those of Paulay and Loeber, Fen\\'ick, and Houde and Mirza) are made by 
keeping the crack width & n constant and equal to a prescribed value. This condition 
is achieved by varying the distance between the steel platens that support the 
two blocks of the concrete specimen [see Fig. 3(b»), according to the signals 
of several strain gages spanning across the preformed crack. In this way the 
effect of solid concrete deformation t:: on gage signal is almost wiped out 
(except for that of the narrow strip spanned by the strain gages, for which 
no correction was made in calculations). In such tests, the prescribed quantities 
are A,,/ n" At nn and Au~, (u~, = 0); in each step At..n must be set equal in 
magnitude and opposite in sign to the increment .c1t:: of the solid concrete 
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FIG. 6.-Fit of Hofbeck, Ibrahim and Mattock's Test Results for Reinforced Specimens 

strain t:: in the previous step, which is necessary to simulate a constant crack 
opening. In these tests the boundary condition u;, = 0 is however questionable 
because the shape of the blocks (with overlaps beyond the crack length) as 
well as the attachement to the steel platens does not allow free extension parallel 
to the crack, and so the conditions tIl = 0 and u~, = 0 would be equally 
reasonable. This question is however unimportant because the numerical results 
obtained for u;, = 0 and tIl = 0 are practically the same. 

In another type of test (e.g., those of Mattock), two blocks are forced to 
slip at u:n = constant; in this case the prescribed quantities are A,,/ Au c 

and Au;, (u;, = 0). Tests of still another type (those of Taylor) ha~~ be;~ 
performed at constant ratio "/ nJ t n~ of overall specimen deformation, in which 
case .c1"/n" At"" and Au;, (or At,,) are prescribed (u;, = 0 or til = 0). Achieving 
the desired test conditions seems to be however very diffil:ult in these last 
tests, as already pointed out by Houde and Mirza (13). 
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The calculated fits of the results of Horbeck, Ibrahim and Mattock's slip 
tests of cracked concrete specimens with steel bars at various angles are exhibited 
in Fig. 6. The mean crack spacing was assumed as .f = 50 mm. The actually 
measured response diagrams have been horizontally shifted !Fig. 6(a)) because 
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there was an illC:O:l~licahle sudden iUl'Iease of slope at Ihe shcllf stress of 2 
N/mm', whidl \~.1~; pn'hah/y cau:;cd hy some exlraneous dfect. The shirts 
were assume..! I., he such that Iho: uppn rart of t'l'~ response curve could he 
smoothly elltemled into the orir,in. The :It'f(·,::nent of the fils in Fig. (, is not 
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too close for 3, > 0.2 mm. but the fact that the measured response was stiffer 
could be explained by dowel action of steel bars (in the cases i26.5°) ncgleded 
in calculations. 

Slip-Free Limit Uesign.--The response diagrams calculated in Fig. 7 allow 
evaluation of the previously proposed slip-free concept of limit loads of nct-rein
forced concrete (7). The dashed horiwntal lines indkate the limit valucs of 
the applied stresses according to the classical ftil"li(lnless approal"ll. whilc the 
dash-dot lines represent the limit values for friction cocfficient Ie ~ I. 7 accordin~ 
to the new slip-free design concept. The laller ("tIllCCpt t',1II never ~ivc hit'.her 
limit load values than the frictionless approach hecausc the stcel must not Ilnly 
halance the applied loads hut must also resist the dilatancy of thc nacks allll 
halance the normal compressive stress necessary to prlllhice ft ktion lin the 
cracks. 

It was previollsly argued (7) that the limit "'ads alToHlin~ to the new slip-free 
approach should correspond to the heginning of the rapid risc (If dclllrlllatilln 
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(heginning of large crack slip). associated with the start of wide crack opening. 
And we see from Fig. 7 that this is indeed true. 

As far as the classical frictionless concept is concerned. we notice that its 
limit loads are not approached even for crack opening as wide as 1.25 111111. 

The discrepancy hetween the design concepts is alsl' seen in the normal stress. 
plots i" Fig.· 7. Whereas the frictionless approach corresponds to lew nOlln:l1 
stress. the slip-free approach gives values which correspond roughly to the 
correct normal stress values for the crack opening width at whit-h a rapid inl'fease 
of nack opening hegins. The value Ie = 1.7 for the secant friction cocffil"icnt 
is r,'~lIerally at the low side. except for very small strains I Figs. 7 (1I) and 7 (<")1· 
The maximum and the minimum points of the curves of the shear stress": .. 
corrr~p(lnds to the yielding of the l oricntcd allli I' (lr' ." hars. respl'ctively. 
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R~sponse for Vllrious I"olldings.--Fig. 8 shows calculated diagrams of the applied 
tensile stress N, as a function of crack width, for various values of the ratio 
m = N 2/ N, an~ o~ the N, inclination a (Fig. 5). For each set of values (m, a) 
and for ~uccesslve IIlcrements N, of the principal tensile stress N" the loading 
process IS that of proportional stressing, which is characterized, according to 
Mohr's circle, by the conditions: dam/dann = am/ann = (I - m) sin 2 (a 
.- 6)!A, datl/da nn = atl/a nn = «I + m) - (I - m) cos 2(a - 6))/A 
~n ~hlch A = 2 dllnn/dN, = (I + m) + (I - m) cos 2(a - 6). The results 
1001Icate that the effect of varying inclination of reinforcing bars relative to 
the crack is quite strong. 

For design purposes, it is most safe to assume that concrete may contain 
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cracks of any direction. This is because any preload or shrinkage and temperature 
stresses may have caused the cracks. The crack orientation which is decisive 
for design is the one which gives the most unfavorable result. Running the 
incremental computations for various ratios m = N 2/ N" and for various crack 
angles, 6, (Fig. 9(a») it is possible to find for any given load inclination a 
t~e minimum value of load N I that produces a given crack width 1) n' Th~ 
hnes (envelopes) of such minimum N, values for various crack width are shown 
in Fig. 9(b), along with the values 0' of crack angle 6 for which the minimum 
N I occurs. These lines at the sallie tillle represent the maximum crack width 
&" that call 0..: pwduced by a certaiu load N I' It is interesting to observe 
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in Figs. 9(0) and 9(b) that for small crack openings (& ().()5~0.1O mm) the 
most unfavorable crack orientati~n is 0' = a (crack normal to N I)' while f(lr 
larger values of crack opening (&. = 0.25-0.50 mm) 0' falls between the principal 
direction N I and the reinforcement direction x. The minimum of N I as a functi(lIl 
of 0 is well marked on the curves in Fig. 9(0), although it is not substantially 
below the value corresponding to cracks norlllal to N I (0 = JOo). h'r very 
large values of crack opening (&. = 1.0 10m), the most unfavorahle crack 
orientation is roughly again normal to N I (0' = n). In this case all reinforc{'nH'nt 
yields and the minimum N I now approaches the vallie given by the frictionless 
approach (dOlled horizontal line in rig. 9(0»). This docs Iwt occur for the 
small values of crack width because the reinforcement then yields only partially 
(in Fig. 9 only the x oriented bars yield for &. - (UI) 111111, 0.10 111111, ami 
0.25 mm). Noting that the lines in Fig. 9(b) are allllost vertkal, we conclude 
that the minimum load N I that produces a given &. is not substantially affeded 
by the ratio m = N 2/ N I' particularly for the large crack widths. For very 
large &. the ratio Tn has no effect (i.e., the lines in Fig. 9(b) arc straight ami 
exactly vertical) because in frictionless approach the most unfavorahle crack 
orientation is normal to N I • 

The effect of crack spacing is apparent from the response diagrams in' Fig. 
10, and is seen to be very significant. Proportional straining (i.e., increase of 
strains at a fixed ratio) has been assumed. The crack spacing .f is considered 
to be given (determination of the crack spacing itself would require analysis 
of stability and strain localization in concrete, and of bond slip of the bars, 
which is beyond the scope of this work). A smaller crack spacing implies a 
smaller opening width of the cracks, which gives a stiffer response. Although 
the crack spacing does affect the maximum normal stress (Fig. lO(b»), it has 
almost no effect on the maximum shear stress [Fig. 10(0)1. For fi)(ed strains 
or stresses, the crack opening increases almost proportionally with the crack 
spacing (should the deformation of solid concrete be disregarded, we would 
have 8. = S( •• ). 

Fig. 10(0) reveals a tremendous variation of the secant friction coefficient 
k = -la:,I/a:., but for larger shear strains, !-v., 1 > O.OOR, the value k = 

I. 7 recommended by Paulay appears to be an acceptable lower bound I Figs. 
10(0) and II (c». The shear stress value obtained by frictionless limit analysis 
is always much too small [Fig. lO(c» because it results exclusively from steel 
and the neglected contribution of crack friction (aggregate interlock) is substantial 
(usually over 50%) and remains high up to very large strains (5% in Fig. 10). 

The frictionless approach always gives an upper bound on the applied normal 
stress because the compressive stress on the crack is not subtracted [Fig. lO(d»). 
The same conclusions can be drawn from the case shown in Fig. 10, e.g., 
where the reinforcing bars of the y direction yield in tension, and the bars 
of the x direction yield in compression. In this case the frictionless approa(:h 
gives zero shear stiffness (a:, = 0, Fig. 10(/», while the slip-free approach 
gives limit loads rather close to those obtained with' the present "Rough Crack 
Mode\." 

Fig. II shows some further calculated response curves for proportional straining 
or proportional stressing. Although at constant crack opening the secant friction 
coefficient is nearly 'constant [Fig. 4(c», for proportional straining it is seen 
to exhibit a tremendous variation. For not too small crack openings, the secant 
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friction coefficient generally e"!lceeds the value k = 1.7, and it is interesting 
to note that it can exceed this value many times. The plots of the shear stress 
versus the normal stress (stress paths) are nonnlUnotonil: and exhihit reversals 
and; the sudden changes of s.lope of these curves (proportional stressing) arc 
caused by the yield of reinforcement I Figs. II (t!) and II (t' II. Thc effect or 
various strain ratios is seen to be very strong I Figs. II (h I and II «'11. Notice 
in Fig. II (a) also the decreasing' role or crack friction (aggrq~ate inll'rlm:k I 
with increasing crack spacing. The great difference of response hctwccn I'fIll'0r-
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tional straining and proportional stressing (Fig. II) should be also ohserved: 
In the first case the shear-to-normal stress envelopes are not affected by the 
yielding of the reinforcement. 

Expucrr FLEXIBIlITY MATRIX FOR CRACKED REINFORCED CONCRETE 

When 3" » 13,1. substitution of Eq. 14h into En" = (,<" - "11:,)/1': ... 
3n ls and '(", = u:,IG + o,/s allows us 10 get the stmins as explidt alr,ehmic 
functions or a:", (1;' and (J:" in which 1':, v and (i can he considered to he 

838 APRil 1980 ST4 

variable according to the total strain (deformation)theory· for the solid concrete 
between the cracks. 

For the case on > > 10,1 (small slip) we can also obtain an explicit expression 
for the incremental flexibility matrix. To this end, we differentiate Eq. l4b 
and substitute the resulting expressions for do and do into dE = DC d a C 

c c ,. I fin 11 nn 

+ D 12 da ll + donls and d-Yn, = D~)da:, + do,/s. This yields: 

{

dEnn} 
dEli 

d-y n' 

[

DC A I C IP ,.-2 
11 + UnlIT nil , 

D;" 
±B I a:, I P+la:~2, 

D~2 ; 

0, 

in which the upper signs apply when a C 
2: 0 and the lower ones when a" 

:s 0 (like in Eq. 8); and A = A;P A, Is, B' = A ;P-' A ,Is. If the solid concret~ 
between the cracks behaves linearly, we have D~, = D;2 = liE, D~2 = D;, 
= - v I E and D~) = I I G. However, if there are large stresses parallel to the 
cracks, we may better determine D~ using the plastic-fracturing or endochronic 
formulation. 

For the case 10,1 » lin > 0 (large slip), the differentiation of Eq. 15 leads 
to the relation 

0] fda:"} o da:, ........... (31) 

F dan, 

in which F -+ 00. 

For an approximate step-by-step loading analysis, we may utilize the matrices 
in Eqs. 30and 31. The former one would apply throughout most of the (monotonic) 
loading process while the latter one would apply to the final collapse state 
at very large crack opening. The switch from the former to the latter must 
be made as soon as la:,1 exceeds T". 

More accurately, we may consider for arbitrary 0 n and Ii r a continuous transition 
between Eqs. 30 and 31. It seems that the incremental stiffness matrix of cracked 
concrete (reinforcement not counted) may be approximately considered in 
structural analysis programs as follows: 

................... (32) 

in which q = vl(l + v) and v = Ikmli,llinl", u and k m being some positive 
constants (perhaps k m "'" 1.2, U "'" 3); and C, and C 2 are the inverses of the 
matrices in Eqs. 30 and 31, respectively. 

Note that the matrix in Eq. 31 is nonsymmetric and contains significant cross 
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flexibilities relating the shear and normal components. This causes that the 
principal directions of stresses lmd strains cannot remain parallel. 

FURTHER CONSEQUENCES 

Multi-Directional Cracklng.--It is easy to generali7.e the preceding formulation' 
to concrete that contains two (or more) parallel crack systems of arbitrary 
directions. Eq. 21 must then be written for crack systems I amI 2 and after 
applying to dE cr and da e transformations R. and R, into a common coordinate 
system, the deformations may be added. Thus, the combined flexihility due 
to both crack systems is D,r = R :"n;' R. + R ~n~' R, where subscripts I and 
2 refer to crack systems I and 2. The remaining calculations, Elfs. 24 29, are 
the same. 

Bond.-It is well known that in load-carrying structures the bond hetween 
concrete and the embedded reinforcing bars is usually imperfect, damaged. and 
the transfer of the bond shear stress is due mainly to the interlock of surface 
asperities rather than adhesion. Thus, the interface resembles a crack, allowing 
a relative slip that is always accompanied by interface dilatancy. With inneasing 
normal separation the normal compressive stress across the interface lIIust 
decrease, and with increasing slip it must increase. Obviously the dCformatillns 
due to imperfect bond, or bond cracks, may be expected to be governed hy 
similar laws as those developed herein. Similarly as for cracks, the practice 
of modeling bond by spring connections between the finite elements for steel 
and concrete is questionable if the bond is damaged and results from interlock 
of asperities. 

Crack PropagatIon Dlrectlon.-The deduced stress-displacement relations have 
interesting implications for the direction of crack propagation. Ncar the tip 
of a crack the opening width is small, in which case the relative displacement 
has been shown to be purely in the normal direction (Elf. 13). Since this condition 
must prevail in a sufficiently small vicinity of the crack tip, the Mode II islip) 
displacement field cannot exist in case of a rough crack. Therefore, the criterion 
which governs the direction of propagation of a rough crack is that the Mode 
II stress intensity factor must vanish, i.e., K II = O. In other words. cracks 
in concrete, as well as rock, must propagate in such a direction that a pure 
Mode I field prevail at the crack tip. Such a propagation criterion has been 
considered, e.g., in the finite element analysis in Ref. 3. 

Another interesting case is the crack in the interface of two dissimilar materials. 
The solution of the elasticity problem yields an oscillating singularity, which 
cannot actually take place because it implies an overlap of the crack surfaces 
at some points. Therefore, the crack surfaces must be in contact over some 
distance from the crack tip, and solutions which treat this contact as either 
perfectly sliding or frictional have been recently carried out. However, for 
materials which lead to rough cracks, it would be more realistic to rework 
these solutions for different contact conditions, namely those of zero slip of 
the opposite separated surfaces. 

Rock Jolnts.-Continuous cracks in rock are characterized by a similar rough 
surface morphology and frictional contacts (joints) between the opposite surfaces. 
Therefore, the essentials of the present theory lIIay he expected to also apply. 
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SUMMARY AND CONCLUSIONS 

Derivcd are equations which relate the normal and shear stresses that are 
~ranslllitted across a .rough crack due to the contact of asperities (aggregate 
IDtcrlod) to the relative opening and slip displacements of the opposite crack 
surf~ces. Average strains of concrete which contains a system of parallel 
contlDuous cracks are obtained by adding the averaged deformations due to 
cracks to those due to the solid concrete (possibly microcracked) between the 
cracks. The response of cracked concrete reinforced by a regular net of bars 
is th~n calculated .using step-by-step loading. Dowel action and kinking of the 
bars ID the cracks IS neglected. Unloading and cyclic loading are not considered. 
The principal conclusions are: 

I. Crack slip at constant opening induces normal compressive stress across 
the crack, and crack slip at constant normal stress causes dilatancy of the 
crack. An increase of crack opening reduces both normal compressive stress 
and the shear stress. 

2. The incremental crack stiffness matrix referring to relative normal and 
tangential displacements is not positive definite. Because of this fact as well 
as tl~e presence of off-diagonal stiffness coefficients, the stress-displacement 
relatIons cannot be modeled by springs, not even nonlinear ones. 

3. ~~e. stress displacement relations for a rough crack exhibit a singularity 
at the IDltlal state of zero relative displacements. The initial deformation must 
begin. with crack opening increase at zero slip, and the numerical step-by-step 
algonthm must be arranged accordingly. Finite slip is impossible at zero relative 
normal displacements. 

4. The derived stress-displacement relations satisfactorily agree with existing 
test data for plain concrete specimens as well as reinforced specimens. 

5. The incremental stiffness matrix of cracked concrete has been derived. 
It is nonsymmetric and does not give parallel principal axes of stress and strain 
increments because a coupling of shear and normal components is present. 
The same must be true of the stiffness matrix of solid microcracked concrete 
because microcracks behave no doubt similarly as the continuous cracks. 

6. Calculations of the responses of cracked net-reinforced concrete for various 
typical loading histories (proportional stressing or straining, shear at constant 
crack opening) reveal a tremendous variation of the secant friction coefficient 
and the dilatancy ratio for the cracks. The results are rather sensitive to the 
spacing of cracks. 

7. The present method allows calculating the width of the cracks of known 
spacing as a function of the applied forces. This allows designing for a maximum 
crack width. 

. 8. The previously proposed slip-free concept (with friction coefficient '1.7) 
YIelds for proportional stressing (loading) of cracked net-reinforced concrete 
limit loads that are found to correspond to states just before the start of a 
rapid increase in crack opening, while the classical frictionless approach yields 
limit loads that can only be achieved after very wide cracks develop. 

9. Continuous cracks in concrete must propagate in such a direction that 
t~e displacement field near the crack tip be purely of Mode I (opening) type 
(I.e., the Mode II field cannot exist). . 
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10. The present theory 
incremental loading. 
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crack openin, are. studied. The theory allows designing for a maximum crack width if 
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