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INTRODUCTION 

Triaxial constitutive relations continue to pose the greatest challenge of 
continuum mechanics, and this is especially true of concrete. While for uniaxial 
behavior all theories are equivalent, diverse theories are possible for the triaxial 
behavior. They are basically of two types: 

I. The incremental theories, which include the incrementally linear ones, such 
as classical incremental plasticity (1,2,14,15,20,47), the direct hypoelastic ap
proach (6), and the recent plastic-fracturing theory (II), as well as the incremen
tally nonlinear ones, which are represented by the endochronic theory (7,9,10). 

2. The total strain theory [known in metal plasticity as the deformation theory 
(18,23)] , in which one postulates the existence of an algebraic relationship between 
the total strains and stresses rather than their increments. 

It is the latter type which will be the objective of this study. 
The fact that the total stress-strain relations are defined by algebraic rather 

than differential or integral equations is one obvious and generally accepted 
advantage. This makes the formulation conceptually much simpler, and more 
direct, and more easily understandable. For this reason, this approach has been 
popular and various useful models have been developed, first with elastic v<?lume 
changes (43,44,46,48) and later with inelastic volume changes (13,28,29,31,36,37). 
We will see, however, that the aforementioned advantage does not imply greater 
simplicity of structural analysis if the nonlinear algebraic relationship between 
strains and stresses cannot be put into an explicit form. The explicitness must 
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indeed be abandoned if we want to model, as we do, a broad range of behavior 
of concrete, especially the strain-softening and the inelastic volume change. 
To be able to use the nonexplicit formulation in structural analysis, we must 
first differentiate it, getting an incremental (incrementally linear) form which 
we then treat in the same manner as an incremental plastic constitutive relation. 
On the other hand, if we would stick to explicitness, it seems we could never 
describe the behavior of concrete quite realistically. 

The total stress-strain formulation has other, not so widely appreciated, 
advantages. Namely, for a load increment "to the side," i.e., a load increment 
that follows a proportional loading path in the stress space and is normal to 
this path, the total stress-strain formulation gives an inelastic response with 
an incremental modulus equal to the secant modulus, whereas the incrementally 
linear theories such as the incremental plasticity theory give, for a load increment 
to the side, a perfectly elastic response, i.e., a response with an incremental 
modulus equal to the initial tangent modulus at zero load. This is a questionable 
feature of the incremental plasticity; for concrete, this response is always inelastic, 
i.e., softer than elastic, and this seems to be true of many inelastic materials 
(5,8,27,41). The recent incremental theories such as the plastic-fracturing theory 
and the endochronic theory do give an inelastic response for the first loading 
to the side. However, they are conceptually not as simple as the total stress-strain 
relation. Moreover, there are good theoretical reasons to believe that the 
incremental modulus indicated for loading to the side by the total stress-strain 
theory is the correct one (12,16,22,26). This is important for predictions of 
failure due to material instability, which often involve a loading path to the 
side. 

By contrast, the total stress-strain relation cannot be correct for generally 
non proportional loading paths other than the first load increment to the side 
(21). This is because this formulation predicts a path-independent response, 
while in reality the response is known to be strongly path-dependent. We will 
therefore also attempt to generalize the total stress-strain relation so as to make 
it path-dependent. 

Compared to the existing total stress-strain relations (13,28,29,31,36,37), we 
will aim to cover a much broader range of the behavior of concrete, especially 
the stress peak and the subsequent strain-softening, inelastic dilatancy, inelastic 
compaction, and pressure sensitivity. However, only monotonic loading will 
be considered. 

GENERAL TOTAL STRESS-STRAIN RELATION FOR ISOTROPIC MATERIAL 

We assume the stress-strain relation to consist of an algebraic tensorial equation 
involving stress tensor a ij and strain tensor Eij , i.e. ,/'ia km' E kn,) = O. Restricting 
attention to monotonic loading, we may assume, in accordance with experience, 
that a single tensor a ij corresponds to a given E ij , i.e.: 

a ij = Fij(E km ) .................................. (I) 

in which Fij is a continuous and smooth tensorial function. Note that it is 
not possible to assume that Eij = Fiiakm) because two values of Eij exist for 
a given a ij if the stress-diagram exhibits a peak and a decline of stress at 
increasing strain (strain-softening). Also note that the diagrams of a II versus 
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E kk , in uniaxial and triaxial tests, which exhibit two 0"11 values for a given 
40 kk' do not violate Eq. 1 becaus~ the values of individual strain components, 
E,j , are different for these two 0" II values. 

To satisfy the invariance requirements for isotropic materials, Eq. 1. must 
split into one tensorial relation (with scalar coefficients) between deviatoric 
tensors, and one scalar relation involving traces of tensors. Following Prager 
(39) and Rivlin (40), we may invoke the Cayley-Hamilton theorem of matrix 
theory, which states that the cubic-order and higher-order powers of a (3 x 
3) matrix (or tensor) can be expressed as linear combinations of the first and 
second powers of the matrix (tensor). Therefore, the stress-strain relation may 
involve at most quadratic tensor terms in Eij" SO, the most general possible 
algebraic stress-strain relation for monotonic loading can be written in the form: 

0"= 3KE . (2) 

1 1 
in which !.j = e,ke kj - 3" ekmekm~'j = E,k Ekj - 3" Ekm Ekm OJ) . . . . . (3) 

Here, G, K, M are functions of the stress and strain invariants, G and K 
representing the secant shear and bulk moduli; S Ii = 0" Ii - ° ij 0"; e I) = 40 Ii -
O'jE = deviators of stress and strain; oij = Kronecker's delta; 0" = O"u/3; 
40 = Ekk/3 = volumetric (mean) stress and strain; subscripts of tensors refer 
to cartesian coordinates x,(i = 1, 2, 3) and repetition of subscripts implies 
the summation rule; and!.j = deviator of the quadratic tensor E'k Ekj" In principal 
strains (40 1 ,40 2 ,40 3 ), we have III = (2e~-E~-Ei)/3 with/22,/33 ensuing by 
cyclic permutation of indices. 

Because e l2 = e23 = e31 = 0 implies that 112 = 123 = 131 = 0 and Eq. 2 
then indicates that S 12 = S 23 = S 31 = 0, we see that the principal directions 
of 0" Ij and 40 Ij coincide. This is a rather significant limitation of the isotropic 
total stress-strain relations in general. It is well known, e.g., that if the principal 
stress axes rotate the stress and strains tensors for an inelastic initially isotropic 
material are generally not coaxial, and incremental theories such as plasticity 
(e.g., von Mises plasticity or plastic-fracturing theory) exhibit this effect. But 
without path-dependence this effect cannot be modeled. 

Note that Eq. 1 brings about a great simplification compared to the relation 
!.j(O"km,E km ) = O. For that relation, the Cayley-Hamilton theorem permits also 
the quadratic tensor 0" Ik 0" kj as well as mixed terms such as 0" Ik 40 kj' 0" Ik 40 km 40 mj , 
O"lkEkmO"mpEpi' etc. All these terms may be omitted on the basis of Eq. 1. 

A quadratic deviatoric tensor analogous to !.j' namely t Ij = 0" Ik 0" kj -
O"kmO"km0ij/3 was used by Prager (39) in a total strain theory for small strains 
of isotropic metals, which do not exhibit strain-softening. He showed that a 
relation analogous to Eq. 2, but with t Ij instead of !.i and with purely elastic 
volume change, was the most general possible. Our simplification of the 
stress-strain relation on the basis of isotropy is similar to that first made by 
Rivlin (40) and others (17). 

Due to the fact that K, G, and M are general functions of stress and strain 
invariants, terms such as Ekke ,j , O"ue'j' ekm ekme1j , etc. are implied by Eq. 
2. 

For the sake of simplicity, and because of the lack of requisite test data, 
we will assume in the following that M = O. Eq. 2 with M = 0, in which 
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both K and G are functions of either stress invariants or strain invariants, 
was apparently first proposed by Newmark (35). 

Squaring EQ. 2 (for M = 0) we have s,jsij - 2 Ge,je,j or T = 2G,,( in which 
T = (sij S,j/2) 1/2 = vi J2 = stress intensity, and"( = (e ,j e,j /2) 1/2 = .../"J; = strain 
intensity (where J 2 and J; are the second invariants of the deviators of 0" Ij 
and 40 , ): Since G and K depend on stress and strain invariants we may set 
(2G)-i = (2GO)-1 + "("/T in which Go = initial shear modulus (a constant); 
and "(" = function of stress and strain invariants. Eq. 2 (for M = 0) and the 
secant relation "( = T/2G which follows from Eq. 2 may then be written as 

Sij " 

e'j = 2G
o 

+ e'j; 
II Sij " (4 e
'j 

= --y ......................... ) 
T 

T " and -y = -- + -y 
2G o 

........ (5) 

in which e; represents the deviator of inelastic strains E:~. By squaring the 
. ~" d h " ("" / 2) 1/2 I d' th' 't' I b lk expression for e Ij we fin t at -y = e Ij e ij • ntro ucmg e mila u 

modulus K o' we may also rewrite the relation 40 = 0"/3K (Eq. 2) in the form 

0" " 40=--+40 ................... (6) 
3Ko 

in which 40" = volumetric inelastic strain. 

CONSTITUTIVE RELATION REPRESENTING PROPORTIONAL TEST DATA 

Based on the main trends observed in experiments as well as intuitive 
understanding of inelastic microstructural phenomena, the inelastic strains may 
be expected to be essentially functions of the form 

E"=A+A'; A=/I(-y,O",T); A' =12(0"); -y"=/o(-y,O",T) ......... (7) 

whose purpose and form we will now analyze. The deviatoric inelastic strain 
is produced chiefly by microcracking which corresponds to distortion. The main 
influencing factor in -y" must be -y rather than T because during strain-softening, 
-y" increases while T decreases. So, function 10 must increase with -y, and it 
must also increase with T, although this is a secondary factor. The effect of 
hydrostatic pressure p = -0" is to reduce inelastic deviatoric strains, and so 
function 10 must decrease withp. 

In the inelastic volumetric behavior, two distinct phenomena may be distin
guished: The dilatancy, A, which is prominent when the ratio of shear strain 
magnitude to hydrostatic pressure is high as, e.g., in the post-peak uniaxial 
response, and the compaction, A', which is produced by hydrostatic pressure 
as long as its ratio to the shear strain magnitude is sufficiently large and as 
long as the hydrostatic pressure is not too large so as to lead to closing of 
pores. The dilatancy originates from microcracking caused by shear strain, and 
the compaction originates chiefly from collapse of the pores due to hydrostatic 
pressure. 

Function II for dilatancy must vanish when -y = 0 and must grow with -y 
until a certain limiting possible dilatancy value is approached. Since the micro-
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cracks get closed under hydrostatic pressure, function I, must decrease with 
p. The rise of function I, for dilatancy must not begin until the peak point 
of the response diagram is approached, as indicated by tests. In pure hydrostatic 
loading (20), compaction does not begin until the pressure reaches about 0.4 
I; (where I: = standard uniaxial strength), and it ends when p exceeds about 
5 I; for which most large pores have already been closed. At still higher p, 
the volumetric response stiffens again (see Fig. 1). 

Guided by considerations of the preceding type, expressions for ~" and "I" 

were selected and they were then successively refined as needed for fitting 
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FIG. 1.-Fit of Hydrostatic Loading 

test data. The following expressions which give good fits of available test data 
have been identified: 

'Y 
q = - .................. (8) 

"Ip 
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E" = A + A'; 

pk 
A' = - (l + h4F2(l- h s F2)](h 2P+ h 3)-k--

P + h6 

p 
P= - ........ (9) 

V31131 
F)=----

9T3 

Po 

(10) 

in ~hichp = -u = -Uu/3; 13 = Det (U'j) = UIU2 U3; a" ... , a6, hI' ... , 
h 8' a, ... , d, k, m, n; and "10' and Po = material parameters given in the 
sequel. We now explain the purpose of the basic features of these expressions. 

Variable, 'Y, which characterizes the magnitude of shear strain is monotonically 
increasing if the loading is monotonic. The expressions for 'Y" and A are chosen 
so that the effect of 'Y diminishes as p increases. However, 'Y" is not taken 
to be inversely proportional to p since this would make 'Y" decrease as the 
peak stress in uniaxial or standard triaxial loading is approached, which would 
disagree with experimental observations. Variable A' which represents inelastic 
compaction due to the hydrostatic component of the stresses, is nonzero for 
pure hydrostatic loading, while dilatancy, A, due to shear in this case vanishes . 
It is for this reason that A' depends chiefly on p. It also depends, although 
mildly, on T and 13 which is described by nondimensional functions F2 , F3 , 

and F4 ; T is used in F2 in order to express the weakening when T is large 
compared to p. The third stress invariant, 13 , has a similar effect as p3 but 
differs by the fact that it vanishes for uniaxial and biaxial tests. This is useful 
to adjust their relation to triaxial tests, which is why 13 is used in F3 • Variable 
"I p represents the value of 'Y at the peak stress. It is proportional to 1/ F2 and 
F3 so that 'Y p would increase as the hydrostatic pressure increases. Variables 
"I p' r, and n control the position of the peak, the magnitude of the peak stress, 
and the slope of the descending portion of the curve. 

Since there exists no complete data set for one concrete, it has been impossible 
to determine the material parameters from the data for one concrete. So, it 
is necessary to introduce some parameters which characterize the type of concrete 
used in various tests. For simplicity, solely the standard uniaxial compressive 
strength, I;, has been chosen for this purpose. Other possible parameters, 
such as the mix ratio, elastic constants, and type of the aggregate, etc., are 
not taken into account because of limited amount of available data. Only a 
few material parameters are considered as functions of I;, and the following 
values of the parameters have been determined for the best fit of the experimental 
data for standard weight and normal strength concretes: 

(
I' )0.S278 

'Yo = 1.715 X 10-3
; Po = 107.6 ~ a l = 14.15; a 2 = 10; 

pSI 

. r: "10 Go 
a =4v 3---3' 

6 f;' 
a 3 = 20.71; a 4 = 8.272; as = 56.62; 
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(f~ )-0.8409 
h2 = 5.819 -. ; h) = 0.005886; 

pSI I 

h, = 0.5; hs = 0.95; 

h6 = 1.841; h7 = 18.01; h g = 0.004811; a = 3.022; h = 2.773, 

c=0.I5; d=8.873; k=3; m=2; n=3 ............... (II) 

in which psi = 6.895 KN/m2. Furthermore, the initial Young's modulus is 
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also taken as a function of f ~, and the following expression has been determined: 

Eo=(1.09psi+2.30x lO- sf'c)(57,000vJi:)(psi)-'/2 ........... (12) 

This expression represents a slight modification of the American Concrete Institute 
(ACI) formula' (see Fig. 2). It must be kept in mind, however, that Eq. 12 
is a crude approximation of limited applicability because it is known, e.g., that 
;oncretes of different mixes but equal strengths can have rather different values 
)f Eo (32). The fact that the elastic modulus is influenced by the strain rate 
is also neglected in the present model. 
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Fits of characteristic test data for proportional loading are shown by the 
solid lines in Figs. 1,3-8. We see that a reasonable agreement has been aC.hiev.ed. 
The practical procedure to identify the functions which give the cu.,-ves m ~Igs. 
1-8 has been simplified by two advantages of the total stress-stram relations, 
which are as follows. 

One advantage is that some response curves can be described by explicit 
algebraic functions. The total stress-strain model of the response curves under 
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pure hydrostatic pressure is given by a single algebraic expression, obtained 
by substituting T = 'Y = ° in Eq. 9: 

u pk_U 

E = -- - (h 2 P + h) k ; P = - ................. (13) 
3Ko P + h6 Po 

So this expression can be determined independently by a simple fitting of 
one hydrostatic response curve. The bracketed term involving functions F2 in 
Eq. 9 is then determined as the adjustment that must be mad~ to this ~urve 
(Eq. 13) to obtain E for the states at T /: 0. After the expressIOns for A are 
thus determined separately, the curve of A versus 'Y may then be plotted. By 
fitting these curves, the expression for A in Eq. 9 and function Fs have been 
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obtained. The function giving -y" has been chosen similar to Saenz' expression 
(42) for the uniaxial stress-strain curve, based on the assumption that in a uniaxial 
test, the variables, T and -y, increase roughly proportionally to a II and Ell' 
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The second advantage of the present theory, compared to incremental theories 
such as the plastic-fracturing theory or the endochronic theory is that it is 
possible to obtain algebraic expressions for the failure envelopes, such as those 
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shown in Figs. 7(a) and 8. Eqs. 5 and 8 yield 

(n - l)q 
T = 2 Go "Yp------- ........................ . 

qn + rq + n - I 
(14) 

and noting that -y = -y p (or q = I) gives iJ T / iJ q = 0, we see that -y p IS the 
strain at peak stress, T = T p' Substituting q = I we get 



EM6 TOTAL STRAIN THEORY 1161 

n-I 
Tp==2Go"'lp-- ............................ (15) 

n+r 

If we use the principal stress components, set 0- 2 / 0- I == k 2 and 0- 3/0- I = k 3' 

and use the expression for the second deviator invariant to express T p' we 
get 

(16) 

(17) 

and 0- I represents the value of 0- 1 at the peak stress state. Substituting Eq. 
15 intoPEq. 16 we finally obtain 

2 Go n - I 
-0- = --"'I 

Ip q,(k2 ,k3) n + r p 
,"' . ............ . .... (18) 

which gives the stress at the points of the failure envelope as a function of 
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ratios k2 and k 3. Fitting Eq. 16 to the failure data [Figs. 7(a) and 8), the 
functions that define "'I and r in Eq. 8 have been determined. 

A similar procedur/ was used to determine from Eq. 6 and Eqs. 8 and 9 
the equation for A and A' at the points of the failure envelope, which was 
exploited for determining the functions for A and A' given in Eqs. 9 and 10. 
The possibility of obtaining algebraic expressions for the failure states considera
bly facilitates fitting of the test data with the total strain theory. 
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For the final tuning of the fits of the stress-strain diagrams in Figs. 1-8, 
a computer program that solves the stress-strain relations and automatically 
plots the response curves was written. By trying various adjustments of the 
functions obtained by direct analysis of certain response curves and failure 
envelopes, and by optimizing the material parameters, the expressions in Eqs. 
8-10 have finally been obtained. 

One approach for solving the stress-strain relations in the program is to 
differentiate them to get incremental stress-strain relations and then integrate 
those using small loading steps. This is, however, inconvenient when the 
expressions for material functions such as "'I" and f." are not yet known because 
the analytical expressions for the derivatives needed for the incremental stress
strain relations are different for various choices of functions. Therefore, a 
different approach was used in the computer program. The prescribed stresses 
or displacements have been increased in small loading steps and the response 
for the end of the step was determined directly from the total stress-strain 
relations by iterations, in which the values of "'I" and f." in Eqs. 5 and 6 were 
evaluated on the basis of the previous iteration (and in the first iteration on 
the basis of the previous loading step). Taking small enough loading steps this 
process converged satisfactorily. It should be also noted that at least one strain 
variable was prescribed instead of a stress variable; e.g., E I was prescribed 
instead of 0- 1 in the uniaxial test. This appears to be necessary to achieve 
convergence near and beyond the peak stress point. 

Using the foregoing expressions for "'I" and E", one can calculate the secant 
moduli as follows 

2"'1" 
-==-+--; 
G Go T 

I I 3E" 
-=-+- ..................... (19) 
K Ko 0-

Since E" may reach, due to dilatancy A, large positive values while 0- is negative 
(compression), the value of 1/ K changes from positive to negative when the 
deviator strains are large. This is manifested by the fact that the volume change 
diagrams in Figs. 5, 6, and 7 cross to the left of the stress axis. At this crossing 
K approaches +00, jumps to -00 and then decreases into finite negative values. 
The previous total stress-strain models have stopped short of this behavior 
and were limited to positive finite K. It was for this reason why they were 
unable to model the inelastic dilatancy and had to be limited to states well 
before the peak stress point (failure) is reached. 

The deformation due to pure hydrostatic stress (i.e., at T = "'I == 0, 13 = 

0- 3) may be described by E == 0- / 3 K I in which 

I 3E/~ 
-==-+--
K, Ko 0-

... (20) 

Here E~ is the expression for E" obtained from Eq. 9 substituting T == "'I = ° and 13 = 0-
3

; and K 1 is the secant modulus for pure hydrostatic stress. 
In the previous total stress-strain models, K 1 was used to describe the volume 
change in general, which of course neglects the significant effect of T (or "'I) 

upon K. To correct this deficiency, Kupfer and Gerstle (31) proposed to write 
the volumetric strain under a general stress state in the form 
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. (21) 

and called H the coupling modulus, with To = v'2/3 T being the octahedral 
shear stress. Our formulation of course includes this coupling effect and H 
may be calculated from Eqs. 9-10 as follows: 

~= {{ ~[~(_I __ 1) +EII] ................... (22) 
H 3 T 3 Ko K\ 

It should be realized, however, that the coupling modulus represents only one 
correction to K \. Further corrections are necessary to take into account the 
effects of '" and I). In the same spirit, one could define a coupling modulus 
between E and 1~/3, or between", and a. For this reason we prefer to express 
all inelastic behavior in terms of E" and "," or K and G and avoid introducing 
further coupling moduli. 

PATH-DEPENDENT GENERALIZATION 

In standard triaxial tests, the hydrostatic pressure is applied first and the 
axial stress is increased subsequently while the lateral stress is kept constant 
[Fig. 9(a»). This stress path appears to produce stiffer response and less damage 
in a concrete specimen than the proportional triaxial loading test. This is because 
the hydrostatic pressure applied at first prevents the growth of microcracks 
due to shear, particularly in the early stage of the axial loading which follows 
the hydrostatic loading. This trend is only partially offset by the fact that the 
hydrostatic loading itself also causes some collapse of microstructure in concrete 
[(20) Fig. I]. 

The experimental information on the differences in response between standard 
triaxial tests and proportional triaxial tests (carried out on cubic specimens) 
is not quite consistent. In a recent private communication (1979), H. Aschl 
of Munich indicates that in his tests there is only a small difference between 
these peak stresses. On the other hand, comparison of his proportional tests 
with standard triaxial tests of some others reveals a very large difference. This 
is shown in Fig. 9(b), in which a comparison between the peak stress values 
(strength) obtained for these loading paths is made using the limited data available 
in the literature. Despite the scatter, it appears that there exists a significant 
systematic difference between the two loading paths. Consequently, the present 
model cannot be expected to give good predictions for a general nonproportional 
loading path, including the standard triaxial loading path, even though it probably 
would give the correct incremental stiffness for the first nonproportionalloading 
increment, i.e., the increment to the side mentioned before. In fact, when the 
present model was applied to a non proportional loading path, the deviation 
of the peak stress predicted by the model and that of test data was normally 
about 10%, and in some cases, up to 40%. 

The basic philosophy in developing any refined theory of constitutive behavior 
is to begin with a simple model describing well some basic broad class of response 
and to adjust then the model by additional terms. In plasticity, e.g., the underlying 
simple concept is that of the loading surface and the normality rule. We refine 
it then by violating the normality rule, e.g., by introducing vertex hardening. 
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In endochronic theory, the underlying simple concept is the intrinsic time and 
the lac~ of u.nlo~ding criteria, and improvement is then obtained by introducing 
unloadmg cntena. We may regard our theory in the same light. The fact that 
the stress-strain relation is algebraic is the underlying simple form, and we 

:g (I) Standard Tri axial Loading 

cu (2) Proportional Triaxial Loading ~ 
(a) 

Failure Envelope 

(I) 

( I ) - 00 tan-V2 

o 
Octahedral Normal Stress -OOct 

7 Standard Triaxial f ~ (psi) '" 
'" Balmer (1949) 3570 
o Mills (1967) 3340 

6 x Green, et a1.(1973) 7020 
o Hobbs (1974) 6300 

, u - " Kotsovos,et a1.(1979) 9000 "-

tf 5 --- Present Model 4500 

:: Proportional Triaxial f~ (psi) 
co • Aschl et 01.(1976) 4500 c: 
Q) 

- Present Model '" ... 4 4500 ii> 
• Q) 

15 
'1 

E - 3 
:3 '" 

'1 

D_~ __ -2 

x (b) 

a 0.05 0.10 0.15 0.20 

Lateral Stress (0;;) / Max.Axial Stress (o;p) 

FIG. 9.-Standard Triaxial Loading and Proportional Triaxial Loading: (a) Stress Paths; 
(b) Comparison of Ultimate Strength 

will now consider necessary refinement to represent the response for nonpropor
tionalloading paths. 

The proportional loading paths are defined by the relations ds .. = s .. d K and 
• • IJ IJ 

da = adK m which dK = a common scalar parameter. Thus, we see that 
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deviations from the proportional path are measured by the terms, dS ij - sijdK, 

and da - adK, which vanish for,proportional loading path. Therefore, the 
additional deviatoric and volumetric inelastic strains due to the non proportionality 
of loading may be considered in the form: 

.. (23) 

Squaring the relation ds ij = S ij d K, we get ds ij ds ij = S Ij S ij d K 2, and by 
mUltiplying by 1/2 and taking square root we obtain dT = TdK. Subtracting 
from this the relation J..l. d a = J..l. a d K, in which J..l. = some constant, we obtain 
dT - J..l.da = (T - J..l.a)dK from which 

dT - J..l.da 
dK=----

T - J..l.a 
............. , . (24) 

For all numerical calculations the value J..l. = 1 was used. This value would 
give dK = % when a = T, but this case can never arise because T ~ 0 
and tensile stress states (a> 0) are excluded from our theory. The generalized 
path-dependent total stress-strain relation now becomes 

a -~ " .. e ij - + e·· + e .. , 2 Go I) I) 
E = -- + E" + E * ................. (25) 

3Ko 

In numerical calculations, the stress increments in Eqs. 23 and 24 must be 
evaluated at each load increment and in each of its iterations. Then, the 
path-dependent increments ilei; and ilE* at a point on the stress path are 
accumulated into e iJ and E * . 

Variables e~ and E * add another degree of freedom to the present theory; 
ei; is effective to control the peak of the stress-strain curve in standard triaxial 
tests, while E * is effective for adjusting the inelastic volume change in these 
tests. By analyzing the available test data for proportional and standard triaxial 
tests, the following expressions for moduli H I and H 2 have been identified: 

1 - hoF6 
---- = h 1'Y ----
HI (g , ~ ) 1 + F6 

F7 = 2.2$; 

.................. (26) 

S = 0.Ql F6 - 20; 

hi = 0.4317 (psi)-I X ( /; )6 
6,500 psi 

h 
_ /; 

3 - •..••..••••••.••••.•• (27) 
6,000 psi 

Variables 'Y and F6 are useful to characterize the effects of shear deformation 
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and the confining pressure for standard triaxial loading paths, in contrast to 
the proportional ones. 

The solid lines in Figs. 10-12 demonstrate that satisfactory fits of standard 
triaxial tests at low and moderately high confining pressure have been achieved. 
For the tests at high confining pressure, e.g., Balmer's tests (4) for p = 10 
ksi-25 ksi (69 MN / m 2_172 MN / m 2), the present expression gives response 
below test data, although improvement might be possible with more refined 
expressions for H I and H 2' 
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"" bo - 10 , 
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~ -5 
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f~ = 6300psi 

(kala 6,894MN/m2) 
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Strain E!,E2 ,E3 ("!o) 

FIG. 10.-Fits of Standard Triaxial Test Data at Low Confining Pressure: (a) Low 
Strength Concrete; (b) Higher Strength Concretes (Stress Versus Strain) 

One important consequence of introducing path-dependent terms e ~ is that 
the principal directions of stress and strain cease to coincide. This is typical 
of other theories, such as plastic or endochronic ones and is supported by 
experiments. 

The pure total strain theory can be defined for only one set of loading path, 
but it does not necessarily have to be the set of proportional paths in the 
stress space. For example, if we had proper test data, we could define it for 
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the set of proportional paths in the strain space. In that case, an extension 
to an arbitrary loading path could be achieved by terms analogous to Eq. 23 
in which Sij' a, and T are replaced by eij' E, and-y. 

One may also envisage a more general mixed formulation, such that mixed 
terms of stress and strain are combined with the previous expressions for ei~ 
and e*. In such a formulation, however, there would be no loading path for 
which the response could be described by algebraic equations. 

INITIAL STIFFNESS TO SIDE 

We may pay closer attention to the incremental stiffness for the first load 
increment to the side following a proportional stress path. Eq. 23 with <I> I = 
<1>2 = I alter this stiffness, which seems undesirable because, as we said before, 
the total strain theory as such probably gives roughly correct values for this 
stiffness. This means that 1/ H I and 1/ H 2 should be made very small for the 
first to-the-side loading. 

We could achieve this by proper functions <I> I (e"') and <I> 2 (E ... ) where e'" = 
[e~eM2] 1/2 = intensity of e~, choosing <1>1 and <1>2 to be very small when 
e* and E * tend to zero, and equal to 1.0 when e* and E'" are large. This has 
not been done for lack of good measurements of the initial to-the-side stiffness, 
but it is something that should be kept in mind for the future refinement. 

SPECIAL PATH-Df,PENDENT FORM WHEN NORMALITY RULE IS SATISFIED 

Without getting into an examination of the applicability of the normality rule, 
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it is of interest to observe that our path-dependent corrective terms allow us 
to obtain an incremental stress-strain relation which satisfies the normality rule 
yet still gives the same response to proportional loading as our total strain 
theory. Choosing now dK = dT/T and differentiating Eqs. 25 and 23, we obtain 

dS ij pi 
de .. = -- + de 

'J 2 Go 'J 

. (28) 

in which de PI = - S dG _ (_1 __ ._1_) dS iJ + ~ (dS ij - Sij~) (29) 
'J 'J 2G 2 2Go 2G HI T 

For proportional loading the last term vanishes, and so the integral of these 
equations for proportional loading is identical to the total strain theory regardless 
of the defmitions of <I> I and HI' If we choose von Mises loading surface in 
the stress space, then the terms with S ij satisfy the normality rule whereas 
the terms with ds ij in general do not, unless the loaqing is proportional. Therefore 
the normality rule is satisfied when the coefficient at ds ij in Eq. 29 vanishes, 
i.e., when we choose <1>1 and HI such that 

<I> I I I 
_= ___ ............................... (30) 
HI 2G o 2G 

Furthermore, in classical plasticity the magnitude of de~J is required to vanish 
when the loading direction is paraliel to the loading surface, i.e., normal to 
Sij (or Skmdskm = 0), which is known as the continuity condition. To achieve 
this, we must further have dG/2G 2 + <l>ldT/HIT = 0 when dT = 0, or dG 
= 0 when dT = O. This latter condition can, in general, be attained only if 
G depends solely on T and is independent of other invariants of stress and 
strain, which is not a very realistic model. 

INCREMENTAL (TANGENTIAL) FORM OF PROPOSED TOTAL STRESS-STRAIN RELATION 

For structural analysis, we must convert the stress-strain relation to an 
incremental form. Differentiating Eq. 25 we have the following incremental 
form: 

dS ij = 2 Go (deij - de~ - de~); da = 3Ko(dE - dE" - dE*) ... (31) 

By definition: daij=dSij+daOij=2GodEij+(Ko-: Go)dEkkOij 

-[2Go(de'~+de~)+3Ko(dE"+dE*)oijl ................ (32) 

( 
")" S S " . . " -y -y ij" iJ -y 

m which de = d S - = - ds + - d-v - -- dT . 
J) l] I) I 2 ' 

T T T T 

a E" aE" 
dE" = -- da km + -- dE km ....................... (33) 

aa km aE km 

If we substitute 

"a-y" a-y" 
d-y = -- da km + -- dE km ; 

aa km aE km 

Skm da km 
dT = ----- da 

da kk 

.... (34) 
3 
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into Eq. 32, then we obtain the tangential stress-strain relation: 

dCI'j = D ,/km de km .............................. (35) 

in which D = A -I (D· I 
- B ). 11k". pqlj pqkm pq/cm , 

[ 1 (-y" 1)] A pqlj = "2 + Go -:;- + '"ii': (8 pl8 q/ + 8 qi 8 pj) + B~qij - Dp*qij; 

S pq iJ-y" iJe", S pq C-y" -y" ) 
B pqkm = 2 Go - -- + 3 K 08 pq ,B pqlj = 2 Go - -- - -2- S ij 

T iJe km iJe km T CI ij 2T 

+ 3K 8 -- - -- G 8 8 . D* - -- - - 8 8 iJe" 2-y" (2Go Ko) 
o pq iJ CI ij 3 T 0 pq ij' pqlj - 3 H I H 2 pq ij 

+ T-~CI e:o Spq+3:0CI8pq)G~ -: 8ij} 

D;~km = GO{8pk8qm + 8 qk 8pm ) + (Ko - ; Go) 8 pq 8 km .......... (36) 

In these expressions, the partial derivatives of -y" and e" with respect to stresses 
and str~ins ~ay be obtained either analytically or numerically by finite difference 
approxunatlons. Eq. 35 may then serve as basis for structural analysis with 
small loading increments. 

SUMMARY AND CONCLUSIONS 

~e time-indep~ndent (short-time) nonlinear triaxial behavior of plain concrete 
!hat IS free of contmuous cracks and is subjected to monotonic loading is described 
m the form of a~ algebraic relation between total strains and stresses, analogous 
to the deformatIOn theory of plasticity. The quadratic tensorial terms of stress 
and strain components are neglected. Good agreement with characteristic test 
data is achieved. The advantages of the formulation are: 

I. ~he stress-strain relation is an algebraic rather than a differential or integral 
equatIOn. 

2. This ~ac.t lends the model conceptual simplicity and allows dispensing with 
more sophIsticated concepts such as the loading surface or the intrinsic time 
used in other existing theories. 

3. In .contrast ~o the incremental theories, the present one yields an algebraic 
e~pressIOn for failure envelopes. It also yields algebraic expressions for certain 
dIrectly observable response curves, such as the hydrostatic loading test or 
the dilatancy curve. 

4. The prec~ding facts simplify determination of material functions from test 
data. The process of data fitting can be split in separate identifications of various 
functions. 
. 5. The theo~ probably represents the most simple theory that gives the correct 
~cremental stiffness for the first to-the-side load increment following a propor
tIOnal stress path. 
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The disadvantages of the present formulation are: 

1. In contrast to some of the existing total stress-strain formulation, the present 
stress-strain relation is not explicit. Explicitness appears to be impossible if 
a broad range of experimental behavior should be represented well. 

2. Consequently, the stress-strain relation must be differentiated and used 
as an incremental stress-strain relation in structural analysis. This is no simpler 
than the analysis by the plastic, plastic-fracturing or endochronic formulations. 

3. Compared to these existing constitutive models, the present theory does 
not lead to fewer material constants. 

Since the total stress-strain formulation is path-independent, it is limited to 
proportional or nearly proportional loading. It is shown, however, that by adding 
certain path-dependent tensorial terms that vanish for proportional loading, the 
total strain formulation can be extended to nonproportional loading and gives 
then path-dependent behavior. The addition of path-dependent terms causes 
that the principal directions of stress and strain cease to coincide for nonpro
portionalloading, as indicated by experiment as well as the plastic, plastic-frac
turing and endochronic theories. In the path-dependent form, the theory seems 
to be almost as general, and fit test data almost as equally well, as the endochronic 
and the plastic-fracturing theories for monotonic loading. 

In contrast to the previous total strain models, the present one has a much 
broader applicability. While the previous models apply only up about 0.8 of 
strength, the present one gives the peak stress point as well as the subsequent 
strain softening. It also gives the triaxial failure envelopes, the corresponding 
strains at peak stress (failure) states, the inelastic dilatancy in uniaxial and 
triaxial tests, the stiffening which follows initial softening in purely hydrostatic 
loading, and it describes triaxial response curves, including lateral strains, up 
to much higher strains than the previous theories. 
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ABSTRACT: The nonlinear triaxial behavior of plane concrete that is free of 
continuous cracks is modeled by an algebraic relation between total strains and 
stresses, analogous to deformation theory of plasticity. Unloading is not modeled. 
Good agreement with numerous test data is achieved. The formulation implies 
algebraic expressions for failure envelopes and some stress-strain curves. which make 
data fitting easier. The model is enhanced by corrective path-dependent terms that 
vanish for proportional loading so as extend it for highly nonproportional loading. The 
principal directions of stress and strain then cease to coincide. In contrast to previous 
models, the present one applies to much largest atrains, gives the peak stress points. 
failure envelopes, strain softening, inelastic dilatancy, etc. A tangential incremental 
form for structural analysis is also indicated. 
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