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Developed herein is a one-dimensional model to analyze liquefaction of a 
sand layer due to the upward propagation of shear and pressure waves from 
the base. A nonlinear endochronic constitutive law (8) is utilized in conjunction 
with an inelastic two-phase medium framework (2) to represent the mechanical 
behavior of saturated sands. By so doing the pore-pressure buildup is obtained 
directly from the constitutive equation and the solution of the boundary value 
problem. Thus, there is no need to introduce the pore-pressure buildup separately 
in the general formulation. The same consideration applies to viscous damping, 
which is expressed in the equations of motion for the system by a term assigning 
a specified resistance to the flow of water through the pore channels of the 
soil skeleton (Darcy's law) for those cases in which perfect coupling between 
phases does not occur. This viscous damping is in addition to the hysteretic 
damping that emanates from the constitutive equation itself and reflects a 
completely different physical mechanism (namely, Coulomb friction between 
grains). In this work the endochronic liquefaction model is applied to various 
typical field situations and the effect of various factors presumed to govern 
field liquefaction phenomena is evaluated. 

ONE-DIMENSIONAL MODEL FOR DYNAMIC PORE PRESSURE BUILD-Up 

Consider a stratum of inelastic saturated sand, infmitely long in the horizontal 
direction, resting on a rigid nonsloping bedrock. Within the context of a two-phase 
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medium approach for isotropic materials, the volumetric constitutive equations 
of the confined sand may be formulated in differential form as (2) 

da = M(de - de") + Q(de F - de~) (la) 

(lb) 

in which a = a' - (I - n) Pw and a F = -npw are the stresses in the solid 
and fluid phases, respectively (a' = effective stress andp w = pore water pressure); 
M = the tangent constrained modulus of the solid skeleton; R = the bulk 
modulus of the fluid phase; and Q = a coupling coefficient that is given by 
(I - n)/ C w (11 = porosity and C w = compressibility of fluid). The terms de" 
and de~ represent incremental inelastic (irrecoverable) strains thAt depend on 
the process of loading to which the soil is subjected. In particular, for liquefaction 
phenomena de" represents the increment of densification of the sand due to 
the slip of grains and the subsequent rearrangement of particles into denser 
configurations. For simple shear conditions de" can be expressed as (8) 

" dK 
de = - --' C(K) = 1 + <XK ••••••••••••••••••• '.' ••• (2a) 

C(K) , 

q -
dK=F[J2(etj)ld~=-hlq 'ldOYI ..................... (2b) 

4 

in which K = densification measure; C(K) = densification-hardening function; 
~ = rearrangement measure; F = strain-softening function; J

2
(e,) = second 

invariant of the deviator of the strain tensor; oy = shear angle; ~d q and <X 

= material parameters that depend on the initial relative density of the sand. 
The endochronic shear stress-shear strain relationship for the solid skeleton 
(the fluid is assumed incapable of resisting shear strains) can be written as 
(3) 

" stj d, 
deij=-- ....................... (3) 

2G Z, 

in which G = shear modulus; sij = deviator of the stress tensor; etj = deviator 
of the strain tensor; < = inelastic shear strain; , = intrinsic time; and Z, 
= "relaxation" constant. For the special case of a one-dimensional simple shear 
stress, T, Eq. 3 becomes 

dT = G(doy - doy") = G (dOY - ~!!i) .................... (4) 
G Z, 

in which oy" = 2e72 = inelastic shear angle. Eqs. la, Ib, and 4 fully characterize 
the nonlinear behavior of a stratum of sand subjected to arbitrary loading 
conditions. Thus, the dynamic response of the layer can be determined if the 
previous equations are combined with the equations of motion for a porous 
medium infmitely long in the horizontal direction and saturated with a viscous 
fluid, namely (5) 

au a'u a2 u (au au) 
-=(P,+Pa)-2--Pa-2-+b --- -p,g ........... (Sa) ay at at at at 
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(5b) 

aT a2 
v 

-=(P'+P2)- .............. · .. · ............ (5c) 
ay at 2 

in which u and U = vertical displacements of the solid and the fluid, respectively; 
v designates the horizontal displacements (assumed to be equal for both phases 
throughout the entire history of motion); p, and P2 = the mass densities of 
the solid and fluid phases; g = the acceleration of gravity; and P. and b = 
the dynamic coupling parameters, termed apparent coupled mass density and 
flow resistance coefficient, respr.::tively. The liquefaction model is then given 
by Eqs. 4 and 5c for the deviatoric response and Eqs. la, Ib, 5a and 5b 
for the volumetric response. ~ 

If it is assumed that the vertical displacements of the grains and the water 
are equal everywhere within the mass (u = U), the total deformations of the 
solid, d~, and the fluid, d~ F' must be equal (because the volumetric strains 
are the divergences of the corresponding displacement fields), and no seepage 
occurs (this is true for a sufficiently short time period after load application). 
Moreover, if it can be further assumed that the total vertical stress remains 
constant with time-as occurs in the field when the overburden of a given 
soil element is constant (drr = -dcr F)-and the compressibility of the water 
is negligible relative to that of the skeleton, Eqs. I yield: 

d~" 
dp!, = - - . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6) 

Cd 

in which superscript g indicates "generated pore pressure"; and the coefficient 
Cd' termed the "densification compliance," is simply the drained confmed 
compressibility of the sand (2). Eq. 6 is the simplest equation that is able to 
characterize the pore-pressure increase due to densification in undrained sand; 
a similar relationship has been derived by others (14, 16) using a different approach. 

If drainage occurs during shaking, Eq. 6 does not give the actual pressures, 
because the seepage of water through the pores of the skeleton will reduce 
the rate of pore-pressure buildup. However, Eq. 6 still gives correct pressure 
increments for infinitely short time intervals. If all of the assumptions of Terzaghi' s 
simplified theory of consolidation (20) hold and if the inelastic strains have 
a negligible effect on the permeability and recovery stiffness, the distribution 
of pore water pressure at time t is controlled by (9) 

.... (7) 

in which k = the coefficient of permeability of the soil; and "Y w = the unit 
weight of water. Eq. 7 governs the redistribution of pore pressures that takes 
place in the deposit. Thus, the evaluation of the liquefaction susceptibility of 
a drained sand deposit leads to solving a problem of consolidation with internal 
pore-pressure generation. 
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ANALYTICAL ESTIMATES OF PORE PRESSURE 

If the problem can be simplified to one involving a homogeneous layer with 
constant recovery properties (Cd = constant), an analytical solution for the 
governing equation 

apw ipw op".., 
--=c --+--' 

ot • oy 2 ot' 
.............. (8) 

exists and can be found by superposition. Thus, if the excess pore pressure 
is uniform with depth and varies linearly with time, the solution of Eq. 8 for 

Ir{/:'::J 
~ 

(0) 

Free drainage boundary 

Impervious boundary 

Initial pore pressure distribution 

(b) (e) (d) 

FIG. 1.-Different Boundary and Initial Conditions for Discretized Sand Layer 

the boundary and initial conditions shown in Fig. lea) is obtained by applying 
the convolution integral (7) 

Pw(y,t)=p!,(O)A(y,t) + (' A(y,t_T)(OP"w) dT ........... (9) 
j 0 ot '_T 

in which p!, (0) = 0 and A (y, t) is the compliance function of the deposit: 

c 2(1 _ cos n'TT) . n'TTy (-n 2 'TT 2c.t ) 
A(y,t) = L sm--exp 2 •••••••••• (10) 

"_I n'TT 2H 4H 

that is, the excess pore pressure generated in the layer when acted upon by 
a value of p!, equal to unity. Specifically, for a linear increase in pore water 
pressure p!, = ~t. substitution of Eq. 10 into Eq. 9 and integration with respect 
to time gives 

p (v.t)=~i_I_(l-COSn'TT)Sinn'TTY [1_exp (-n
2

'TT:c.t)] 
w 'TT3 "_I n 3 2H 4H 

(11) 

whereas for an arbitrary monotonic increase of p"., with time, we obtain (for 
uniform and time-constant properties of the layer) 
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p~,(y,t) = L ReI (dp!,),_< ...................... (12) 
<_0 

in which the operation ReI ( ) indicates the relaxation for time t of a unit 
increment of the pore pressure generated at the instant t = T (obviously the 
function A(y,t) lacks meaning in this case, since the magnitude ofp!.(t) varies 
with position within the profIle] . 

For a top-draining stratum (Fig. I(b») , the initial values of the pore-pressure 
increments developed due to the densification of undrained sand are given by 

2 ~ [-ew(n+ 1)21T
2 t] . (2n+ 1)1T(H-y) 

dPw(H - y, t) = - £.J exp sm -------.:.... 
H .-0 4H2 2H 

r H • H . (2n + I) 1T (H - y) J 0 [dp w( - y)] ,-. sm 2'H dy ............... (13) 

while for a sealed stratum (Fig. Ie), we have 

Eqs. (13) and (14) are formally analogous to the solutions of the heat conduction 
equation for a bar of length H with one or two ends insulated, respectively, 
in which an infmitesimal distribution of initial temperature, dp!, (y). is prescribed 
at time t = or (6). Although these relations are only approximate because the 
convolution integral is replaced by a summation formula, they can deal with: 
(I) Redistribution effects (Eq. II can not); (2) any type of external boundary 
conditions; (3) arbitrary shapes of the initial isochrones; and (4) nonlinear histories 
of generated pore pressures. The present superposition method may be applied 
to a series of initial value problems; this constitutes a somewhat limited, but 
useful, alternative approach to the direct solution of the differential equation 
given by Eq. 7. 

FINITE ELEMENT SOLUTION 

The fmal step in the calculation is the step-by-step integration in time (AT 
= 0.01 sec) of the nonlinear differential equations that result from solving the 
deviatoric and (eventually) the volumetric responses. This was accomplished 
by using the implicit Newmark ~-method (with ~ = 0.25 and a = 0.5); for 
this particular nonlinear problem, this integration method is unconditionally stable 
and has no spurious damping (4). Various typical cases have been solved to 
evaluate the effect of different parameters in the mathematical model and their 
influence on field liquefaction. 

REVIEW OF FACTORS GOVERNING lJaUEFACTlON PHENOMENA 

Virtually all experimental investigations have confmned the fact that the 
resistance of a given sand to liquefaction is strongly influenced by its grain 
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size distribution, initial relative density, initial effective stress, amplitude of 
excitation, and duration of loading, but not significantly by its grain size or 
roundness or the mineralogical composition ofits particles (12,13,18). For field 
situations additional controlling factors are: (1) Shear resistance of overburden; 
(2) drainage; (3) compressibility of soil; (4) layer thickness; (5) characteristics 
of input motion; and (6) degree of dynamic coupling. The effects of these 
parameters have been studied using the present endochronic liquefaction model 
and the results have been compared with the findings of others to establish 

general trends. 
Effect of Shear Resistance of Overburden.-In analytical studies of liquefaction 

the water table is commonly regarded as a nondraining surface, and the overlying 
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FIG. 2.-Computed Accelerations and Development of Excess Pore Water Pressures 
in liquefying Layers Subjected to Cyclic Loading 

soil is assumed to be either completely dry (no capillary effects) or replaced 
by a rigid frictionless slab having the same weight as the dry soil. To examine 
the influence of this assumption within the framework of the endochronic 
liquefaction model, a 15-m deep layer of saturated Crystal Silica No. 20 sand 
with a relative density of 60% was subjected to harmonic loading. The dry 
unit weight of the sand was taken as 1.49 g/cm3

, and the water table was 
located 1.5 m below the ground surface. For purposes of calculation, the column 
of soil was divided into 10 equal intervals of 1.5 m each [n = 10 in Fig. 
I(d)] ; the bedrock underlying the deposit was assumed to be rigid and to accelerate 
sinusoidally in a horizontal direction with a frequency of 2 Hz and an amplitude 
of 0.0325 g. The acceleration histories for the liquefied elements and the pore 
pressure development up to initial liquefaction are shown in Figs. 2(a) and 
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2(b). The computed accelerations are seen to decrease slowly until they become 
very small (this is due to the inability of the soil to transmit shear waves after 
the onset of liquefaction) at times of 12.1 sec and 9.5 sec for the unsaturated 
and saturated proftles, respectively. Since undrained conditions are assumed 
in the calculations, this point is mathematically defined as that where the isochrone 
of the excess pore water pressure becomes tangent to the initial effective stress 
line. 

Two additional proftles were studied by using the same acceleration input 
and a water table depth three times larger (4.5 m) to evaluate the effect of 
replacing the dry soil cover by a dead weight. The computed results presented 
in Figs. 2(c) and 2(d) show that the amplification of the bedrock acceleration 
at the elevation of the water table is 25% greater for the case of the surcharge 
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FIG. 3.-Acceleration Re.pon.e and Effect of Soil Compre .. ibility on Liquefaction 
of Undrained Layer Subjected to Synthetic Accelerogram 

relative to the unsaturated proflle. In addition, the latter does not liquefy in 
20 sec, whereas the former reaches the liquefied state at a depth of about 
1l.2 m after 12.9 sec of cyclic loading. Thus, even in the absence of vertical 
inertial effects, the rigid slab approximation can only be accepted within a 
reasonable degree of accuracy for small values of the ratio of the water table 
depth to the thickness of the layer. In addition, the potential benefit of preloading 
the deposit to avoid liquefaction becomes evident by simply comparing Figs. 
2(a) and 2(b) with Figs. 2(c) and 2(d). 

Effect of Drainage.-By applying the superposition method (Eq. 9), Christian 
(7) concluded that, for all practical purposes., if the pore pressures are assumed 
to rise linearly during liquefaction, no simultaneous dissipation by consolidation 
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takes place in the layer unless very large transition times are considered. This 
conclusion seemingly contradicts the results computed from Eq. 7 (11), which 
indicate that the internal redistribution of pore pressures may significantly modify 
the actual shape of the isochrones relative to those for the undrained case. 
To clarify this point and interpret the importance of drainage in liquefaction, 
the case study shown in Fig. 3 was undertaken. The soil profile is composed 
of sand with D, = 45% and a dry unit weight of 1.45 kg/cm2. The base of 
the profile was subjected to the random acceleration function proposed by 
Parmelee et al. (17) scaled to give a maximum acceleration of the order of 
0.065 g: 

10 

ii b(l) = 8.91 exp (-0.3331) L cos (Wjl + w); 1 ~ O. . . . . . . . . . . . (15) 
,-I 

in which Wj and Wj = random circular frequencies and phase angles distributed 
uniformly in the intervals Land (0, 21T), respectively. The computed time history 
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AG. 4.-Effect of Permeability and External Drainage Conditions on Liquefaction 

of the surface acceleration and the pore-pressure incrilase in the stratum have 
been determined by assuming that undrained conditions (k = 0) prevail throughout 
the process. If, on the other hand, redistributions of the pore pressures and 
free drainage at the top of the layer are allowed to occur, the results shown 
in Figs. 4(a) and 4(b) are obtained, depending on the permeability of the sand. 
The generalized superposition procedure (Eq. 12) has been used for this purpose. 
In both cases it can be observed that drainage lowers the rate of pore-pressure 
increase in the deposit to the point that the sand does not liquefy at all under 
the given earthquake loading (the greater the coefficient of permeability, the 
greater the decrease). The maximum pore pressures in the layer occur at 5.4 
sec at a higher elevation than in the undrained profile; beyond this time, the 
earthquake motions are such that pore-pr.essure dissipation takes place faster 
than pore pressure generation, and the isochrones move away from the initial 
vertical- effective stress line. 
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If both sides of the deposit are impermeable, the internal redistribution of 
pore pressures still occurs, but external drainage is prevented. In this case, 
as shown in Figs: 4(c) and 4(d). the level of initial liquefaction is raised (practically 
to the top of the stratum) and the time to liquefaction is decreased (the greater 
the permeability, the sooner liquefaction occurs). In view of the excellent 
agreement between the foregoing results and similar data rep0rted by Finn et 
a1. (9), the reason for the contradictory conclusions deduced by Christian (7) 
may lie in the value of the coefficient of consolidation. The value adopted 
by Christian to support his arguments (c v = 1 em 2 / sec) is several orders of 
magnitude lower than the ones used in this study (c v = 7,000 em 21sec and 
70,000 cm2/sec). 

KffectofSoU CompressJhillty.-Thl": solid curves·in Fig. 3 represent the undrained 
pore-pressure distributions that develop at various times in the profIle, as 
calculated by using data reported ~y Ansal (l) for the constrained modulus 
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FIG. 5.-Liquefaction of Deep Layer 

of compressibility of saturated Crystal Silica No. 20 sand at a relative density 
of 45%. A direct comparison between these results and the ones obtained by 
utilizing values provided by others (14) demonstrates that the prodictions of 
liquefaction given by this model are very sensitive to variations in the densification 
compliance. As pointed out by Seed (19), this vulnerability of analytical methods 
demands caution in their practical application until the development of good 
laboratory techniques permits a reliable determination of all the material parame
ters involved. 

Effect of Layer Thkkness.-To investigate the effect of layer thickness on 
liquefaction susceptibility, a 6()..m deep layer of undrained sand with a relative 
density that increases with depth was analyzed. Prome F was discretil:ed into 
27 f"mite elements of various lengths 'and subjected to the same artificial 
accelerogram considered in the preceding section (Eq. 16); Fig. 5 shows that 
the sand located at a depth of, 1l.2 m reached initial liquefaction after 8.7 
sec, whereas Finn et al. (9), using the so-called' Masing model, have reported 
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that liquefaction is imminent at a depth of 4.6 m after 8 sec. Thus, the agreement 
between the predictions of these two inelastic models is excellent, and equally 
important, these results demonstrate that liquefaction is a phenomenon which 
occurs primarily at shallow depths (generally less than about 15 m) where the 
confming pressure is small (10). 

Effect of Loading Characteristics.-In principle, the form, frequency, and 
amplitude of the input motion can affect the liquefaction susceptibility of a 
sand layer. To evaluate these effects independently a number ofloading situations 
involving profIle A have been analyzed. The calculations show (Fig. 6) that, 
if the amplitude (0.065 g) and frequency (2 Hz) of the input motion is held 
constant, rectangular waves cause the soil to liquefy sooner than either triangular 
or sinusoidal waves; this result has been obtained in the laboratory hoy several 
researchers (12,15). In addition, doubling the amplitude of the sine waves 
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FIG. 6.-Effect of Wive Form Ind Mlximum Acceleration on Development of Excess 
Pore Wlter Pressure 

drastically shortens the time to liquefaction, the reduction being as much as 
70%, depending on the maximum acceleration (Fig. 6). 

While these results involve periodic loadings of constant amplitude, a quite 
different pattern of behavior is obtained for time-varying amplitudes. To investi
gate the effect of the input motion sequence on liquefaction three different 
sinusoidal accelerations, all with a frequency of 2 Hz, were applied to prome 
A. These accelerations were: (1) Linearly decaying; (2) linearly increasing; and 
(3) random. The maximum amplitude of the oscillation used in the flrst and 
third inputs was chosen as the amplitude of the sine curve with f = 2 Hz 
such that it covered the same area above the positive time axis as the decaying 
sine curve up to 12.1 sec (time to initial liquefaction of prome A; see Fig. 
6). The development of pore pressures in the undrained layer is described in 
Fig. 7, where the times to liquefaction are found to be 5.9 sec, 8.6 sec, and 
9.6 sec, respectively. When the pore pressure histories for the liquefled elements 
in these three cases are plotted in the same diagram, as done in Fig. 8(0), 
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the relative position of the cycles of base acceleration in a nonuniform cycle 
sequence conditions the shape of the liquefaction curves in the elements that 
liquefy. The same trend has been found, both theoretically (14) and experimentally 
(II), for the effect of nonuniform shear stress cycles on the excess pore pressure 
buildup in a specimen of saturated sand (Fig. 8). 

Thus, it may be concluded that, for fixed-frequency accelerations, the shape 
and amplitude of the waves, as well as the time-sequence, affect the onset 
of liquefaction. To establish whether or not the same trends apply to frequency, 
a parametric study has been conducted with four different time histories of 
sine wave accelerations, all with the same amplitude (0.0325 g), applied to profile 
A. The distribution of periods with time and the dynamic isochrones calculated 
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for up to 17 sec of shaking are given in Fig. 9. The computed results seem 
to indicate that, for narrow band excitations beyond the range of I Hz to 2 
Hz, the deposit is quite insensitive to liquefaction (this range may vary with 
'the relative density of the sand and the depth of the deposit). Oil physical 
grounds it may be expected that inputs having a broad band of decaying frequencies 
(F) will be more dangerous for a stiffness-degrading material (such as sand) 
than frequency increasing ones (E), because the progressive softening of the 
material malces it "tune up" with the tail of the long-period waves arriving 
at the end of the loading. However, the predictions of the model confmn this 
behavioro1¥Y in qualitative trends because, although a higher rate of pore pressure 
increase j.s 'observed for the sequence of decaying frequencies, liquefaction is 
not achieved in either case after 17 sec of shaking. 
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Effect of Dynamic Coupling.-Thus far it has been assumed that, since total 
stresses do not vary with time, Terzaghi's equation of consolidation adequately 
models the reiaxation of pore pressures that occurs simultaneous with the 
generation process. However, when vertical inertial effects act on the ~a~d 
deposit, Eq. 7 no longer applies, and the more general framework of BlOt s 
theory of poroelasticity (Eqs. 1 and 5) must be used to obtain the J?ore p~essure 
response of the stratum. This situation is depicted in Fig. 10, m which the 
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north-south and vertical components of the EI Centro accelerogram of May 
18 1940 scaled to a maximum acceleration of 0.1 g, have been applied to 
a ~oil coiumn composed of nine 1.5-m fmite elements whose relative' densities 
vary with depth in an arbitrary fashion: Sinc~ the shear beam mode~ does not 
account for dilatational waves, a one-dlDlcnslonaI ~wo-phase profIle lsnetded. 
Although the propagation of compression waves IS not really expected to be 
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elastic, any more complicated assumption is unjustified because of the lack 
of data on the dynamic stress-strain relationship in the vertical direction and 
the inelastic densification of the Crystal Silica sand by pressure waves. 

To analyze the influence of different sources of dynamic coupling, two 
hypothetical situations are considered. First, it is assumed that the vertical motions 
of the solid and fluid are perfectly coupled (u = U); thus, by summing Eqs. 
la and lb, the volumetric constitutive equation for the undrained soil becomes 
do-, = do- + do- F = (M + 2Q + R) df.<I, and only inertial coupling (due to 
the apparent mass) is taken into account. In this case liquefaction starts at 
the base of the deposit (Fig. 10) at 5.8 sec. The curve depicting the pore pressure 
increase in the liquefied element shows an overall monotonic tendency (due 
to the deviatoric strains) with some superimposed alternating stresses (traction 
and compression) that emanate from the vertical motions of the column. 

On the other hand, Fig. II portrays for profUe G the situation in which 
only a partial vertical coupling (due to flow resistance) exists and the two phases 
do not move together vertically. In this case the effect of viscous damping 
on the vertical motions (due to the elastic wave propagation, not consolidation) 
is considered in addition to inertia. The accelerations show that the vertical 
motions in the solid and fluid phases are approximately the same throughout 
the proflle, the amplification being on the order of 1.3 and 5 for the horizontal 
and vertical accelerations, respectively, at a depth of 1.5 m below the surface. 
Also, as a result of the vertical vibration, the dynamic pore water pressure 
and the total stress (dermed at each instant as the sum of the vertical stresses 
0- and 0- F) merely oscillate around their static values, so that the layer is far 
from liquefying at 15 sec. Thus, it is conceivable that, in the case of partial 
vertical coupling, the liquefaction behavior of the stratum is governed entirely 
by the elastic pressure waves to the extent that no apparent pore pressure 
buildup due to inelastic densification can be identified. This fact may be of 
importance in the case of liquefaction by the action of surface (Rayleigh) waves, 
where horizontal and vertical motions of the soil particles take place simulta
neously. 

Co"CLUSIONS 

A rmite element procedure has been developed to determine the liquefaction 
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response of a saturated sand deposit subjected to vertically propagating plane 
waves at its base. The method'takes into account the inelastic deviatoric 
stress-strain relation and the densification characteristics of the sand. Pore 
pressures are calculated from the volume changes by treating the sand as an 
inelastic two-phase medium. Analytical estimates of the pore pressure buildup, 
determined from consolidation theory, are also utilized. Based on the results 
obtained from a parameter study of site-dependent factors that influence liquefac
tion, the following conclusions may be advanced: 

I. If the unsaturated portion of the soil above the water table is replaced 
by an equivalent surcharge, the results become more critical as the depth of 
the water table increases; if the propagation of the shear waves within the 
unsaturated soil is not consider ~d, the time and depth of initial liquefaction 
are underestimated and overestimated, respectively. 

2. The redistribution of pore pfoessures due to internal and external seepage 
conditions raises the zone of liquefaction and influences significantly the 
liquefaction susceptibility of soil layers; if drainage at the upper bovndary is 
not prevented, the time to liquefaction increases with an increase in the coefficient 
of permeability, whereas the opposite is found in a stratum that is undrained 
at the top. 

3. Only the upper part of deep layers is capable of liquefying; the looser 
the sand, the greater its tendency to liquefy. 

4. Rectangular acceleration waves produce liquefaction sooner than either 
triangular or sinusoidal waves; the susceptibility to liquefaction diminishes 
drastically as the amplitude of the waves decreases and the initial effective 
conf'ming pressure increases, becoming essentially negligible for frequencies 
beyond some characteristic band for each deposit. 

S. The time rates of pore pressure increases in the liquefied elements are 
intricately related to the position of the peak in the specified loading sequence; 
if the peak is located near the end of the bedrock acceleration record, the 
curve of pore pressure increases with time appears to be convex with respect 
to the positive time axis, whereas a concave curve is obtained for a load history 
where the peak occurs near the beginning. 

6. Pore pressure distributions that develop at various times in the deposit 
are very sensitive to the value of the constrained elastic modulus of the sand. 

7. The degree of coupling between vertical motions of the solid and fluid 
has a profound effect on liquefaction incases where vertical and horizontal 
accelerations act simultaneously. 
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ApPENDIX II.-NoTATION 

The follOWing symbols are used in this paper: 
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compliance function; 
flow resistance coefficient; 
densification compliance; 
compressibility of water; 
densification-hardening function (Eq. [2aJ); 
coefficient of consolidation; 
relative density; 
deviator of strain tensor; 
deviator of inelastic strain tensor; 
strain-softening function (Eq. (2b]); 
shear modulus; 
acceleration of gravity; 
thickness of deposit· 
coefficient of permeability; 
volumetric (tangent) alastic moduli; 
porosity; 
pore water pressure; 
excess pore pressure generated in undrained conditions; 
deviator of stress tensor; 
time; 
vertical displacements in solid and fluid phases; 
vertical and horizontal bedrock accelerations; 
constant in Eqs. 3 and 4; 
parameters of Newmark operator; 
shear angle; 
inelastic shear angle; 
unit weight of water; 
volumetric strains of solid and fluid phases; 
inelastic strains in solid and fluid phases; 
volumetric elastic strain of solid phase; 
densification measure (Eq. [2a]); 
rearrangement measure (Eq. [2b]); 
apparent mass density; 
mass densities in solid and fluid phases; 
volumetric stresses in solid and fluid phases; 
effective stress; 
stress tensor; 
total stress (CT + CT F); 
engineering shear stress; 
time variable; 
circular frequency (Eq. 15); and 
phase angle (Eq. 15). 
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