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ABSTRACT: A new form of endochronic constitutive model is presented to de
scribe the behavior of dry or drained sand, and its parameters are determined 
by extensive comparisons with published test data. Jump-kinematic hardening 
is used to guarantee that the hysteresis loops always close, yield positive en
ergy dissipation, and give an increase in tangent modulus when unloading 
changes to reloading. Criteria for virgin loading, unloading and reloading are 
formulated in terms of deviatoric work, and changes of material parameters at 
loading-unloading-reloading transition points are determined. Two endo
chronic units coupled in parallel are used to describe the measured response 
over a broad range of strain amplitude. The inelastic volume change is char
acterized so as to include both densification and dilatancy. Certain material 
properties are determined as functions of the void ratio. Calculations show that 
the lateral stress in a simple shear test quickly becomes almost equal to the 
vertical stress. A three-dimensional finite element analysis of the simple shear 
test with endochronic theory reveals significant stress nonuniformity; but this 
is found to have little effect on the resulting hysteresis loops. 

INTRODUCTION 

Endocmonic theory provides an effective model for describing the me
chanical behavior of materials in which the inelastic strain develops 
gradually, and previous applications to metals (29), concrete (8), and 
sand (10,14) has met with considerable success. However, these early 
models were unable to properly characterize the response to small cyclic 
stress oscillations superimposed on large static stresses. For this case the 
original theory does not give positive energy dissipation or closed hys
teresis loops, and it yields a reloading slope that is less steep than the 
unloading slope. Recently it has been found (4) that these features can 
be corrected at the expense of introducing loading-unloading-reloading 
criteria and the so-called jump-kinematic hardening. 

The objective of this paper, which is based on a 1979 report (11), is to 
develop for sand a constitutive relation which describes well the hys
teretic aspects for arbitrarily variable stress or strain and is based on the 
jump-kinematic hardening concept. This approach parallels a similar de
velopment for concrete (12) in which the jump-kinematic hardening has 
also been used, although in a very different constitutive relation. Com
pared to previous applications of endocmonic theory to soils, the pres
ent model will also involve various further refinements, such as the in
clusion of inelastic dilatancy and the use of two endocmonic units coupled 
in parallel, and determination of the dependence of material parameters 
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on the void ratio. These will make it possible to model the response in 
simple shear tests and in triaxial tests with one and the same constitutive 
relation. Finally, three-dimensional finite elements will be used to esti
mate the stress nonuniformity in the specimen and its effect on hyster
esis loops. It should be also noted that various other developments in 
endochronic modeling of geomaterials have been made recently (1, 2, 6, 
7, 13, 17, 18, 25, Wu, H.-C., "Endochronic Theory for the Mechanical 
Behavior of Cohesionless Soil Under Static Loading," Journal of Engi
neering Mechanics Division, ASCE, (in press». Useful criticisms of certain 
aspects of endochronic theory have been raised by Sandler (23) and Riv
lin (22), and revisions to eliminate the criticized aspects were proposed, 
e.g., in Refs. 4 and 5. 

ENDOCHRONIC LOADING SURFACES 

Although endochronic theory was originally developed without the 
concept of a loading surface (29), it is helpful to introduce this concept 
as a logical way to formulate kinematic hardening. We may begin by 
considering deviatoric deformations which are modeled by two visco
plastic Maxwell units coupled in parallel (Fig. l(a»: 

sij = S~l) + sill .................................................. (1) 
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FIG. 1.-Explanatory Diagrams on Hysteresis 
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d (1) _ acI>l d t (2) _ acI>2 d t 
Sjj -2G1deij---; dSij -2G2dejj--- .................. (2) 

aSjj Zl aSij Z2 

in which ejj = Ejj - BijE = strain deviator; Sjj = (J'jj - Bij(J' = stress deviator; 
Bjj = Kronecker delta; Eij = components of the small strain tensor, E; and 
(J'jj = components of the stress tensor, (1. Subscripts i andj refer to carte
sian coordinates Xj (i = 1, 2, 3), and superscripts 1 and 2 in parentheses 
denote the number of the unit in the chain model (Fig. l(a». G1 and G2 

are the corresponding shear moduli; Z I and Z 2 are the corresponding 
rate coefficients; cI>1 and cI>2 are functions of (J'jj which define the corre
sponding loading surfaces; t is a parameter known as intrinsic time, in
troduced by Valanis (29) together with the term endochronic theory. 

Classical viscoplasticity uses a parameter similar to t in Eq. 2, namely 
the reduced time t = f dt / aD, where t is time and a D is a time shift factor 
that can depend on (J'ij and Ejj. Schapery (24) introduced a new idea
the dependence of a D on the strain rate, Eij' where the dot refers to a 
time derivative. In particular, he proposed that l/aD should depend on 
the octahedral shear component of Ejj' ).e., on i = (t!.kmt!.km/2)1/2. Intro
ducing a linea:.:. dependence l/aD = cFt!. with proportionality factors cF 
yields dt = cFt!.dt, which may be rewritten as 

dt = cF«(1,E,~)d~; d~ = ~~dekmdekm"""""""""""""" (3) 

(repeated subscripts imply summation over 1, 2, 3). Note that ~ is in
dependent of time and actually represent~ the path length in deviatoric 
strain space. The assumption of dt = (cFt!. + constant) dt would render 
the theory time dependent, but time effects will not be considered here . 

Valanis (29) developed the thermodynamic framework of this theory 
and was the first to realize that the above definition of d ~ is useful for 
modeling gradual development of inelastic strain at unloading and cyclic 
loading. The endochronic theory proposed for metals by Valanis (29), as 
well as that initially developed for sand (10,14) may be shown to cor
respond to a loading function which exhibits isotropic hardening and 
has a von Mises type deviatoric term, i.e., cI> = SkmSkm - HI, where HI 

is a parameter. However, in case of cyclic loading the corresponding 
constitutive equation was later found to exhibit certain objectionable fea
tures with regard to energy dissipation during hysteretic loops. A method 
to eliminate these by means of a certain novel type of kinematic hard
ening has been proposed in general terms in previous works (3,4). 

In all kinematic hardening rules the center of the yield surface does 
not remain at the origin, but moves. Accordingly, assuming the loading 
surfaces to be of von Mises type, we may set 

1 
cI>1 = 2 (s~ - a~)(s~ - a~) - HI i 

cI>2 = ~ (S~ - a~)(s~ - a~) - H2 ••••••••••••••••••••••••••••••• (4) 

in which a~ and a~ are the current centers of the deviatoric loading 
surfaces, and cI>1 and cI>2 and HI and H2 are parameters which have no 

1075 



effect on the constitutive relation. Substituting Eq. 4 into Eq. I, the de
viatoric stress-strain relations become 

dS~ll = 2G1de ij - (S~II - a~l» ~~; dsWI = 2G2dei; - (sW) - aWl) ~: ..... (5) 

Although a model consisting of several parallel endochronic Maxwell 
units was considered in the preceding studies (10), the test data were 
fitted with a single unit model. The reason for conside~ng two parall~l 
units instead of one is to achieve a good representation of hysteretic 
loops for both small and large strain magnitudes. As the str~in increases, 
there is a large decrease in the tangent m?dulus ?f sands (m contr~st. to 
concrete), and one endochronic unit (whIch suffices for concrete) ~s m
adequate to properly model this decrease. In fact,. the use of a smgle 
endochronic unit was the main reason why better fits of the data could 
not be achieved by Cuellar et al. (14) for both small and large strain 
amplitudes. An analogy with viscoelasticity is helpful to understand why 
this occurs; ZI and Z2 may be regarded as relaxation times in the sense 
of ~ (rather than t), and experience with viscoelasticity teaches us that 
the number of relaxation times must be increased when a broader range 
of times is considered. Aside from this argument, the coupling of two 
parallel units causes the unloading stress-strain diagram to start more 
steeply and to be more curved, and this is needed to improve the data 
fits. Note also that the use of two parallel endochronic units is analogous 
to the "overlay" model used by several investigators (e.g. Zienkiewicz, 
(33» in classical viscoplasticity. 

HYSTERESIS AND JUMP-KINEMATIC HARDENING 

The hysteresis in cyclic loading is controlled by all) , aW) , and c, and 
these must now be determined. For monotonic loading, the response 
curves can be easily modeled without these parameters, and so we may 
set C = 1 and a!~) = a!fl = 0 for this case. The question which remains 

IJ IJ •• d' Th is how these parameters should vary w;tth unloadmg and .reloa mg. . e 
basic objective to be satisfied is the closmg of the hysteresIs loops durmg 
an unload-reload cycle in which the initial stress, 0'0 ~ is reduc~d. to 0'0 -

5 and subsequently again increased back to 0'0' WIth the ongmal en
dochronic theory, the hysteresis loops during which the stress does n?t 
change sign do not close if their amplitude 5 is smaller than a ce~m 
critical value, To; this means that the work, fl. W, done on the matenal 
during the cycle is negative. Moreover, when unloading reverses to re
loading, the slope of the stress-strain curve becomes smaller, while all 
test data indicate that it should become higher. Valanis (30) recently tried 
to remedy this problem without introducing inequality conditions; he 
redefined the intrinsic time by replacing d ~ with an expression which 
depends on both deij and ds i;. However, this appears to mitigate the 
problem only partly since for a sufficiently small 5, compared to To, the 
hysteresis loops still do not close and the slope does not become steeper 
as unloading reverses to reloading. 

Elimination of this problem for arbitrarily small values ~f 5 while .si
multaneously allowing for inelastic unloading and reloading behaVIor 
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can be achieved by introducing certain inequality conditions in a method 
called jump-kinematic hardening (4). At the time when loading changes 
to unloading, the center of the yield surface, a~l) and aWl, is considered 
to jump to the upper extreme stress point, s~) and sWI (point 1 in Fig. 
1(c», and then again to the lower extreme stress point (point 2 in Fig. 
1(c» when unloading changes to reloading. At the same time, the rate 
of accumulation of the intrinsic time is considered to change, which is 
indicated by the cyclic parameter, c, in Eq. 3; for the first or virgin load
ing, c = I, while for unloading c = cu , and for reloading c = cr , where 
Cu < 1 and Cr < 1. 

Between the loading, reversals we keep a~l) and aWl constant, chiefly 
because it does not seem necessary to vary these gradually in order to 
fit the test data well. However, a gradual variation of a~11 and a~2) could 
be incorporated as well, to represent the development of stress-induced 
anisotropy. To reflect the anisotropy due to preconsolidation, one could 
also use nonzero alJ) at the outset. 

The condition of non-negative energy dissipation during the unload
reload cycle imposes a certain restriction on Cu and Cr' This has been 
determined previously (4) and will be reviewed here only briefly. Con
sider the simple shear stress T = S12 and strain 'Y = 2e12 , in which case 
d~ = [(de I2 del2 + de21de21)/2]1/2 = Id'YI/2, and let attention be limited to 
a single endochronic unit. Then, the stress-strain relation, Eq. 2, has the 
form dT = Gd'Y - dT" where dT" = (T - 01.) cFld'YI/(2Z) and a = a~~ . If 
the unloading decrement, d 'Y, is followed by an equal reloading incre
ment, d'Y, the elastic increment, Gd'Y, retains its magnitude and changes 
its sign, whereas the inelastic stress increment, dO''', keeps the same sign 
if T - a remains of the same sign; the reloading slope is therefore always 
less than the unloading slope (Fig. l(b» (this also implies that fl.1T, Eq. 
12, is negative during unloading). Evidently, T - a must change sign, 
and this can only be achieved by the jump in a, as just described. De
fining IT - 01.1 = l' and I'Y - 'Yol = i', where 'Yo is the value of'Y at the last 
extreme point, we may now write 

c 
dT = Gdi' - l' - F di' ............................................ (6) 

2 

for either unloading or reloading, with the initial condition that T = 0 
at ;Y = O. If amplitude 5 is small, F and G may be considered constant, 
and Eq. 6 may then be easily integrated. We have dT = G(a - ai) di', 
where a = cF /2G, and this is approximately equivalent to di' = (1 + aT) 
dT/G. The work of the stress, 1', is defined as W = fTdi' and is obtained 
by integrating dW = (1 + aT) TdT/G. Integrating also the expressions 
for di' and dT, we obtain 

i' = ~ (1 + ~ 1'); W = ;~ (1 + 2; 1') ............................ (7) 

Substituting l' = 5, we get the integral from one extreme stress point to 
the next. The net change, il'Y, of'Y over the unload-reload cycle and the 
dissipated work, fl. W, may now be calculated. The value of fl.'Y follows 
by subtracting i' for c = Cu from i' for C = Cn both for l' = 5 (Eq. 7), and 
fl. W may be calculated as fl. W = fl. WI - fl. W2, where fl. WI and fl. W2 are 

10n 



the cross-hatched areas in Fig. 1(c). In this sense the condition a W 2:: 0 
represents Drucker's stability postulate. It is easy to check that a W equals 
area 1241 minus area 24352 plus 2352 (Fig. 1(c», where area 24352 equals 
5'Yl (where 'YI is the value of'Y for_ C = Cr and T = 5) and ar~as }241 and 
2352 are obtained from Eq. 7 as W for C = Cu and C = Cr WIth T = 5. In 
this manner we obtain 

a'Y=!...(c -C )5 2. aW =~F(Cu-~)5 ................ ........ (8) 
2G r u , WI 3 2 

in which WI = 52/G. To obtain cyclic strain accumulation for asymmetric 
stress cycling, we must have a'Y > 0, and to obta~~ non-neg~tive en~rgy 
dissipation, we must . have a W 2:: 0; these conditions proVIde the final 
result: 

Cu < Cr :$ 2cu • • • • •• • •••••••• •• • • •• • ••• • •••• • ••••• • • •• •• ••• • • • • • • (9) 

which has been obtained in a more generaUorm by Bazant (4) . The val
ues Cu = 0.40 and Cr = 0.45 were used for all data fitting shown herein. 

Now, the unloading and reloading criteria must be defined in an in
variant way. It does not seem suitable to define them in terms of stress, 
because dense sand can exhibit strain softening (stress reduction with 
increasing strain), in which case the stress decreases both for loading 
(d'Y 2:: 0) and for unloading (d'Y < 0). Proper distinction can b~ made 
either in terms of a strain criterion or in terms of work, of whIch the 
latter seems more reasonable because it is more closely related to the 
choice of the loading function, ell. Since the inelastic strain is caused 
predominantly by deviatoric straining it see~s to .be an acceptable ap
proximation to include under W only the deVIatonc part. 

W = f Skmdekm ................................................ (10) 

and define the loading-unloading-reloading criteria as follows: 

1. for dW 2:: 0 and W = Wo; C = 1 (virgin loading) .. ...... (l1a) 

2. for dW < 0; C = Cu (unloading) .......................... (l1b) 

3. for dW 2:: 0 and W < Wo; C = Cr (reloading) ............ (l1c) 

in which Wo denotes the maximum value of W attained up to the current 
time. According to Eqs. 11, the regimes for symmetric cycling typically 
change, as indicated in Fig. 1(d). 

The foregoing criteria are suitable for defining Cu and Cr , but if they 
were also applied to determine the extreme points where ex~) and exW) 
are set equal to S~I) and sW) , the hysteresis loops would look as shown 
in Fig. l(e) (exaggerated). The abrupt changes of slope do not appear 
too realistic; rather, it is preferred that both the downward branch and 
the upward branch have a continuous slope. This may be achieved by 
using the following second-order work quantity as an unloading-reload
ing criterion for ex (~) and ex (2) 

I] I] 

[ 
dt dt] 

a1T = ds~dekm = (s~) - ex~» ZI + (s~) - exIt» Z2 dekm ... . ... .. . .. (12) 
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in which ds~ is the inelastic stress decrement. According to ll'yushin's 
stability postulate (15), a1T is always non-negative when the inelastic stress 
increment is non-zero. In step-by-step calculation, a1T is negative during 
the step in which loading changes to unloading or vice versa (this is 
because of the one-step lag between the strain increment and the stress 
increment). Thus, when a1T < 0, we set ex~) = s~) and exit ) = sIt) , thereby 
making a1T positive for the subsequent loading step. With this criterion 
for determining ex~I) and exW), the hysteresis loops are smooth, as pic
tured in Fig. l(d). 

To complete the rules for loading regimes, we must consider ~ 
throughout the transition from reloading to virgin loading. Although test 
data for sand are lacking in this case, analogy with other materials in
dicates that, with a continuous accumulation of ~, the response for virgin 
loading after a number of unload-reload cycles would overshoot the vir
gin loading curve (Fig. 1(f», which would be incorrect. This overshoot 
may be prevented by setting ~ = ~ at the point where reloading changes 
to virgin loading (Eqs. lIb and 11c); ~ denotes the value of ~ when virgin 
loading last changed to unloading. 

It should be also mentioned that a further improvement of the jump
kinematic hardening rule has recently been made (and implemented in 
a large computer code) by J. Jeter (18). He proposed to relocate the cen
ter of the loading surface when reloading changes to virgin loading after 
many previous stress cycles at intermediate stress levels. 

The version of endochronic theory that satisfies the foregoing restric
ton of non-negative work dissipated by hysteresis loops may be called 
hysteretic. 

ELAsnc MODUU 

For the two-unit model (Fig. l(a», the shear modulus is given by G 
= GI + G2 , and the shear moduli for individual units have been con
sidered in calculations as GI = 0.6 G and G2 = O.4G. The combined shear 
modulus G must depend on both hydrostatic stress, p = -0', and void 
ratio, e. This has been considered in previous studies (14,10), except that 
relative density, Dr , was used instead of e (Dr has a negligible influence 
on the shear wave velocity; p. 153 of Ref. 20). The use of void ratio is 
preferred in this study because the definition of Dr is subject to signif
icant variations in test procedures and interpretation. Moreover, G was 
considered to be a function of the maximum value of the deviator strain 
invariant attained up to the current time. This last dependence, how
ever, appears to be unnecessary when the two-unit model is considered. 
The selected function, 

(2.97 - e)2 ~ IT 
G=90 v-II; 

l+e 
II = O'kk •••••••••••••••• '. • • • • • • • • • • • •• (13) 

in which G and II are in psi (psi = 6,895 N/mm2
). Equation 13 is similar 

in form to that used by Richart et al. (21) for the shear modulus. The 
void ratio is considered to remain constant at its initial value, because 
the changes in e caused by usual deformation histories (e.g., in seismic 
loading before liquefaction) are minor compared to the range of e en
countered in various sand deposits. Assuming that the elastic properties 
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do not exhibit stress-induced anisotropy, it suffices to describe the elastic 
behavior by G and K; hence, the bulk modulus, K, can be expressed as 

2G(1 + v) 
K = ................................................. (14) 

3(1 - 2v) 

in which v = 1/3 was used in fitting test data. For many sands, though, 
values between v = 0.1 and 0.15 may be more appropriate. 

HARDENING-SOFTENING FUNCTION 

The path length ~ may be, in a physical sense, regarded as a rear
rangement measure, characterizing the degree of rearrangement of sand 
grain configurations (3,14). The function F in Eq. 3, called the hardening
softening function, introduces the various contributions of d ~ to inelastic 
strain, depending on other state parameters. The description of hard
ening and softening of inelastic response by means of changes in the 
rate of accumulation of intrinsic time is the most useful practical feature 
of endochronic theory. It makes hardening and softening easily con
trolled and understood. Hardening and softening are defined by the 
function F, which is considered basically in the form 

1 + Jd('y)D(e) 
F = h(~) . ........................................ (15) 

1 + 12g(I1) 

where l' = (e/ane/an/2)1/2 is the strain intensity (a strain invariant) and 11 
is the first stress invariant. The detailed forms of these functions are 
given in the Appendix. 

The function g(11) increases with (-11) and models the fact that the 
response of sand becomes stiffer as the hydrostic pressure increases. The 
function i(1') models the fact that, at large shear strain, the material be
comes softer (which is explained by loss of contact between some grains). 
The function D(e), which decreases as e increases models the fact that 
a softer response is associated with a larger void ratio. 

Based on numerical calculation using endochronic theory, the lateral 
stress in the simple shear test increases very rapidly as the deformation 
begins. Since the first maximum stress state it is essentially equal to the 
vertical stress (i.e., the stress state is essentially hydrostatic and 12 = T2, 

where T = 512 is the applied shear stress). This behavior has been also 
observed experimentally (20). In cyclic simple shear tests, the maximum 
value of r within a given cycle is generally much smaller than the max
imum value of J 2 that is induced in triaxial tests (where J 2 = «(11 - (13)2/ 

3, (11 and (13 being the axial and lateral principal stresses, respectively). 
Therefore, the magnitude of J 2 provides, in terms of stress invariants, a 
useful distinction between the simple shear test and the triaxial test. 
Hence, if the fitting of data from each of these tests requires the use of 
different functions F, as it invariably will, the different terms should be 
made to vanish as J 2 vanishes. This simple observation has been utilized 
successfully to simultaneously fit test results from each of these two types 
of test with the same constitutive relation. Another marked difference 
between the two tests is the fact that the mean of the shear strain, 1', 
over the cycle increases in the triaxial test but not in the simple shear 
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test; however, there seems to be no need to exploit this difference in 
the invariants. 

The function h(~) must decrease as ~ increases in order to model the 
hardening that takes place-primarily the contraction and the steepen
ing of the hysteresis loops as the number of load cycles increases. This 
is because ~ is essentially proportional to the number of cycles. Note that 
Eq. 15 is chosen in a form which gives F = h(~) for 12 = O. This is ap
proximately the case for simple shear test because in these tests there 
appears to be no need for hardening or softening as a function of 1', 11 , 
or e. Of course, 11 and e still affect the stiffness in cyclic shear tests in
directly by means of G (Eq. 13). 

DENSIFICATION AND DILATANCY 

The densification due to cyclic shear strains has been successfully 
modeled with endochronic theory (Bazant and Krizek, 10; Cuellar et al., 
14), and therefore the original form has been essentially retained. The 
change of volume due to densification is described by a function of the 
form 

_ il (1')gl (11) a 
dAl - - hI(~) kl(J2)Dl(e)d~ ................................ (16) 

in which 12 = Q/anQ/an/2 and invariant 12 has the useful properties that it 
is zero if we choose, as we did, Qij = 0 for the first monotonic loading, 
and is essentially constant after the · first stress maximum for a given 
shear stress amplitude in the simple cyclic shear tests. Thus, the func
tion kl (J2) may be used to distinguish the behavior for virgin (mono
tonic) loading and for subsequent cyclic loading. As in the previous studies 
(10,14), dAl is taken proportional to d~, because ~ measures the grain 
rearrangments, which is the source of densification. 

The function Dl(e) must increase with an increase in the void ratio, 
e, in order to properly model the stronger tendency of a looser sand to 
densify. The functions it, g, and hI are essentially the same as in the 
previous work (1) and Cuellar et al. (14). The function it increases with 
'Y to depict the increase in the densification rate (per unit path length of 
~) as the strain amplitude increases ('Y 2 = 12 = e/ane/an/2). The function 
gl(lt) increases with hydrostatic pressure, p = -It/3 = -(1, and the func
tion hl(~) increases with ~ to reflect the reduction in the densification 
rate with an increasing number of cycles. 

In addition to densification, the shearing of sand can also induce di
latancy, designated by A2. This phenomenon, which is much less im
portant than densification and was neglected in the previous work (10,14), 
is sometimes observed at the beginning of virgin (monotonic) shear de
formation; it is due to the fact that sand grains must first slide over each 
other before they can find and fill some empty intergranular spaces, 
thereby rearranging themselves to form denser grain configurations. The 
expressions for d A 2 must be constructed so that its effect is very small 
within the strain range of cyclic simple shear tests; this is because the 
dilatancy is usually observed only in triaxial tests with small confining 
pressure. Therefore, dA2 must increase sharply with 'Y, which is given 
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r -by the functionf,fj). The expression fo' dA, is clwsen in the fonn 

dA _ h(~)D2(e) 
2 - g2(I

1
) h2(~) d~ ....................................... . ... (17) 

As in case of densification, dA2 is assumed to be proportional to d~, 
because the source of dilatancy is the same. The function g 2 (II) increases 
mildly with hydrostatic pressure, p = -It!3, because dA2 is found to be 
somewhat smaller at higher pressures (apparently the result of increased 
friction that impedes grain rearrangments). The function h2(~) increases 

Low Strain Amplitude 

ICYCIe Icycle 2 ICYCIe 10 1 

FIG. 2.-Teat Data Points from Cyclic Simple Shear Teats by Sliver and 
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very strongly with ~, so as to make dA2 virtually vanish for subsequent 
cycles, as well as for the larger strains in the first cycle. The function 
D2(e) decreases with an increase in the void ratio (this is opposite to 
D 1(e», and it is needed to reflect the fact that a looser sand has a smaller 
tendency for dilatancy but a higher tendency for densification. 

By including both densification and dilatancy terms, it has been pos
sible to model quite realistically the volume changes in both cyclic simple 
shear tests and triaxial tests with the same constitutive relation. The total 
volumetric deformation is expressed as 

High Strain Amplitude 

ICYCle 2 ·'CYCle 10 ICYCle 3001 

Seed (1971) for Relative Density 45%, and Fits by the Present Theory 
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Low Strain Amplitude 

.: T(pa!) 10 T(pa!) 10 

Icycle 2 ICYCle 3001 

FIG. 3.-Same as Fig. 2, but 

dcr 
dE = - + dAl + dA2 .......................................... (18) 

3K 

IDENTIFICATION OF MATERIAL PARAMETERS FROM TEST DATA 

The completed formulation of the constitutive equation is given by 
Eqs. I, 3, 5, and 10-18. To fit the test data, a computer program, similar 
to that described in Refs. 8 and 9, has been developed. Small loading 
steps, with iterations in each step, are used to integrate the constitutive 
relation numerically for: (I) Specified fOnTIS of material functionsj (2) given 
material parametersj and (3) prescribed boundary conditions of the test 
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High Strain Amplitude 

.. 

0 .2 

ICycle 2 ICycle 10 ICYCle 3001 

for Relative Density 60% 

to be simulated (e.g., simple shear, triaxial, etc.). The response diagrams 
are automatically plotted by Calcomp plotter, and a sum of the square 
deviations from the characteristic data points (the objective function to 
be minimized) is evaluated. 

Test data obtained from Silver and Seed (26,27) have been used to 
determine the material functions and parameters (see Appendix I). These 
data have been fitted quite closely over their full range, and several typ
ical fits of hysteresis loops are shown in Figs. 2, 3, and 4. Ranges are: 
(I) 1 to 300 load cycles (four of the hysteresis loops indicated for 300 
load cycles were actually obtained for a lesser number of cycles in order 
to be consistent with available data}j (2) 0.008% to 0.2% shear strain am-
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plitudes; (3) 45% to 80% relative densities (which correspond to void 
ratios from 0.83 to 0.71); and (4) 500 psf (24 kPa) to 4,000 psf (192 kPa) 
vertical stress. 

It is noteworthy that the same theory is used to characterize the test 
data obtained from both cyclic simple shear tests (Fig. 5) and triaxial 
tests (19) (Fig. 6). The fact that these two different sets of test data have 
been analyzed on a common basis (a feat often aspired, but never 
achieved) introduces the possibility of making inferences from one type 
of test (say triaxial) on the behavior simulated by the other type of test. 

In fitting the cyclic simple shear data, the state before shear straining 
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High Stroin Amplitude 

" 

ICYCle 10 I 

for Relative Density 80% 

but after the application of a given vertical stress, 0'1, is considered as 
the initial state of the material. This assumption was necessary because 
the deformation due to the application of 0'1 was unavailable, although 
it would certainly be more correct to use the state before the application 
of 0'1 as the initial state. The lateral stress, 0'3, was assumed equal to 0.5 
0'1 in the initial state. This means that the second invariant of the de
viator stress, J 2, exerts a significant effect on the initial state. The initial 
deviator stresses, 511, 522, and 533, due to 0'1 are assumed to be distrib
uted over the two parallel endochronic Maxwell units (Fig. l(a» in pro
portion to G1 and G2 • The densification is measured as an increase from 
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the initial state under a given vertical stress, 0'1, and not from the state 
of zero stress, for which measurements were not reported. 

THREE-DIMENSIONAL ANALYSIS OF SIMPLE SHEAR TEST 

One commonly employed simple shear test is conducted on a cylin
drical specimen which is enclosed in a wire-reinforced rubber mem
brane; a relative displacement normal to the cylinder axis is induced be
tween the circular ends of the specimen while keeping the distance 
between the end planes constant. The fits shown in Figs. 2 through 5 
were calculated under the assumption that the specimen is in a homo
geneous state of stress. However, this oversimplified condition is known 
to be unrealistic, because a state of uniform shear stress would require 
the application of shear stresses at the cylindrical surface of the speci
men, which is not actually done. The question therefore, becomes one 
of evaluating the importance of this erroneous assumption in the inter
pretation of test data. 

One attempt to answer this question has been based on the assump
tion of linear elastic behavior for the sand. However, since the material 
is highly nonlinear, a linear elastic analysis is of questionable value. 
Therefore, a three-dimensional finite element analysis of the simple shear 
test has been undertaken herein by use of endochronic theory. Because 
this work was carried out before completing the development of the 
present constitutive relation, the original endochronic theory for sand 
(10,14) was used for this finite element analysis. 

All finite elements were eight-node hexahedral isoparametric, elements 
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FIG. 9.-Comparlson of Hysteresis Loops Determined from Finite Element Model 
and Single Point Model 

(denoted as ZIB-8 by Zienkiewicz, 34) with two integration points in 
each direction. However, the strain and stress were evaluated only at 
the centroid. Since the sand specimen is assumed to be bonded to the 
end plates, a uniform horizontal displacement was imposed on the top 
and bottom faces in opposite directions. The reinforcing wires in the 
surrounding (otherwise flexible) membrane were modeled by straight 
bar elements connecting the surface nodes; these elements had the same 
stiffness as the wires. The specimen was subdivided into 48 elements 
(Fig. 7 shows one-half of the specimen), but due to the symmetry and 
the antisymmetry of the shear deformation, only one quarter of the spec
imen (12 elements with 42 degrees of freedom) was analyzed. The 
boundary conditions on the plane xz were those of symmetry (tty = CJ'y 

= Tn = Tyz = 0), and the boundary conditions on the plane xy expressed 
the fact that in any pair of nodes located symmetrically against axis y 
the nodal forces of y direction from the element must be the same and 
those of x and z directions must be of equal magnitude and opposite 
sign. 

Typical displacement and stress distributions obtained by the finite 
element endochronic analysis are illustrated in Fig. 8. Although Fig. 9 
shows that the hysteresis loops generated by this sophisticated analysis 
do not differ much from those that result from the assumption of uni
form stress, the stresses are quite nonuniform, with the minimum and 
maximum stresses differing by as much as 200%. Also, note that sig
nificant residual stresses remain upon unloading. It should also be re
alized that the peak stress values obtained in the finite element calcu-
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lation are influenced by the element size; if much smaller elements were 
used, much sharper stress peaks might have been obtained. 

SUMMARY AND CONCLUSIONS 

An improved endochronic constitutive relation for dry or drained sand 
is presented and its parameters are determined from previously pub
lished test data. This theory is able to describe by use of a one and the 
same constitutive law the response measured in both cyclic simple shear 
and triaxial tests. The previously proposed jump-kinematic hardening 
rule is used to achieve closed hysteresis loops with positive energy dis
sipation during unload-reload cycles of arbitrarily small amplitude, and 
to obtain an increase in tangent modulus when unloading is reversed to 
reloading. Moreover, a three-dimensional finite element analysis is per
formed to determine the stress distribution in a cylindrical test specimen 
subjected to simple shear. The main conclusions are: 

1. Criteria that distinguish virgin loading, unloading and reloading re
gimes appear to be sufficiently well expressed in terms of the total de
viatoric work. However, determination of the points of reversal between 
these regimes is better made on the basis of the second-order work of 
the inelastic stress increment on the deviatoric strain increment. Fur
thermore, at the point of transition from reloading to virgin loading, the 
intrinsic time must be reset to its last previous value at virgin loading. 

2. Two endochronic units coupled in parallel make it possible to achieve 
good agreement with test data over a broad range of strain magnitude 
and to obtain proper curvature of the unloading stress-strain diagrams. 

3. The inelastic volume change in the model includes both densifi
cation (as in the previously published formulation) and dilatancy (which 
occurs when a dense sand is sheared). Both dilatancy and densification 
appear to be proportional to the deviatoric path length (rearrangement 
measure). 

4. Coefficients for the dependence of densification and dilatancy func
tion (Eq. 16), of the partial elastic moduli of the two parallel endochronic 
units, and of the hardening-softening function (Eq. 15) upon the stress 
and strain invariants and the intrinsic time are identified and rules for 
their changes in loading-unloading-reloading transitions are deter
mined. Furthermore, certain material properties are determined as func
tions of the void ratio. 

5. The resulting endochronic model has a considerably broader ap
plicability than the original endochronic model for sand (14). 

6. A three-dimensional finite element analysis of the simple shear test 
with endochronic theory reveals significant stress nonuniformity and re
sidual stresses in the specimen; however, the hysteresis loops obtained 
by this sophisticated analysis are not very different from those calculated 
under the assumption of uniform stress. 
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ApPENDIX I.-MATERIAL CHARACTERIZATION 

Material Parameters.-

( 
kP )2 

ao = 1.2; ax = 4 cm2 ; a2 = 0.61; a3 = 1.8; 

cm2 cm2 

a4 = 0.686 -, as = 200, Cx = 0.823, C2 = 474 -k ' C3 = 0.05, 
kp P 

C4 = 2, Cs = 200, C6 = 0.041 :2, C7 = 25 (C;2) 2, 

C8 = 0.0002, C9 = 10, Cxo = 600, ~x = 500, ~2 = 660 ........... (20) 

in which kp/cm2 = 0.987 N/mm2 = 14.22 psi. 

APPENDIX II.-RELATION TO SOME OTHER RECENT STUDIES 

Another way of achieving positive energy dissipation in arbitrary stress 
cycles was recently reported by Valanis (34) and further developed by 
Valanis and Read (32). Two features are essential to their formulation: 
(1) Definition of intrinsic time as the length of the path of inelastic strains 
dE~, rather than the total strains deij (as in Eq. 3); and (2) the use of 
history integrals with a kernel that is singular in intrinsic time. Recently, 
Trangenstein and Read (28) studied for this formulation the tangential 
stiffness as a function of the angular orientation of the stress increment 
vector in the stress space, keeping the initial state fixed. Interestingly, 
the angular dependence that they find is identical to that in classical 
plasticity based on the normality rule. In particular, they found that the 
strain response is purely elastic for all stress increment vectors whose 
projection on the radial vector of current stress state in the deviatoric 
stress state is non-positive. Thus, it transpires that in this version of the 
endochronic theory the dependence of incremental stiffness on the stress 
increment direction is equivalent to the use of classical plasticity; the 
only difference consists in the scalar dependence of an incremental stiff
ness parameter on the previous stress and strain history. This, in the 
writers' opinion, deprives the endochronic theory of one important ad
vantage, namely the possibility to model the behavior in which the re
sponse to stress increment vectors that are normal to the radial direction 
is not elastic but softer than elastic. 
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