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ABSTRACT: In heterogeneous materials such as concretes or rocks, failure oc
curs by progressive distributed damage during which the material exhibits strain
softening, i.e., a gradual decline of stress at increasing strain. It is shown that 
strain-softening which is stable within finite-size regions and leads to a nonzero 
energy dissipation by failure can be achieved by a new type of nonlocal con
tinuum called the imbricate continuum. Its theory is based on the hypothesis 
that the stress depends on the change of distance between two points lying a 
finite distance apart. This continuum is a limit of a discrete system of imbricated 
(regularly overlapping) elements which have a fixed length, /, and a cross-sec
tion area that tends to zero as the discretization is refined. The principal dif
ference from the existing nonlocal continuum theory is that the equation of 
motion involves not only the averaging of strains but also the averaging of 
stress gradients. This assures that the finite element stiffness matrices are sym
metric, while those obtained for the existing nonlocal continuum theory are 
not. Broad-range stresses are distinguished from local stresses and a different 
stress-strain relation is used for each-the broad range one with strain-soft
ening, the local one without it. Stability of the material is analyzed, and an 
explicit time-step algorithm is presented. Finally, convergence and stability are 
numerically demonstrated by analyzing wave propagation in a one-dimensional 
bar. 

INTRODUCTION 

Strain-softening is a decline of uniaxial stress at increasing strain or, 
generally, a situation where the matrix of tangential elastic moduli ceases 
to be positive-definite. This phenomenon has been well documented for 
concrete, rocks and some soils, and it probably also exists in many other 
materials, including sea ice, filled elastomers, wood, particle boards, pa
per, some tissues and fabrics, fiber-reinforced composites, fiber-rein
forced concretes, asphalt concretes, polymer concretes, various refrac
tory concretes and ceramics, and also some metals. The heterogeneity 
and brittleness of these materials is the cause of strain-softening. Its 
mechanism consists of progressive distributed damage, such as dis
persed microcracking, void formation or loss of interparticle contacts. 
Strain-softening occurs not only in tension, but also in compression and 
shear. Other mechanisms, such as the rate effect, can also be the cause 
of strain-softening, but these are out of the scope of this work. 

Recently it was experimentally established (see, e.g., 1, 3, 5, 6, 17, 20, 
56, 63) that strain-softening frequently is distributed over finite-size re
gions of the material. This suggests that strain-softening should be con-
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sidered as a continuum property. Serious theoretical and computational 
difficulties arise, however, when either the local continuum theory or 
the existing non local continuum theory is used. The purpose of this study 
is to construct a theory that circumvents these difficulties. This theory, 
briefly outlined in Ref. 6, involves a new type of nonlocal continuum. 

PRESENT STATUS OF STRAIN-SOFTENING THEORY 

Ever since Hadamard (33) pointed out that the wave velocity becomes 
imaginary and the differential equation of motion changes from hyper
bolic to elliptic if the tangent moduli matrix ceases to be positive-defi
nite, strain-softening has been widely regarded as inadmissible in con
tinuum mechanics (36,50,61,62). In the context of plasticity, strain
softening has been ruled out since it invalidates the uniqueness theo
rem, bounding principles and normality rule (2,53). The difficulties caused 
by strain-softening have been intensely debated at recent conferences, 
particularly with regard to large-scale finite element computation. Sand
ler and Wright (59), Hegemier (35), Wu and Freund (64) and others (9) 
demonstrated, by examples, various unpleasant features, such as the 
discontinuous dependence of the response on initial or boundary con
ditions, and the associated instabilities. Sandler (59) pointed out that 
dynamic problems with continuum strain-softening are not mathemati
cally well posed. 

The relevance of Hadamard's point is questionable, however, since it 
ignores the fact that the unloading modulus is positive even in the strain
softening range [see Fig. 1(0) rather than Fig. 1(/1)]. By static analysis, in 
which this fact was taken into account, it was shown (1,3,20) that, for 
the classical local continuum, a state of uniform strain whose value is 
in the strain-softening range is unstable, and that the instability mode 
represents strain localization into a layer of the smallest possible thick
ness (1,3,20). For this type of strain localization (1), nonuniqueness of 
the tangent modulus due to its different values with opposite signs for 
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FIG. 1.-lnadequate Models for Strain-Softening: (8) Rate Effect; (b) Linear Ma
terial of Negative Modulus 
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loading and unloading is ·essential. However, geometrical nonlinearity 
due to finite strain is not essential because the magnitudes of the moduli 
are much larger than those of stresses. This contrasts with another kind 
of strain-localization instability studied by Rice and Rudnicki (54,57,58), 
which is caused by finite-strain geometrical nonlinearity at a very small 
but still positive tangent modulus. Static strain-softening was also stud
ied for bending problems in which it was either assumed to localize 
(28,29,48,49) or proven to localize (1). 

Dynamic strain-softening in local continuum has been analyzed in Ref. 
9, in which an exact solution has been obtained for a one-dimensional 
bar in which two step waves of strain propagate toward each other. For 
certain magnitudes of the strain step the incoming waves are elastic, but 
as they meet, strain-softening is produced. The stress is then instantly 
reduced to zero, and strain-softening remains subsequently localized 
within a single cross-section plane, from which unloading step waves 
of strain are emitted. Contrary to some recent opinions, the problem 
formulation does not appear to be mathematically meaningless since a 
unique solution is obtained for given initial and boundary conditions, 
and since the usual explicit step-by-step algorithm yields results which 
converge to the exact solution. The exact solution does not depend con
tinuously on the boundary condition, which means that, in mathematics 
terminology, the problem is not well-posed. From the physical view
point, however, this is not disturbing, although another aspect is-the 
fact that the energy consumed by failure due to strain-softening is zero, 
according to the exact solution (9). This fact, a result of the impossibility 
of obtaining a finite-size strain-softening region, is an unrealistic feature 
of local continuum, not representative of real materials. 

To achieve finite energy consumption, the artifice of imposing a cer
tain minimum size, I, of the strain-softening region (crack band) was 
proposed in the blunt crack band model (1) and later extensively de
veloped (3,5,6,10,11,12,15,17,19,21,26,51,55) for the purpose of finite ele
ment modeling. Good agreement with essentially all experimental re
sults for concrete or rock fracture has been achieved (17,19), including 
the maximum load data and the R-curve data for various fracture spec
imens, as well as the crack shear data (15) and the deflection data for 
partially cracked structures (18). A general dimensional analysis based 
on the hypothesis of constant finite width of the front of the strain-lo
calization (cracking) band has resulted in a simple formula for the size 
effect (4), which was found to agree well with various existing failure 
data, such as diagonal shear failure data for beams (16). 

The use of strain-softening in finite element codes was shown to be 
unobjective with regard to the analyst's choice of the mesh size 
(10,11,12,17,27,56), and to converge with decreasing mesh size to a 
physically incorrect solution (vanishingly small failure load). The artifice 
of enforcing a certain constant minimum width of the strain-softening 
band removes these incorrect features but makes it impossible to obtain 
with the local continuum theory a detailed resolution of the stress and 
strain fields within and near the strain-softening region. 

Some workers, emphasizing that strain-softening does not exist on the 
microstructural level, have recently suggested that strain-softening be 
treated as point defects, such as progressively developing microcracks, 
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which represent the true physical source of macroscopic strain-soften
ing. However, structural analysts need a smeared-out overall descrip
tion, such as that provided by a macroscopically equivalent continuum. 
There is no hope of directly treating in structural analysis these numer
ous point defects, with the attendant inhomogeneities of the microstruc
ture, individually. 

Others (59) have suggested that strain-softening be treated as a con
sequence of a rate effect, i.e., by means of viscoplasticity. Yet it seems 
that a sufficiently realistic model cannot be achieved in this manner. For 
instance, consider that Et ,: u + [(E) U /T), which is visualized by the 
Maxwell model with a nonlinear dash pot and a linear spring, in which 
U = uniaxial stress; E = strain; E and T) = material constants; superior 
dots denote time derivatives; and [(E) = a exp (bE) in which a, b = con
stants. Integration of this differential equation for a constant strain rate 
t (i.e., E = €.f, t = time) yields the curves in Fig. l(a) which look like 
strain-softening diagrams; these curves correspond to three different strain 
rates: t = 0.1, 1, and 10 (and E = a = b = 1). What strikes the eye is 
the enormous rate effect. Could these curves represent the same con
crete or rock for tests which take, e.g., 0.1 min, 1 min and 10 min to 
failure? Certainly not. There is, of course, a strain-rate effect in concrete 
or rock, but an order of magnitude weaker. [Aside from that, the un
loading modulus predicted in the strain-softening range is much too high; 
see Fig. l(a).] Using another model, e.g., the Kelvin model (59) or the 
Maxwell chain model, one can obtain stress-strain diagrams with a re
alistic rate effect, but then it appears impossible to get strain-softening 
without assuming the spring moduli to become negative. 

In recent debates it has often been emphasized that the true stress, 
which acts within small material elements lying between the defects, 
never decreases, and that strain-softening is merely due to a decrease 
of the net resisting area fraction within the material. This is, of course, 
correct; however, the mathematical formulation with a net resisting area 
fraction that is variable and approaches zero is tantamount to formulat
ing a strain-softening constitutive law. Consequently, this approach, taken 
in continuous damage mechanics (38,39,42,44,45,46,52), inherits all of 
the difficulties of strain-softening, except when apparent strain-soften
ing is actually stress relaxation due to creep (44,45). 

Much inspiration for the present theory came from Burt and Dougill 
(25). Their model seems to be the only one where a finite-size strain
softening region was obtained rather than enforced (e.g., enforced by 
meshing or by lack of stability checks). They analyzed, by computer, a 
random two-dimensional network whose joints are placed at random 
locations over a rectangular domain. They considered all pairs of joints 
with a distance less than a certain constant, 1, made a random selection 
?~ong all s~ch pairs, and introduced between each pair connecting pin
Jomted elastIC struts whose stiffnesses and strength limits were gener
ated randomly according to prescribed normal distributions. After reach
~ng th~ strength limit, the force in the strut was assumed to drop 
ImmedIately to zero. For the present work, it is interesting that the struts 
overlapped at numerous points without being joined. Although this model 
could not have exhibited the correct elastic Poisson ratio (which must 
have been 1/3), the response was remarkably similar to concrete, in-
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c1uding strain-softening and the effects of the degree of heterogeneity 
and the size of specimen. 

CLASSICAL NONlOCAl CONTINUUM THEORY 

From Burt and Dougill's work it is clear that a statistical heterogeneity 
of the material must be somehow reflected in the continuum model. Sta
tistically heterogeneous materials may be characterized (though not 
completely) by the properties of the so-called representative volume (34), 
which is defined as the volume V (e.g., a sphere) of the smallest size I 
for which the statistical characteristics of the microstructure are essen
tially the same regardless of the location of the center of this volume. 
The macroscopic strain, E, and stress, (J, may be regarded as certain av
erages of the microscopic (actual) strains and stresses taken over volume 
v. If the strain field is macroscopically homogeneous (uniform) or nearly 
homogeneous, the constitutive relation may be formulated as a relation 
between E(X) and u(x) at the same location x. However, if high gradients 
of E exist, statistical analysis shows (23,40) that this is no longer ade
quate, and that the entire macroscopic (smoothed) stress distribution over 
V should be related to the entire macroscopic (smoothed) strain distri
bution over V. 

The simplest theory of this type, and the only one used so far to solve 
field problems (31), is the theory of nonlocal continuum introduced by 
Kroner, Kunin, Krunhansl and others (23,40,41,42,43,47) and developed 
in detail by Eringen et al. (30,31,32). In this theory the stress-strain re
lation is written as (1(x) = I BD(x, x')E(x')dV in which x is the coordinate 
vector; (1, E are the column matrices of macroscopic stress and strain 
components; 0 is the square matrix of elastic moduli; and B is the whole 
domain of the body. In all applications so far it has been assumed that 
D(x, x') = C(x)o:(s) in which s = Ix' - xl; o:(s) is a given weighting func
tion; and C is a matrix of elastic moduli independent of s. The one-di
mensional small-strain formulation then is 

u(x) = E e(x), e(x) = foo E(X + s)o:(s)ds = fI E(X) •..............•.... (1) 

in which u(x) = stress (macroscopic, smoothed); E = elastic modulus, 
interpreted as the secant modulus if the stress-strain relation is nonlin
ear; E(X)_ = strain (macroscopic, smoothed); e(x) = weighted average of 
strain; H = averaging operator; and o:(s) = given weighting function, 
which is zero or negligibly small outside the region -1/2 :S x :S 1/2 con
stituting the representative volume, and is such that rooo:(s)ds = 1 and 
o:(s) = 0:( -s). The equation of motion and the strain definition are con
sidered as usual: 

au(X) 
E(X) = - .................................... (2) 

ax 
in which u = displacement (m\lcroscopic, smoothed); E = local strain 
(smoothed); t = time; and p = mass density. 

Extensive dynamic one-dimensional finite element calculations were 
carried out for this classical nonlocal continuum theory, in which E was 
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introduced as a function of E. It appeared, however, that this theory 
cannot model strain-softening. Just like for the ordinary local contin
uum, a strain-softening region of finite width cannot be obtained and 
the occurrence of strain-softening leads immediately to a localization of 
strain into a single finite element no matter how small the element is. 
Thus, the width of the strain-localization region and the energy con
sumed by strain-softening failure converge to zero as the element size 
is decreased to zero, and the response exhibits extreme noise which is 
probably due to instability. Thus, another version of nonlocal continuum 
theory is needed. 

BASIC HYPOTHESIS AND MEAN STRAIN 

The strain averaging in Eq. 1 is usually interpreted to mean that strain 
t(x) at point x depends on the strains t(x + s) at other points of x + s. 
This interpretation is unrealistic, however, because the material at one 
point cannot "feel" the strain at another point. Strain averaging should 
be physically interpreted through its relation to the change of distance 
between points x + s and x - s. This may be brought to light by sub
stituting t(x + s) := ilu(x + s)/ils in Eg. 1 and integrating by parts. As
suming that the weights a(s) are zero outside the interval -1/2 $ S $ 

1/2, in which I is a certain characteristic distance, and noting that the 
symmetry property, a(s) := a( -s), requires antisymmetry of the deriva
tive, da(s)/ds := -da( -s)/ds, we thus obtain 

1
'/2 1 

+ - [I/(x + s) - II(X - s)lw(s)ds ............................... (3) 
o 25 

in which w(s) are weights such that w(l/2) := lu(l/2) and, for 0 $ S < 1/2, 
lII(S) := -2s da(s)/ds ~ o. 

For the sake of simplicity, we will assume that the weights, a(s), are 
uniform, i.e., a(s) == 1/1. Eq. 3 then becomes 

e(x) = ! f'
/
2 E(X + s)ds := ! [II(X + i) - II(X - i)] ................. (4) 

I -1/2 I 2 2 

which will be called the mean strain. Eq. 4 indicates that the overall 
stress cr depends on the relative displacement between the ends of seg
ment lor, more precisely, that the stress resultant crA (a force) over the 
cross section area A of the representative volume depends on the change 
of length of segment 12 in Fig. 2(a). The important point (which will 
lead us later to the concept of imbricated elements) is that points 1 and 
2 must be symmetrically located with regard to cross section PQ; a change 
~Iength 34 in Fig. 2(a) determines ~t the stress on the cross section 
PQ, but the stress on cross section RS. 

To crystallize the preceding thought, we may pronounce, for a one
dimensional continuum, the following hypothesis, in which I is a ma
terial property (a constant) called the characteristic length. 

Hypothesis I.-The stress cr(x) at any point x (except in a boundary 
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layer of thickness 1/2): (1) Depends on the change of distance between 
points x + 1/2 and x - 1/2; but (2) does not depend on the change of 
distance between any other two points lying a finite distance apart. 

It follows that the continuum must consist of all possible (continu
ously distributed) material elements connecting any two points lying at 
distance I from each other. Moreover, part 2 of Hypothesis I suggests 
that these elements should have a parallel and overlapping (imbricated) 
arrangement, in which the neighboring elements are not mutually joined 
(Fig. 2(c)). A proof that such an imbricated arrangement unequivocally 
follows from Hypothesis I may be given by variational calculus (as is 
shown in a subsequent paper in this issue). 

Before proceeding further, we should comment on the choice of the 
weighting function, a(s). Uniform weights are the simplest, but they may 
lead to instability (13). The equation J,t(X + s)a(s)ds = 0 for «(s) = con
stant has a nonzero solution of the type t(x) == A sin (21T x/I) (with any 
A), which means that nonzero t(x) can happen at zero stress and zero 
energy, for which e(x) == o. To avoid this instability, other weighting 
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functions, such as the normal (Gaussian) distribution (13), may be used. 
However, to keep the finite element formulation simple, uniform weights 
a(s) (Eq. 4) are preferable. The aforementioned stability problem may 
then be overcome by simultaneous use of the local strain, au/ax. 

The magnitude of I may be experimentally calibrated according to frac
ture tests of similar specimens of different sizes. Approximately, I for 
concrete is three times the maximum aggregate size. 

DISCRETE MODEL 

Although our ultimate objective is a continuum model, it is instructive 
and easier to derive it as a limit of a discrete model. We restrict attention 
to a one-dimensional continuum and consider a bar of a unit cross sec
tion. We subdivide the length coordinate x by nodes k = I, 2, 3, .. , into 
equal segments of length h [Fig. 2(b) and (e)], subjected to the condition 
that I = lilt in which II is an integer and I is the given size of the rep
resentative volume. The mean strain~, as given by the difference expres
sion (Eq. 4), is the strain obtained in one-dimensional elements of length 
I. These elements are shown as circles in Fig. 2(e). They span over II 

segments h, and are connected only at their ends, so that the strain in 
each of them is uniform. These elements overlap, i.e., are imbricated (as 
shown in Fig. 2(c), where the nodes above each other have the same 
displacement). A cross section between two nodes [Fig. 2(e») is inter
sected by a total of /I identical imbricate (regularly overlapping) elements 
acting in parallel. The combined cross-section area of all imbricate ele
ments intersected by the same cross section of bar must be a constant, 
independent of II. Denoting this combined area as (1 - c) in which 0 :5 

c :5 1, we see that the cross section of each imbricate element must equal 
(1 - e)/II. Obviously it decreases as the subdivision of I is refined and 
tends to 0 as II ~ 00. 

Although 11 imbricate elements are intersected by each cross section 
between the nodes [Fig. 2(c) and (d)], only two of the elements are con
nected to each node, one from each side [Fig. 2(d)]. The stresses in these 
two elements, which will be called the broad-range stresses, are 

(1'k = E(edEk' Uk-II = E(ek-")~k-" .................. " ..... , ........ (5) 

in which 
1 

~k = I (tlu" - lid, 
1 

Ek-" == I (Ilk - Ilk-II) ............•....• (6) 

in which E = the elastic modulus, interpreted as the secant modulus if 
the material behaves nonlinearly. The nodal forces at node k arising from 
these two elements [Fig. 3(d)] are 

1 - e F; = --Uk, 
II 

1 - c 
F; = -- Uk-" . .................................. (7) 

" 
We might now be tempted to formulate the equation of motion of the 

bar as Ft - Fi: = phiik • However, this would not be a stable model since 
certain modes of nonzero displacements (other than rigid-body modes) 
could occur at zero stresses and zero energy (see Ref. 13). Therefore, it 
is necessary to assume that, in addition to the imbricate (regularly over
lapping) elements of fixed length /, adjacent nodes are also connected 
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by regular finite elements of length II. Their cross section must equal e, 
so that the cross-section areas of all elements intersecting a given cross
section would add up to 1. The strains and stresses in these elements, 
called local, may be expresed as 

1 1 
Ek = - (UHI - lid, Ek-I = - (Ilk - Ilk-I) ............................ (8) 

II II 

Tk = E(EdEl' Tl-\ = E(El-\)EH .................................. (9) 

and the nodal forces from these elements [Fig. 3(d)) are 

f: = eTb fi: = CT1_I ., ... , ............................... , .... (10) 

Considering all mass to be lumped in the nodes, the equation of mo
tion of node k is Fl' - F;'- + t: - t"k = p/'iik or 

1 - e [- _ 111'" - III - _ "k - Ill-II] 
-- E(Ed - E(El- II)---

II I I 

This may be rearranged as 

1 - e _ _ e 
-2- (E(ed(lIktll - lid - E(ek-II)(lIk - Ilk-II») + 2 [E(Ed(IIHI - lid 

/ II 

- E(Ek-I)(l/k - lIk-d) = piik · ...........................•....•.... (12) 

which applies only at points Xl that lie at distances at least 1/2 from the 
boundaries. For the special case of elastic materials, i.e., constant E and 
E, the equation simplifies as 

- "k111 - 211k + Ilk-II " ktl - 211k + "1-1 .. 
(l-e)E 2 +eE 2 =pllk ............. (13) 

I II 

The total stress 5k between nodes k and k + 1 [Fig. 2(e») is the sum of 
the forces in all imbricate elements bridging the segment (k, k + 1), plus 
the force from the local element (k, k + 1). Therefore 

1 
II -e 

Sk = -- 2: Uk+I-; + eTl ...•..••••.•......•.•.•..•....•.......• (14) 
II ; = I 

CONTINUUM AS LIMITING CASE 

The continuum limit of Eg. 12 (Ii ~ 0 at constant I) is now obvious: 

1-e{_( I) _( I) } -p- E x + 2 [II(X + /) - I/(X)) - E x - 2 [II(X) - II(X -I») 

+ e ~ [E (x) ill/(X)] = P a
2

11 ~t) ......... , ................... , ..... (15) 
ax ax at 

and for the special case of clastic materials (constant E and E): 
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E a2U(X) a2u(x) 
(1 - e) "2 (u(x + I) - 211(x) + u(x - I») + eE -2- = I) -2- ......... (16) 

I ax at 

Introducing the difference operator, Ox, as 

Dxll(x) = ~ [u(x +~) -U(X -~) ] ............... , ............... (17) 

and omitting the arguments at E and E, we can write Eq. 15 more tersely 
as 

(1 - e) OX (E OX u(x)] + e ~ [E au(x)] 
ax ax 

= p a
2

u(x) (for ~:S x:s L -~) ............................... (18) 
at 2 2 2 . 

in which L = bar length, or as 

a (121/(X) 
(1 - e)Ox(J(x) + e - T(X) = P -2- .............................. (19) 

ax at 

a 
with (J(x) = E Oxu(x), T(X) = E - II (x) ......................... (20) 

ax ' 
Here T may be called the local stress, and (T the broad-range stress. In 
contrast to e, (J must be regarded strictly as the stress in the imbricate 
elements of fixed length I, and not as the mean of stresses within I. (This 
is why we do not write a instead of (J.) In the continuum limit, every 
point is bridged by infinitely many imbricate (overlapping) elements, each 
one of them having an infinitely small cross section. It should also be 
noted that, in Eq. 19 

1 f' /2 a(J (x + 5) 1 1"'/2 a(J (x') , 
D u(x) = - ds = - -- dx 

• I -1/2 as I x-1/2 ax' 

=f[(J(x+D -(J(x-DJ .................................... (21) 

i.e., Dxu(x) is the mean stress gradient although (J is not the mean stress. 
The total stress, SIx), is the resultant of all forces within the unit cross 

section of the bar. One cross section, x, cuts all the imbricate elements 
having their centers at x + s such that -//2 :s s :s 1/2 [Fig. 2(e)). There
fore 

SIx) = (1 - e)a(x) + eT(x) ...................................... (22) 

1 f' /2 11"1/2 
with a(x) = H(T(X) = - (J(x + s) ds = - (J(x')dx' ........ (23) 

1 -1/2 I ,-1/2 

in which H is an averaging operator. Eg. 22 is the limit of Eq. 14 
for It ~ 00. The total stress,S, is the only stress that can be applied or 
controlled at the boundary; (J and T are in fact hidden (internal) vari
ables, directly unobservable. Note that a (x) is the mean broad-range stress, 
and that th~ relation of a to E involves double averaging, i.e., 
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iT == HEHf.; S == (1 - c) HEHf. + cEf. '" .......................... (24) 

Because a(Ha)/Ox == H(ila/ax) == Dxa and Dx u == Hf., the use of Sallows 
the continuum equation of motion (Eq. 19) to be written in the familiar 
form 

as (x) cPu (x) 
--;;;- == p ~ .. , ........................................... , (25) 

One crucial aspect is the difference operator on stress, Dxa, which is 
eqUivalent to averaging of the stress gradient. The salient property that 
gives rise to the difference operator on stress and distinguishes the pres
ent nonlocal continuum theory from the existing (classical) one is the 
fact that imbricated (regularly overlapping) elements interlink each point 
of the continuum with points at a finite distance, 1 [Fig. 2(d)], without 
being linked to the points lying in between. To emphasize this crucial 
aspect, the present continuum may be called the imbricate continuum. 

By virtue of this imbricate structure, it is possible to introduce two 
differellt and independent stress-strain relations: the broad-range one, and 
the local one. The latter must not exhibit strain-softening, while the for
mer may. This is an important aspect, and until it was adopted, com
puter simulations had not succeeded in producing convergent behavior 
and finite-size strain-softening zones. 

The essential difference between the imbricate nonlocal continuum and 
the existing (classical) nonlocal continuum is the fact that the present 
continuum equation of motion (Eq. 20) has a difference operator, Dxa 
(or gradient averaging operator), where the classical nonlocal theory has 
a differential expres~ion, (illax)a. Accordingly, Eq. 19 has a double dif
ference operator, DxE Dxll (or double gradient averaging operator), where 
the classical nonlocal theory for the case of uniform weights, a(s), has 
a differential-difference operator (alax)(EDxll). The dichotomy of com
bining, in the classical nonlocal theory, a difference operator (or gradient 
averaging operator) for the displacement u with a differential operator 
for the stress a appears to be one reason why a highly nonlinear be
havior such as strain-softening cannot be modeled. 

The operator DxEDxu leads in finite element approximation to a sym
metric stiffness matrix (see Eq. 12), while the operator aCE Dxu)/ax does 
not. The lack of symmetry in the classical nonlocal theory, which exists 
even if linear elasticity is assumed, is quite disturbing, and may be the 
cause of certain instabilities. Moreover, the nonsymmetry raises ques
tions with regard to the laws of thermodynamics. 

ALTERNATIVE FORMULATIONS 

The continuum equati0.!l of motion may also be written with the help 
of a weighted operator, Dx , defined by 

- fL au(x + s) 
Dxll (x) == a(s)ds . ................................... (26) 

_'" as 
which has been used in the existing nonlocal continuum theory (com
pare Eq. 1). It we introduce the weighting function as 
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1 - c 1 1 
a(s) == -1- + co(s) for \s\:$ 2:; a(s) == 0 for 151 > 2: ........... (27) 

with b(s) == Dirac delta function, we have 

_ al/(x) 
Dxll{x) == (1 - c) Dxll(x) + c-- == (1 - c) Hf.(x) + Cf.(x) ............. (28) 

ax 

in which Dx is the operator defined before by Eq. 17. Now, according 
to the existing nonlocal theory, the continuum equation of motion would 
be (a lax) EOxll(x) == pcPu(x)/Ot2 (instead of Eq. 18). If elimination of non
symmetry of the left-hand side of this equation is desired, one could 
assume a continuum equation of motion of the form 

_ _ a2u(x) 
DxEDxu(x) == p -2- .......................................... (29) 

at 

For a(s) according to Eq. 27, Eq. 29 may be written as 

(1 - c)2DxEDxt/(x) + c(1 - c)[~ EDxt/(x) + DxE ~ U(X)] 
ax ax 

2 a at/ex) a2u(x) 
+ c - E -- == P -2- ....................................... (30) 

ax ax at 

This equation, however, is not equivalent to Eq. 18, and so the discrete 
approximation of Eq. 29 or 30 does not consist of a system of imbricated 
finite elements and appears to be more involved. Eq. 30 may be also 
written in the form of Eq. 25, with 

5 == (1 - c)2HEHf. + c(1 - c)(EHf. + HEf.) + c2 Ef. == HEHf.. ......... (31) 

in which Hf. == Oxu and fI is a weighted averaging operator, defined by 
Eq. 1. Again, Eq. 31 is not equivalent to Eq. 24 obtained from the im
bricate discrete model. 

Since Eq. 30 does not permit the imbricate element discretization, there 
is no objection to using various other weighting functions in Eq. 26; e.g., 
the error function (normal or Gaussian distribution), for which a(s) = 
(21T)-l/2r l exp (-S2 12/2

), or the bilateral exponential distribution, for which 
a(s) = (2ftl exp (-lsI/I). For both of these functions, the classic elastic 
nonlocal continuum is stable even without superimposing a delta func
tion (13). 

The nonsymmetry of the classical non local theory was first noted by 
Belytschko (22). Writing the discrete stress-strain relation as 8 == E E == 
EHE in which E and 8 are the column matrices of strains and (total) 
stresses in all elements and H is a square matrix that corresponds to 
averaging according to Eq. 23 (with uniform weight a), he noted that 
the resulting stiffness matrix is not symmetric, and proposed the mod
ification 8 == HT EHE, the similarity of which (to Eqs. 31 and 24) is ob
vious (although different E and E cannot be distinguished here). Another 
symmetrizing possibility, equivalent to H -18 == E HE, was indepen
dently suggested by Bazant, who was also the first to introduce the im
bricate discrete model, replace aa lax in the continuum equation of mo
tion by an averaging operator on the stress gradient, and note the afore
mentioned instabilities and the possibility of stabilization by an addition-
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al local term (i.e., c > 0) for which a different E, i.e., a different non
softening stress-strain relation, is used (6,7,8). 

STABILITY OF CONTINUUM 

We still need to justify the presence of the local term with au/ax i.!' 
Eqs. 18 or 15. Let us consider the. elastic case, Le., constant E and E, 
and (similarly to Ref. 13) seek static solutions of the form u = A elK', in 
which A and K are real constants, K > 0, and i = imaginary units. Sub
stituting this into Eq. 16 with a211/at2 = 0, we obtain for A =I' 0 the con
dition (1 - c) EI(e'"' - 2 + e- IK

') == c EK 2/2. Its imaginary part is automat
ically satisfied, and its real part yields the condition 

2(1 - c)E,(1 - cos Kl) + cE(K/)2 = 0 .............................. (32) 

When C = 1, which is the case of local continuum, this equation is never 
satisfied (for K > 0), which means that A == 0, i.e., the local continuum 
is stable. When c == 0, we have 1 - cos Kl = 0; this may be satisfied for 
K = 211Tr/1 (/I == 1, 2, 3, ... ), which means that periodic solutions of 
wavelength 1//1 and arbitrary amplitude A (13) are possible. Therefore, 
the imbricate nonlocal continuum with c = 0 is unstable, and the stability 
requirement is c > 0, because then Eq. 31 has no nonzero solution K. 

For this reason, the local term had to be included. 
It is interesting to compare this with the corresponding static e!astic 

solution for the existing nonlocal continuum theory, for which a(EDxu)/ 
ilx == o. Introducing again u = AeIKX

, we then obtain, instead of Eq. 31, 
the condition c E y + (1 - c) £ sin y = 0 wh~re Y = Kl/2. This condition 
has no positive solution K if c > 0.178465 E/E (13). This stability con
dition is more stringent than the one for the present theory (Eq. 32), 
which suggests that the symmetry has a stabilizing influence. 

It is further interesting to check the static stability condition for Eq. 
30. In this case, the same substitution as before for II leads to the con
dition 

C • 1 ( c)2 2 1 - cos Kl + -- Kl sm Kl + - -- (Kl) = 0 ................... (33) 
1-c 21-c 

One can now show that no solutions with K > 0 exist for c > 0, and 
that c == 0 leads to instability. So the stability condition is again c > o. 
However, the minimum of the left-hand side of Eq. 33 approaches 0 as 
K2 (quadratically), while that of Eq. 32 approaches 0 as K (linearly). Thus, 
for small c, the formulation based on Eq. 30 would exhibit more noise 
than the imbricate one. 

STRAIN-SOFTENING LAW AND NUMERICAL STUDIES 

Strain-softening is an overall property of the representative volume, 
not a point property of a continuum. As already mentioned, strain-soft
ening is always caused by some randomly dispersed, highly localized 
defects, such as microcracks or voids. If they are treated as point defects, 
and if it is assumed that the number of such defects within a finite vol
ume is finite, then the probability of encountering a defect at a randomly 
chosen point is zero, while the probability of encountering a defect in 
the representative volume of size I is finite and large. Thus, although 
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the local stress-strain relation T == E(E)E may exhibit plasticity, it may not 
exhibit strain-softening, i.e., the local tangent modulus, EI == E + E d E/ 
dE, may not be negative. Strain-softening can be exhibited only by broad
range stresses, CT, and not by local stresses, T. Positiveness of EI is also 
required by stability, as numerical calculations ~~nfirm. .. 

For numerical examples, we consider the bilmear stress-stram dia
grams shown in Fig. 2(e). The broad-range stress-strain diagram has an 
elastic (straight) rising branch of slope Eo up to peak stress CTp corre
sponding to strain Ep, then a straight declining (strain-softening) branch 
of negative slore £" and finally, a near!y horizo~tal tail of a v~ry small 
positive slope Ef (a zero slope ~igh~ be mc~nvem~nt for num~rlcal co~
putations). The local stress-stram dla~r?m IS e~ast~c up to stram ~f' with 
a positive slope Eo, and beyond E{.! It IS plastIc, I.e., ~early hOrizontal, 
with a very small positive slope, Ef . For the tail porhon of the broad
range diagram two types were considered [Fig 2(e)]: Type I, in which 
the broad-range strain-softening dips below the strain axi~ so that the 
tail of the total stress diagram [Fig. 2(e)] would be approxImately zero, 
as after full fracturing; and Type II, in which the broad-range strain
softening terminates at zero stress [Fig. 2(e)] so that the tail of the total
stress diagram ends with a plateau of finite stress. Type II is probably 
more reasonable physically, but Type I is a convenient way to obtain 
full strain-softening (full fracturing) of the material. (If the broad-range 
stress-strain diagram were not allowed to dip below the strain axis (Fig. 
2(e)], then a continuation of strain-softening beyond strain Ef could be 
modeled by using a hierarchy of broad-range stresses corresponding to 
different layers of imbricate elements with different lengths 1 == 11, 
' 2 , ••• ; this would, however, be too complex.) _ 

For unloading and reloading, we assume that a positive slope, Eu or 
Eu, always applies (Fig. 2(e)]. In the p~esent computations it was as
sumed, for the sake of simplicity, that Eu and Eu are constant for both 
the broad-range and local stresses. Negative M or AE means unloading, 
while nonnegative Ae or AE is either a virgin loading or relo~ding, de
pending on whether the strain is equal or less th~n the p~evlOus m~x
imum of strain. If reloading returns to the last prevIOus maxImum stram, 
the virgin stress-strain diagram is again followed until the strain incre
ment becomes negative. Note that it is possible to have loading for the 
broad-range stress and unloading for the local stress at the same time. 

For numerical conputations, t~e material properties are ~pecifi~d as Eo 
== Eo = 1, Ep == 1, Ef == 5, Ef == Ef == 0.001, and 1 == L/5, 1/1 which L == 
length of bar (Fig. 2(b)]. For Type I softening [Fig. 2(e)], (T at E == E{ was 
considered as 0; and for }ype II softening, it was considered as EoEfc. 
These values then yield EI . 

The length, L, of the one-dimensional bar is subdivided into N .e~e
ments of length h == L/N with Nn = N + 1 nodes (Fig. 2(b)]. The velOCItIes 
CI and C2 for both ends of the bar (x == 0 and x == L) are prescribed for 
all time steps. The arrangement of the local elements is shown in Fig. 
2(b). . 

A question arises with regard to the treatment of the. bou~?anes for 
the imbricate (overlapping) elements. For the sake of slmphClty, those 
elements which would overlap beyond the boundary are shortened so 
as to terminate at the boundary node to which they are attached (Fig. 
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2(c)]. Thus, the first and last imbricate elements (from k == 1 to k = 2, 
and from k = M - 1 to k = M) are of length I, and are equivalent to the 
local elements. 

The computation is carried out in small time steps M using the explicit 
algorithm which follows, in which subscripts r == 1, 2, .,. Nt refer to 
discrete times, i,; subscripts r ± 1/2 to times i, ± M/2; subscripts i := 

1,2, ... , Nt to element numbers; and subscripts k "" 1,2, ... , Nil to node 
numbers. 

1. Read I" I, di, Nt, N", N" Nt, CI , C2, and constitutive p~rameters; 
generate all t,. Generate arrays K(i), M(i), /..(i), K(i), M(i), I,.(i) giving 
the numbers of the left and right node of the; th local or imbricate ele
ment, and its length. Initialize for r = 1: Vk,,-1/2, Uk", Tk", Uk", max Ek, 

max Ek, Tm ... ,k, Urn ... ,k all as zero, for all k. 
2. DO 11, r = 1, .. " Nt (time steps). 
3, 1'1" == -CI, VNn" == CI' Initialize Fk = 0, /k = 0 for all nodes k := 2, 

3, .. " Nil - 1. 
4. DO 6, ; = 1, ... , Nt (local elements). 
5. k = K(i), III = M(i); dE;" = (v"", - Vk,,)dt/I,,(i), E;" = E;,,_I + dE;". 

CALL subroutine MODL (dE, E, max E, Trn• xl ) which determines from the 
foregoing arguments the tangential moduli E;" of the local elements, 

6. T;" = T;.,_I + E;.,dE;.,. If dE;" > 0: max E; = E
"

, and TrnaXl" = T;,,' 

Accumulate nodal forces: b +- /k - CT;", f,,, +- I", + CT;,,' 

7. DO 9, i = I, ... , Ne (imbricate elements). 
8. k = K(i), III = M(i); dE;" = (v"", - vk,,)M/i,,(i), E

"
, E;,,_I + dE;". 

CALL subroutine MODB (de, e, max e, U rna .. ) which determines the tan
gential moduli t;" of the imbricate elements. 

9. (1;" == (1;,,--1 + E;,dE;". If ~E;" > 0: max .E; = E;" and (Tma'l,; = (T;,,' 

Accumulate nodal forces FA +- FA - (1 - c)u;" (left node), F", +- F", + (1 
- c)u;" (right node), 

10. DO 11, k = 2, ,. " Nil - 1 (all interior nodes). 
11. t'l"tl/2 = VA,,-1/2 + (FA + Iddt/(ph), UI,1i I = lik" + dtVk,,;J/2' 

The time step M must be within the limit for numerical stability, One 
limit for the imbricate elements, and another for the local elements may 
be considered. The latter, which is smaller and decides, is di S II/v, in 
which v == V(Eo/p). The time step M =0.2 II/v was used, 

As the initial condition, the bar is assumed to be at rest at i == O. As 
the boundary conditions, the ends of the bar of length L are assumed 
to move at constant velocities, Cl and C2, away from the bar; c. = -C2' 

For the usual elastic continuum, this loading generates two tensile step 
waves of constant strain E = Cl , propagating toward each other, As they 
meet at the center of the bar, the strain is instantly doubled. 

To study a strain-softening imbricate continuum, we select such 
boundary velocity C that the strain of the inward wave is slightly below 
the limit of proportionality, E,,; CI := O.85Ep was used. Thus, the inward 
waves are elastic and run essentially at wave velocity v = V(Eo/p), ex
cept for wave dispersion due to length I of the imbricate elements, which 
blurs the wave front more than is seen for the local elastic material, Le., 
for I == II. (This blurring occurs even for the nonlocal continuum, not just 
for the discrete model.) At approximately the time t == L/2v, the wave-
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fronts meet at the center of the bar. The strain then rapidly exceeds Ep 

and enters the strain-softening range. 
First it has been checked that for the case in which c = 1 and E == 

const., as well as for the case in which E = E = constant and c ¥- 1, the 
response converges to the exact solution for the usual local elastic con
tinuum as II is decreased. Then, it has been checked that for c = 1 and 
a hardening plastic stress-strain relation, the response converges as " is 
decreased to the known plastic wave solution. 

Further, it has been checked that for c = 0 and strain-softening local 
material properties [of Type I, Fig. 2(e)], the response (Figs. 3-4) con
verges for decreasing II to the exact solution which has been recently 
worked out (9). This solution indicates that the strain-softening region 
at the bar center remains of zero length; the strain instantly drops to 

~ .. 
~ 
Ul • 

~ g.t 

Ul 
Ul 

~ .. 
~. 
l: 

II " .. U~ ... H L;l ., ~ 
... nra c: '" 0.1 
I III 
I l~' 
, !OS , .. 

• 00. 

I' ... LIZ 

NO Ie II . , . 
" , " , , n, 

, .~ I. 
I I.!lt 

ttl" :) 
C .e 0 I 

TIME 

(a) , 

~ , 
Ul ,. 

~ 
:>I, 

- . . 

.) .... 1" ... 31 

O. "'" 
I 13) 
2 U. ". , .. 

'00, 

(h)' .- ... ------.. - --.----.--.--.-.-

I) • =L/z 

NO H II , , . 
2" III 3 
, 2!Jo ~ 

("I"" !i 
c '" 0.1 

0+-0 ~-~-~ •• ~~'-;O---.-- --;, ----... 80 

TIME 
... 

FIG. S.-Results for Partially Strain-Softening Imbricate Continuum: (a) Spatial 
Distributions at Various Times for the Finest Mesh; (b) Convergence of Time His
tories at Mesh Refinement 

1683 

zero as soon as the wavefronts meet, and an outward unloading wave 
of strain step (-cJlv) is reflected from the boundary of the strain-soft
ening region, canceling the strain of the inward wave (9). As is seen 
from Figs. 3 and 4, the numerical solution (for 1 = h) converges at de
creasing h to this exact solution. (This invalidates the claims in recent 
debates that convergence cannot occur.) The convergence is slow at the 
wavefront, but this is typical whenever waves with step wavefronts are 
considered. 

Now consider convergence at constant I and decreasing II for the strain
softening imbricate continuum-the goal of this work. Empirically, it 
has been found that the smallest value of coefficient c for which the 
calculated response appears stable and free of noise is roughly c = 0.1. 
This value has been used in all computations. The calculated responses 
for successively refined subdivisions of bar length L (N = 5, 15, 45 and 
195) are plotted in Fig. 5 for partial strain-softening [Fig. 2(e), Type II] 
and in Figs. 6-9 for full strain-softening (Fig. 2(e), Type I]. We see that 
the responses exhibit a strain-softening region of a finite length, and 
converge as the subdivision of the bar length is refined. With this, our 
goal is achieved . 

We may also note (Figs. 6, 8) that the length of the strain-softening 
region quickly grows after time t = L12v, until it reaches a characteristic 
constant value roughly equal to 21. (This fact lends support to the crack 
band modeL) By contrast, for the usual, local continuum that exhibits 
strain-softening, the size of the strain-softening region cannot grow and 
remains zero (9) (Fig. 4). (The length of the strain-softening region in 
the imbricate continuum could be made to grow beyond 21 only by other 
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influences, such as embedded reinforcing bars or, in two or three di
mensions, by the restraining effect of an adjacent compressed region, as 
in bending.) 

For applications to the dynamics of concrete structures, e.g., resis
tance to impact, blast or earthquake, the calculated value of total energy 
absorption W in the bar is of great interest. Assuming straight-line un
loading with modulus E", the enrgy consumed during M = tr+1 - tr per 
unit length of one imbricate element is (see Fig. 10): 

- 1 [u; u;" ] ~Wr = - - - -- + (ur + u r • I)~E for any E"-variation ...... (34) 
2 E"or E".r t I 

- 1 (~u) ~Wr = - (u, + IT,tl) ~E - - for 
2 E" 
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IT 
for E" = - (secant) ...................... (36) 

E 

and the total energy consumption is 

",,,,I-c- _ 
W = LJLJ - l,(i) ~Wr(i) ..................................... (37) 
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in which i,(i) = length of imbricate element No. i. Note that this expres
sion gives AW, = 0 for elastic deformations, and that}t may be used 
even for unloading and reloading. At full softening, LAW, always equals 
the total area under the stress-strain diagram, regardless of strain his
tory. 

For the present solution (Eu = const.), the calculated W is plotted in 
Fig. 10 against the number, N, of subdivisions. Note that for the local 
continuum (/ = h), W approaches 0 as It ~ 0 and, therefore, no energy 
is consumed at all, which agrees with the exact solution in Ref. 9 but is 
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FIG. 1 D.-Energy Dissipated by Damage Due to Strain Softening 

unrealistic from an engineer's viewpoint. For the imbricate continuum 
with I = LIS = const., W converges to a finite value as h ~ 0 (see Fig. 
10), which is satisfactory from an engineer's viewpoint. Note that, if no 
energy is consumed within boundary segments of length I, the contin
uum limit is 

i"iL {[ 2 ] } 

1 - c a (x) 
W(t,) = -- d -- + a(x)dE(X) dxdt ................. (38) 

(I (I 2 £" 

CONCLUSIONS 

1. Stable strain-softening distributed over finite-size regions can be 
modeled by means of a new type of non local continuum which may be 
called the imbricate continuum. This continuum is the limiting case (for 
vanishing mesh size) of a finite element system consisting of imbricated 
(regularly overlapping) elements which have a fixed characteristic length, 
I, that is kept constant as the mesh is refined, and a cross section which 
is reduced with the mesh size. The imbricate elements bridge all nodes 
within length l, while each node of the mesh is connected to some im
bricate element. For stability reasons, the system of imbricate elements 
is overlaid by a system of ordinary elements that connect one node to 
the next and are refined if the mesh is refined. 

2. The imbricate non local continuum can be derived from the hy
pothesis that the stress depends on the change of distance between any 
pair of points lying at a certain characteristic distance, I, that is a material 
property. Equivalently, it can be postulated that the stress depends on 
the average of the strains within such a distance. In contrast to the ex
isting (classical) nonlocal continuum theory, the averaging must be ap-
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plied not only to the strains but also to the stress gradients. This is also 
necessary in order to obtain symmetric operators in the continuum equa
tion of motion (or equilibrium), and symmetric finite element stiffness 
matrices. 

3. In the existing (classical) nonlocal continuum theory, the operators 
in the continuum equation of motion are non symmetric (because the 
gradient operator is mixed with the gradient averaging operator). Con
sequently, the associated finite element stiffness matrices are nonsym
metric, too (even if the material is elastic). 

4. Two types of stress must be distinguished-the broad range stress 
and the local stress-and the constitutive relation for each one of them 
must be different: the broad range one with strain-softening, and the 
local one without strain-softening. 

5. Stability of the continuum, as well as numerical stability of an ex
plicit time-step algorithm, can be achieved despite strain-softening. The 
numerical solution converges as the mesh size is refined in terms of en
ergy as well as response histories and profiles. A finite energy is dis
sipated by failure due to strain-softening. 
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