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ABSTRACT: For creep analysis of large structural systems, the linear aging in
tegral-type creep law needs to be converted to a rate-type form which consists 
of a system of first-order linear differential equations with age-dependent coef
ficients. The system may be visualized by the Kelvin chain model with age
dependent elastic moduli and viscosities. In the existing formulation, the in
dependent variable is actual time. It is shown that, by using as the independent 
variable a certain reduced time which increases with time at a gradually de
clining rate, one reduces the number of differential equations needed to de
scribe creep within the given time range, thereby making numerical structural 
analysis more efficient. An algorithm for identifying the material parameters 
from given creep data, based on minimization of a sum of squared deviations, 
is also presented. Thermodynamic restrictions on the material coefficients are 
analyzed. Finally, the capability of closely approximating available creep data 
is demonstrated. 

INTRODUCTION 

For numerical creep analysis of large structural systems, particularly 
finite element analysis, the rate-type form of a linear aging creep law is 
far more efficient than the integral-type form based directly on the prin
ciple of superposition. Instead of storing during step-by-step computa
tion the values of stresses or strains in all previous steps, it suffices to 
store only the current values of several internal variables. The number 
of arithmetic operations also gets significantly reduced (3,5,6,10,11,19). 

The existing rate-type formulation of the aging creep law of concrete 
consists of a system of first or second-order linear differential equations 
with the actual time as an independent variable. This paper examines 
the question whether the rate-type formulation can be made more effi
cient by means of introducing as the independent variable a certain 
monotonically increasing function of time, called the reduced time. 

Linear Aging Creep Law Based on Principle of Superposition.-For 
stresses less than about one-half of the strength, the creep law of con
crete may be approximately considered as linear, i.e., obeying the prin
ciple of superposition. The linearity assumption greatly simplifies struc
tural analysis, and is generally used in practice. According to the principle 
of superposition, the uniaxial creep law of concrete may be written in 
the form 

E(t) = f J(t,t')dCT(t') + EO(t) .................................... (1) 
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in which CT, E = uniaxial stress and strain; EO = prescribed stress-inde
pendent strain representing shrinkage and thermal dilatation; and J (t, t /) 
= compliance function (also called creep function) = strain at age t caused 
by a unit uniaxial stress acting since age t I. ., 

Conversion of Creep Law to Rate-Type Form.-When stram E(t) IS 

unknown, Eq. 1 represents a Volterra integral equation. As is well known, 
this equation may be converted to a system of differential equations when 
the kernel J(t, t /) has the so-called degenerate form, which consists of a 
sum of products of functions of t and functions of t /. This may be writ
ten as J(t,t/) = L IL [I/C IL (t')] - LIL[BIL(t)/BIL(t')CIL(t')] where CIL and 
B are functions of time, and \.1. = 1,2, .,. N. It is convenient to set BIL(t) 
=IL exp [-YIL (t )], in which YIL (t) = functions of time representing what 
will be called the reduced times. Then, the general form of a degenerate 
kernel may be written as 

N 1 
J(t, t /) = 2: --, {I - e[Y.(t') - Y.(t)l} ............................. (2) 

1L=I CIL(t) 
This is a series of real exponentials, called Dirichlet series or Prony series 
(12,16,17,21,23). Substituting Eq. 2 into Eq. I, we obtain 

N 

E(t) = 2: EIL(t) + EO(t) .......................................... (3) 
1L=1 

.. ltdCT(t') 
m which EIL(t) = ° CIL(t/) - 'Y1L(t) .............................. (4) 

..., (t) = e[-y.(t)] it e[Y.(t')] dCT(t') dYIL(t') ............................ (5) 
IlL ° dYIL(t/) CIL(t/) 

It may now be checked by substitution into Eqs: ~ and 1 that the ~ol
lowing linear differential equations are always satisfied by the precedmg 
expression for ElL: 

d
2

EIL + dElL = _1_ dCT (\.1. = 1,2, ... N) ......................... (6) 
dy~ dYIL CIL(t) dYIL 

Expressing the derivative d'YlL/dYIL from Eq. 5, we may verify that func
tions "I IL always satisfy the differential equation 

d'YlL 1 dCT - + "I = -- - (\.1. = I, 2, ... N) .......................... , (7) 
dYIL IL CIL(t) dYIL 

Variables EILand "I IL are related to E by the differential equations 

E = 2: ElL + EO ................................................. (8a) 
IL 

. IT . b ElL = CIL(t) - "IlL ............................................... (8 ) 

It can be further shown that integration of Eq. 6 yields Eq. 4 for ElL' 
and that integration of Eq. 7 yields Eq. 5 for "I IL' This confirms that t~e 
rate-type creep law given either by Eqs. 6 and 8, or by Eqs. 7 and 8, IS 
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equivalent to the original integral-type cre.ep law in Eq. 1: Note that functions y,..(t) are treated in Eqs. 6 or 7 as mdependent v~nables, ~nalogous to time. That is why y,..(t) are ca~led t~e red~ced time~. It IS, of course, necessary that y,..(t) be monotonically mcreasmg functions of ac-
tual time t. 

The derivatives in Eq. 6 may be converted to time derivatives by sub-stitutingdE,../dy,.. = E,../y,.., d2E,../dy~ = (E,..y,.. - E,..y,..)IY~. This yields 

E,.. + (Y'" - ~:)E'" = C:~t) 0- .............•.............•.......•.. (9) 

It is convenient to interpret the form of this equa~on by .mean~ of a rheologic model. Examine the Kelvin chain model (F~g. I), m which E,.. denotes the strain of the Kelvin unit number 1Jo, while E,.. and TJ,.. represent the spring modulus and dashpot viscosity of this unit, respectively. As has been shown before (4), the stress in the spring cannot be expressed as E,..(t)E,.. if the material is aging, or else the second l~w of 
thermodynamics would be violated. Rather, the rate ~f the str~ss m t~e spring is E (t)E . The stress in the dashpot is TJ,.. (t)E,.., and ItS rate IS 
[TJ,..(t)E,..]". Thu;' the rate of the stress car~ed by t~e IJoth ~elvin unit ~s [TJ,..(t)E,..]" + E,..(t)E,.., which must equal (J' accordmg to Fig. l(a). This 
furnishes the well-known equation (2,10) 

E + E,..(t) + TJ,..(t) E = ~ ................................... (10) ,.. TJ,..(t) ,.. TJ,..(t) 
This differential equation is of second-order, whereas that for a non-
aging material is of first-order. . 

Equating the coefficients of Eqs. 9 and 10, we find (2) 

TJ,..(t) = C,..(t) ................................................ (1Ia) 
y,..(t) 

E,..(t) = C,..(t) - ~:~; ......................................... (11b) 

The phenomenon of aging that is relevant here is th~ gradual hardening of concrete due to continuing hydration. Its effect IS to slow down 
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FIG. 1.-(8) Kelvin Chain Model; (b) Exponential Curves In Actual and Reduced 
Time 
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all rate phenomena, as if the time were running slower. This may be most simply described by setting 

y,.. = (:,..f with 0 < q s 1 ................................... (12) 

in which q = constant; T,.. are constants called the retardation times. Eq. 11 then becomes 

t 1- q 

TJ,..(t) = T~C,..(t)- .......................................... (13a) q 

. t 1- q 
E,..(t) = C,..(t) - T~C,..(t) - ................................... (13b) q 
It may be concluded that a Kelvin chain model that is equivalent to the most general form of a degenerate kernel (Eq. 2) can be always be found. Similarly, expressing the relaxation function as a Dirichlet series in reduced time, one can reduce the aging integral-type creep law based on the relaxation function to a system of first-order equations which are modeled by the Maxwell chain (6). 

When q = I, the reduced times are proportional to the actual time and the present formulation becomes equivalent, as a special case, to the previously developed rate-type formulation based on Dirichlet series expansion (3,10,11). Furthermore, if there is no aging, i.e., if C,.. are constant, the formulation becomes identical to that developed for nonaging materials by Zienkiewicz and Watson (24) and by Taylor, et al. (22). 
Fitting of Given Creep Data.-A given compliance function J (t, t') may be approximated by the Dirichlet series in Eq. 1 with any desired accuracy using a similar approach as that previously developed for the case q = 1 (3,5,6,7,10,11). The retardation times T,.. cannot be calculated from test data but must be chosen in advance. Their suitable choice is a crucial aspect which was studied in depth (3,5,6,8,10,11). The coefficients C,.. (t) may be obtained by minimizing the sum of squared deviations from given data. 
For the special case q = 1 used so far, i.e., y,.. = t/T,.., a suitable choice of T,.. is known to be Tl = 10-2°, T,.. = 10,..-2 T2 (1Jo = 2, 3, .,. N). The first retardation time is chosen to be negligibly small so that the first Kelvin unit would represent the instantaneous deformation. For programming, this is more economical than using a separate spring to model the instantaneous deformation. Using T,.. = 10,..-2 T2, the retardation times are 

spac~d uniformly in the logarithmic time scale, by decades. A sparser spacmg produces unsmooth creep curves, and a denser spacing wastes computer time since no better representation of the creep curves is achieved. 
In the present formulation, the rates are given with respect to the reduced times y,.. = (t/T ,..)q rather than the actual time t. When we change from the actual time t to the reduced time y,.., the response curve of each Kelvin unit changes from 1 - exp (-t/T,..) to 1 - exp [-(t/T )q], which is shown in Fig. l(b). The breadth of the rise of the curve in"'Fig. l(b) increases as the exponent q gets smaller, and therefore the spacing of the retardation times in the logarithmic scale can be made larger. This 

332 



is the main purpose of the present formulation. From Fig. l(b) it is clear 
that the breadth of the rise is proportional to time to the power q. There
fore, the values that are uniformly spaced in the logarithmic time scale 
should be T~ rather than T"" and so T~ = Ti a ",-2, in which a is a constant 
which should be empirically determined as the largest possible value to 
yield smooth creep curves. Thus 

TI = 10-20 
•••••••••.•••••••••••••••••••••••••••.••••••••••••• (14a) 

T", = a (",-2)/q T2 (fA. = 2, 3, ... N) . ............................... (14b) 

The values of retardation times T", must fully cover the complete range 
of times over which representation of creep is desired. In analogy to the 
previously established empirical rules for the case q = I, the following 
conditions must be met 

T2:$ 0.6 1
/ q min (t - t') ........................................ (14c) 

TN ~ 3 1
/
q max (t - t') ......................................... (14d) 

T2:$ min t' .................................................. (14e) 

in which min (t - t') and max (t - t') = the shortest and the longest 
creep durations for which representation of creep is desired, respec
tively, and min t' = the smallest age at loading to be considered. 

By analysis of numerous test data, it has been found that the maxi
mum acceptable value of a is IS, but for smoothness of the response 
curves the following value is suitable: 

a=10 ....................................................... (14f) 

As for the value of exponent q, the smaller it is the more efficient is 
the computation, however, for too small a value good fits of typical creep 
curves cannot be obtained. By analysis of test data, the minimum ac
ceptable value has been found as 

2 
q=- ........................................................ (14g) 

3 

If the range of creep durations of interest spans from t - t' = 0.02 day 
to t - t' = 10 4 days, the required number of retardation times for a = 
10 and q = 1 is N = 7. Using q = 2/3, the number of retardation times 
can be reduced to N = 5, thus preserving equally good fits. 

The deviations from test data are evaluated at chosen sampling points 
tm (m = I, 2, ... ) of creep duration t = t - t'. These sampling points 
should be uniformly spaced in log t-scale. The sampling points tt: for the 
age at loading, t', should be uniformly spaced in log t ' -scale. The values 
of I(t,t') for the sampling times are, according to Eq. 2 

N 

J(tt: + tm, to = L f~m X~ . ...................................... (15) 
",=1 

in which f~m = 1 - e[y.(tk) - y.(tk + ~m)l ••••••••••••••••••••••••••• (16a) 

1 
Xk = __ ................................................. . 

'" C",(tk) 
(16b) 

333 

The sum of squares to be minimized may then be written as 
K 

<I> = L <l>k + II ............................................... (17a) 
k=1 

<l>k = L (± f~mX~ - Ikm)2 + 11k .........................•.... (17b) 
m ",=1 

N N 

11k = WI L (X~ - X~_d2 + W2 L (X~ - 2X~_1 + X~-2f ........... (18) 
",=2 ",=3 

II = ~ [Wi ~ (X~ - X~-1)2 + W2 ~ (X~ - 2X~-1 + X~-2)2J ....... (19) 

in which I km = the measured or given creep compliance values at the 
sampling pointsi II, 11k = penalty terms which penalize for un smooth 
variation of X~ with regard to fA. and ki WI, W2 = suitable (empirically) 
chosen weights which enforce smoothness of the variation of X~ as a 
function of fA.i and wi, W2 are further chosen weights which enforce a 
smooth variation of X! as a function of k. The minimizing conditions 
are a<l>/ax~ = 0 (v = I, ... N; I = I, ... K), which yield the equation 
system 

~ [~(~f~mX~ - 11m) f~m + WI ~ (X~ - X~-d(l)~ _l)~-I) 

+ W2 ~ (X~ - 2X~_1 + X~-2)(l)~ - 2l)~-1 + l)~-2)] 
K 

+ wi L (X~ - X~-I )(l)f - l)f-I) 
k=2 

K 

+ W2 L (X~ - 2X~-1 + X~-2)(l)f - 2l)f-1 + 8f-2) = 0 ............... (20) 
k=3 

in which 8/ = 1 if i = j, and 0 if i -:F j. Eq. 20 is a system of linear equations 
from which X~ may be solved. 

If wi and W2 are chosen 0, the least-square fitting can be carried out 
separately for each creep curve at constant t' = tt:. This approach has 
to be used when the spacing of sampling ages tt: is uneven. The con-
ditions of optimum fit then are a<l>kjaX! = 0 (fA. = I, ... N), which again 
yields a system of linear equations from which X}, ... X~ may be solved. 
In this case the variation of X~ with k can be quite unsmooth. 

A smooth variation of C", (t ') as a function of age t' may be achieved 
by introducing a linear combination of smooth monotonic functions, i.e., 
l/C",(t') = Lk Y~ <h(t'), in which <h(t') are suitably chosen monoton
ically decaying functions, such as <h(t') = I, t,-lI8, t,-2/8, t'-3/8, or <h(t') 
= exp [-AkYk+e(t')], in which c = an integer value such that Tl+e is of 
the same order order of magnitude as t i . Forming the sum of squares 
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II with the help of these expressions, and imposing the minimization 
conditions acJ>/aY~ = 0 (v = 1, .,. N; 1 = 1, ... K), one obtains a system 
of linear equations for the unknown coefficients Y~ . 

When the functions I/Cf.L(t') are characterized by their discrete values 
X~, the intermediate values may be obtained by linear interpolation in 
the scale of log t'. 

Fig. 2 shows the fits of various typical creep data available in the lit
erature (13,14,15,18,20). To eliminate the scatter, which is mostly of ran
dom nature, these data have been smoothed first with a double power 
log law (8). This new law for concrete creep at constant hygrothermal 
conditions represents an improvement over the double power law (6) in 
which the power curves of creep duration t - t' become straight lines 
in the log (t - t' )-scale at a certain critical value of strain (see the hor
izontal dash-dot lines in Fig. 2). The slope of the creep curves is contin
uous through the transition and the slope of all straight lines is the same. 
It has been shown elsewhere (8) that this law improves the description 
of creep at long times, and in particular gives more realistic final slopes 
of the creep curves. The smoothing by the double power law log is shown 
by the solid curves in Fig. 2. These curves have been used as the given 
compliance function J(t, t') for the present analysis. The fits obtained 
are shown by the dashed curves, and it is seen that the deviations are 
negligible compared to the scatter of creep measurements. The values 
of T2, q, a, and of the number of retardation times N are given in the 
figures, and so are the parameters of the double power log law defined 
in Ref. 8. 

The present formulation admits considering different values of q for 
different retardation times T f.L' The reduced time may then be redefined 
as Yf.L = (t/T f.L)q •. For the values of q f.L' an arithmetic progression, in
creasing or decreasing between the values 1.0 and q, has been tried in 
the fitting of test data. However, the fits did not get any better and most 
of them got worse. 

Thermodynamic Restrictions and Other Questions.-It is generally 
accepted that not every imaginable formula for the compliance function 
is thermodynamically admissible. It is not known, however, how to check 
the thermodynamic restrictions directly on the function J (t, t'). It is known 
only how to check them for the rate-type creep law which corresponds 
to some rheologic spring-dashpot model (6). If the thermodynamic con
ditions are satisfied for the rheologic model, then they are satisfied for 
the function J (t, t') which the rheologic model represents or approxi
mates. If the thermodynamic conditions are violated by the rheologic 
model, they may, but need not, be violated by the function J(t,t'). To 
be sure of correctness, it is thus highly desirable, although not requisite, 
to satisfy the thermodynamic conditions by the rheologic model which 
approximates J (t, t'). 

For a spring-dash pot model, the second law of thermodynamics re
quires that the spring moduli E f.L and dashpot viscosities" f.L be nonneg
ative. Furthermore, in the case of aging, the second law of thermody
namics requires (6) that 5 = Ef.L(t) e rather than s = Ef.L(t) e, where sand 
e are the stress and strain in the spring, respectively. This condition is 
satisfied by the expressions in Eq. 11. rurthermore, thermodynamics also 
requires that, for an aging material, E f.L be a nondecreasing function of 
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time .(?). Therefore, we should cp.eck for the present model whether the 
condItions 1') IL ?" 0, ElL? 0 and ElL? 0 are satisfied. 

For the preVIous formulation with q = 1 it h b 
the numerical values obtained by fitting typical c::ep e~~t:~~;~!h;~~~~: 
power .la,:", s0r.ne o~ the foregoing conditions are always violated durin 
s.ome bm1ted time mtervals, even though they are satisfied m t f th g 
time. All t~e thermodynamic conditions could be satisfied ~t~ 0 = ~ 
only for agmg creep whose duration is not too long (4). q 

For the .present formulation with q < 1, it is found that violati f 
th~ foregomg thermodynamic conditions again cannot be avoid~~s f 0 

a~g cre~p of long durations. However, the occurrence of negative E (~) 
or E IL (~) IS. more limited than for q = 1 and is restricted onl to:e 
short hme mte~als, always such time intervals for which the !es . ry 
~alue of ~IL ha~ httle effect (e.g., the time intervals when the corre;e~~~e 
mg KelVIn umt has almost totally relaxed its stress). It may be al;o re= 
marked that the occurrence of negative ElL or negative ElL is less fre uent 
fo~ the double power log law than it is for the double power law qThis 
~lght be due to the fact that the double power law exhibits the so-~alled 
tvergence of creep curves, which can be avoided for the double power 
og.l?w. Exampl~s of the values of the spring moduli and dashpot vis-

cosIties, and theIr time dependence are shown in F1'g 3 Th I . , " e on y V1-
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olation is in the negative values of ElL at f.L = 6, for the case of Ross 
Dam. 

In view of the incomplete success of a persistent effort to assure ful
fillment of all thermodynamic conditions, it now seems that the problem 
may be due to the fact that we are trying to represent with a linear creep 
law a phenomenon that is actually nonlinear. It is known that significant 
deviations from the principle of superposition occur even within the ser
vice stress range. 

To be able to use the present formulation, an appropriate step-by-step 
numerical integration algorithm analogous to the well-known exponen
tial algorithm for the case q = 1 needs to be set up. This is done in 
Ref. 3. 

CONCLUSIONS 

1. Introduction of a reduced time whose rate of increase declines with 
age makes the creep law more efficient for use in structural analysis. 
Fewer retardation times are needed for the description of given creep 
data within the same time range. 

2. The retardation times are best spaced uniformly in the logarithm 
of the reduced time. 

3. Least-square optimization can be used to identify the material pa
rameters from given creep data. 

4, Similarly to the previous linear creep models, the numerical values 
of elastic moduli obtained by fitting given long-time creep data violate 
occasionally the thermodynamic restrictions, even though the form of 
the rate-type creep law is correct from the thermodynamic viewpoint. 
These violations seem to be practically insignificant, and are fewer than 
for the existing rate-type creep law without reduced time. 

5, Close fits of typical creep data from the literature are achieved. 
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ApPENDIX II.-NoTATION 

The following symbols are used in this paper: 

a,q 
EfL 

J(t,t') 

N 

t' 

constants for determining retardation time (Eq. 14); 
spring modulus of fl.th Kelvin unit (Eqs: 10, 11, 13); . 
creep function (compliance) = strain at time t caused by umt 
uniaxial stream acting since age t' (Eqs. 1, 2); 
number of Kelvin chain units; 
time from casting of concrete, in days; 
time of application of constant stress; 
functions representing reduced time; 
uniaxial strain and stress (Eq. 1); 
prescribed stress-independent strain representing shrinkage 
and thermal dilation (Eq. 1); 
hidden strains and hidden stresses in Kelvin units (Eqs. 8, 
9, 10); 
viscosity of fl.th dashpot in Kelvin units (Eqs. 10, 11, 13); 
retardation times (Eq. 14); and 
hidden strains in fl.th spring in Kelvin unit (Eqs. 4, 7, 8). 

Subscripts 
k, m sampling points in log t' and log t scale; and 

fl. fl.th Kelvin unit. 
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