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ABSTRACT: The one-dimensional imbricate nonlocal continuum, developed in 
a previous paper in order to model strain-softening within zones of finite size, 
is extended here to two or three dimensions. The continuum represents a lImit 
of a system of imbricated (overlapping) elements that have a fixed s.ze and a 
diminishing cross section as the mesh is refined. The proper variational method 
for the imbricate continuum is developed, and the contmuum equations of mo
tion are derived from the principle of virtual work. They are of difference-dif
ferential type and involve not only strdin averaging but. also stress gradient 
averaging for the so-called broad-range stresses charactenzmg the forces wlthm 
the representative volume of heterogeneous material. Th~ gradient averaging 
may be defined by a difference oper~tor: or an a:veragmg mtegral: or by lea~t
square fitting of a homogeneous stram field. A differential apprOJomatIon With 
higher order displacement derivatives is also shown. The theory implies a 
boundary layer which requires special treatment. The blunt crack band model: 
previously used in finite element analysis of progressive fracturing, is extended 
by the present theory into the range of mesh sizes much smaller than the char
acteristic width of the crack band front. Thus, the crack band model is made 
part of a convergent discretization scheme. The nonlocal continuum aspects are 
captured by an imbricated arrangement of finite elements of the usual type. 

INTRODUCTION 

In the preceding paper of this issllP (4), it was shown that finite-size 
strain-softening regions can be obtained with a new type of nonlocal 
continuum called the imhricate continuum. One-dimensional continuum 
equations have been obtained as a limit of a discrete model which con
sists of imbricated (regularly overlapping) elements. The element size is 
not reduced as the mesh is refined, but is kept fixed, while the cross 
section of the elements is reduced in proportion to the mesh size. 

The purpose of this paper,. based on a 1983 report (1) summarized in 
Ref. 2, is to develop for the imbricate continuum the proper variational 
method, to derivp a multidimensional generalization, and to show ap
proximation by derivatives. Consequences for the crack band model for 
finite element analysis of fracture of concrete or geomaterials will also 
be pointed out. All notations and definitions from the preceding paper 
(4) are retained. 

VARIATIONAL METHOD IN ONE DIMENSION 

To facilitate development of the variational technique for two or three 
dimensions, it is useful to formulate it first in one dimension. We want 
to derive Eqs. 19-20 of Ref. 4 from Hypothesis I of Ref. 4 using the 
principle of virtual work. (This is more generally applicable than the use 
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of the principle of minimum potential energy, which could, of course, 
be applied just as well.) 

According to Hypothesis I of Ref. 4, the incremental work, 1l W, de
pends on the local strain, E, and on the mean strain, E. Therefore, we 
have, for a bar of length L: 

1lW = c1lWo + (1 - c) 1lW\ + 1lWb - iL 

p(x) 1lu(x) dx = 0 

f
L-~ fL-~ 

1l Wo = r(x) 1lE(X) dx, 1l W J = u(x) 1lE(X) dx ............. (1) 
1/2 1/2 

in which x = the length coordinate of the bar [see Fig. 2(b-d) of Ref. 4]; 
u = displacement; 1l W b = the work of stresses done within segments of 
length I at each end; 1l W \' 1l W 0 = the works of broad-range stresses u 
and local stresses r within the rest of the bar; p (x) = distributed load; 
1lu(x), 1lE(X), 1lE(X) are any kinematically admissible variations; and c = 

an empirical coefficient between 0 and I, defined in Ref. 4. Substituting 
Eq. 4 of Ref. 4 for E, and setting E = au/ax, we have 

f
L

-

I

/

2 

( ) [ ( I) ( I)] 1lW t = 1/2 U IX 1lu x + 2 -1lu x - 2 dx, 

1lWO=fL-I/2r(x)~1lU(X)dX ................................ .... (2) 
1/2 ax 

Introducing new variables, ~ = x + 1/2, 1] = x - 1/2, and then renaming 
in separate integrals both ~ and 1] as x, we get 

1 fL (I) 1 (-I ( I) 
1lW\=ll u ~-2 1lU(~)d~-lJo u 1]+2 1lu(1])d1] 

1 fL (I) 1 {L-I ( I) 
= I I U X - 2 1l u (x) dx - I Jo U x + 2 1l u (x) dx . . . . . . . . . . . . . . (3) 

After integrating by parts in 1lWo, and substituting p(x) = -p a2u(x)/ 
at 2 (p = mass density) according to d' Alembert principle, we obtain 

1l W = - r- I 

{(1 - c) 7 [U (x + ~) - U (x - ~)] + c aa
x 

r(x) 

a
2

u(x)} 11 iL 

-P--2- 1lu(x)dx+ FJ1lu(x)dx+ F21lU(x)dx=0 ......... (4) 
at 0 L-I 

in which FJ and F2 are certain functions which are zero for 1/2 ~ x ~ L 
- 1/2 and have effect only within end segments of length 1/2. Since 1l W 
= 0 for any kinematically admissible 1lu (x), the expression in the braces 
{ } of the first integral must be zero. This yields the one-dimensional 
continuum equation of motion in Eq. 19 of Ref. 4. 

Note that Eq. 4, as well as Eq. 19 of Ref. 4, applies only at points 
whose distances from the ends are at least I. The boundary conditions, 
which ensue from functions FJ and F2 , do not refer just to the end points, 
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but are evidently spread out over boundary segments of length I (which 
can be generalized in two or three dimensions as boundary layers). Set
ting up these boundary conditions in a discrete form as described in Ref. 
4 is, however, simpler [see the arrangement of imbricate elements near 
the end of the bar in Fig. 2(c) of Ref. 4]. 

The foregoing variational derivation shows that, if there is a difference 
operator (or gradient-averaging operator) in the strain-displacement re
lation, the same operator must be applied to stress in the continuum 
equation of motion (or equilibrium). The fact that this equation can be 
derived from an energy principle is important. It means that the oper
ators are symmetric and that discretization must lead to symmetric mat
rices (this is, of course, automatically implied if one begins with a finite 
element system, as has been done in Ref. 4). The foregoing properties, 
which are not shared with the existing nonlocal continuum theory, rep
resent the characteristic features of the imbricate nonlocal continuum. 

From now on we turn our interest to three or two dimensi0J,ls. 

VARIATIONAL DERIVATION FOR DIFFERENCE OPERATOR 

For the same reasons as before, we adopt Hypothesis I from Ref. 4 
for three dimensions and assume that the stress depends on the change 
of distance between two points a fixed distance, I, apart [Fig. l(a)]. 
Therefore, the stress depends on the mean displacement gradient, 0, u i ' 
which may be defined by a difference operator, OJ, as follows: 

(b) (c) 

D,u,(x) == ~ [ui(X T ~i) - u,(x - ~i) J a, ... ..................... (5) 

in which x =0 (Xl ,X2 ,X3) =0 Cartesian coordinate vector; i =0 unit vector 
of axis Xi; a, == direction cosines of i =0 (1,0,0) or (0,1,0) or (0,0,1); u, 
=0 Cartesian displacement components (i =0 L 2, 3); and I =0 the char
acteristic length which represents a material property, as in Ref. 4. For 
the sake of brevity of notation it is expedient to rewrite Eq. 1 as 

1 
D,u, =0 - (u,~, - U,~i)""""""""""""""""""""'" (6) 

I 

in which the arrows in the subscripts denote shift operators defined as 
u,~,(x) =0 a,u,(x + il/2) and U,~i(X) = aiui(x - il/2). It may be checked 
that the shift operator is linear and is commutative with differentiation 
or integration. Note that u i~i and u i~i are second-rank tensors; the sub
scripts following the arrow are tensorial and imply summation if re
peated, just like the partial derivative subscripts preceded by commas. 

The work of the variations &(Diu,) per unit volume of the material may 
be written as 0',,& (D,ui) where repeated subscripts imply summation over 
1, 2, 3 and 0'" represents the components of the broad-range stress ten
sor, analogous to that defined in Ref. 4.· Because tensor O'ii must be 
symmetric, O'qo(D,u,) =0 1/2 [0'" &(Diui) + O'ii&(Diui)1 =0 O'iiOEii' in which 

1 
Ell c_ '2 (0,11, + D,u,) ......................... . .................. (7) 

This is the mean strain tensor, and we see it must be symmetric if O'i, is 
So symmetric. 

(I) (d) (e) 

FIG. 1.-Difference Operator, Representative Volume, Various Domains of Inte
gration, and Interaction of Points at Fixed Distance I 
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According to Hypothesis I of Ref. 4, the variation of the total work in 
the body, &W, depends on D,u" and for the same reasons as stated in 
Ref. 4, it also depends on the local strain, Ei; . So 

aw =0 (1 - c) aWl + cawn - r i,(x) OUi(X) dV + r. <1>, au, dV Ju Ju, 

+ f P, au, d5 =0 O ............................................... (8) 
SII 

oWo =0 f T" &Ei, dV, &W l =0 f (Ti, &(Oi Ui) dV ....................... (9) 
Ju' L 

in which fl' == the domain of the body n without a boundary layer of 
thickness, 1/2 [Fig. l(b)]; dV =0 dXI dX2 dX3 =0 volume element; ° =0 sign 
for a variation; au, =0 any kinematically admissible displacement vari
ations; ii =0 distributed volume forces; c&Wo and (1 - C)&WI are the works 
of the local stresses, Tii' and the broad-range stresses, (Ti;, within do
main fl'; subscripts preceded by a comma denote partial derivatives, 
e.g., uI,J =0 au,/axi; n;, =0 domain of boundary layer of thickness, 1/2 [Fig. 
1(b)]; 50 =0 surface of the body [Fig. l(c)]; d5 =0 surface element; Pi =0 
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applied surface forces; <l>j BUj = total work per unit volume within 01, 
[Fig. l(c)]; and coefficient c has the same meaning as in Ref. 1, charac
terizing the fraction of the material behaving in a local manner. 

Let us now try to isolate SUi in the integrand of S WI' According to Eq. 6 

BWI = 7 (L (J'ij BUj~i dV - L (J'ij BUj<-i dV) ....................... , (10) 

in which repeated subscripts (both i and j) imply summation over 1, 2, 
3. By substitution of new variables, Xi + 1/2 = ~i and Xi - 1/2 = lJi' one 
finds, similarly to Eq. 3, that 

{ (J'ij BUj~i dV = { ~ (J'ij<-i BUj dV ................................ . 
ln' ln" 

(11) 

1 (J' Bu . dV = i (J'. . Bu dV (12) I) ,_Z <--- '1--"" J ••••••••••••••••••••••••••••••••• 

n' n" 

in which 0 7
' is a domain congruent to 0' but shifted as a rigid body in 

the direction of Xi by distance 1/2 [Fig. l(d)]; 0 " is a domain congruent 
to 0' but shifted as a rigid body against the direction Xi by distance 1/2 
[Fig. l(e)]; and, if (J'ij is evaluated at x, then (J'ij~i are the values of (J' at 
x + i(I/2), and (J'ij<-i are the values of (J'ij at x - i(I/2). IJ 

The domains 0 7
' and 0" are not identical; however, they have in com

mon domain 0", obtained from domain 0 of the whole body by remov
ing a boundary layer of tuickness 1 (we assume 0 to be large enough so 
that 0" will not vanish) [see Fig. l(c)]. We see that Oil is smaller than the 

(0 ) 

,-- (b) 

.L--------

h=£ 
r-

J--

\ J j 1 

FIG. 2.-(8) Mesh of Square Imbricate Elements (Slightly Rotated to Permit Dis
tinguishing Corners that Coincide); (b) Crack Band Model as Special Case when 
h = I 
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intersection of domains n'" and H"', and we denote those parts of these 
two domains which are not included in n" (i.e., disjunctions) as Hb' and 
Hi,-' [Fig. 1(e-e)1. Finally we may denote as !ll> the domain of the bound
ary layer of thickness, 1 [Fig. l(b)], and note that Hb' and Hh' a~e totally 
contained within !lh although they do not fill Hh completely [FIg. l(c)]. 

Using these notations, substituting Eqs. 11 and 12 i~to Eq: 10, and 
splitting each domain of integration into two subdomams as Just men
tioned, we may now write 

flW
I 
= { ~l ((J'l/H - (J'i'~') Bu; dV + { <1>; Bu,.dV ....... ............ , . (13) 
J~ J~ 

in which <1>, depend on shifted (J',; within domains !lb' and !lbi 
and are 

zero within the rest of !lb [Fig. l(c)]. Now, in view of Eq. 6, we may 
notice that Eq. 13 can be rewritten as 

BW I = -1 0, (J',; Bu, dV + 1 <1>; Bu; dV 
ll· II, 

(14) ........................... 

The rest is routine. By Gauss' integral theorem, we have 

BWo = { 1''1 Bu ,.; dV = { 1',; Bu; Ili dS - { Ti;,i Bu; dV ................ (15) 
ll' Js· Jfl' 

in which S' = the boundary surface of H' ; n. = the direction cosines of 
the unit normal of the surface; and dS = the surface element of S'. Ac
cording to d' Alembert principle, we may also substitute Ji = -PUi' in 
which P = mass density and Ui = i/ u;/dt2

, t = time. Thus, Eq. 8 takes 
the form 

flW = 1 [pu, - (1 - c) oi (J'" - CTi;.;] Bu; dV + 1 1\1; Bu; dV 
II'" fib 

+ 1. <1>; Bu, dV + { P; Bu; dS + ( '1'; Bu; dS ....................... (16) 
n, J So J s· 

in which ljJ; , '1'" <1>; are certain functions independent of flu; . 
Now we should notice that none save the first of the integrals in Eq. 

16 involve the interior domain Oil, which excludes the boundary layer 
of thickness 1. According to the principle of virtual work, Eq. 16 must 
hold for allY kinematically admissible variation, BUj(x). Choosing Bu;(x) 
to be zero outside !l", and nonzero and arbitrary within 0", it follows 
from the fundamental lemma of the variational calculus that the expres
sion in parentheses in the first integral must vanish for all x. This yields 
the continuum equation of motion: 

(1 - e) 0, (J',; + CT,;.; = pii, ........................................ (17) 

which is a partial difference-differential equation. Note that this equa
tion applies only at points whose distance from the surface of the b~dy 
is at least I, i.e., it does not apply within the boundary layer of thick-
ness 1. 
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The con~inuum equation~ of ~o?on for the surface and the boundary 
~ayer of thIckness I follo~, 10 pnnCIple, fro~ the second to fifth integrals 
10 Eq. 16. However, t~eIr f~rm. appears qUite complicated, and it is pref
erable to set up the dIscretization near the boundary directly, similar to 
the manner described in Ref. 4. 

The foregoing variational analysis shows again that, in contrast to the 
existing nonlocal theory, the equation of motion must involve a differ
ence rather than diffe~ential. operator on the broad-range stresses, a'l . 
Note also that Ok aij IS eqUIvalent to the mean of stress gradient a 
along a segment of length I in the direction Xk . Ij,k 

According !o Hypothesis 1 i~ Ref. 4, a ij must depend on-and only 
on-Dju i or Eij' the mean stram. Thus, we may write 

aij = Cijkm(e) Ekm = Cijkm(e) Dmuk ................................ (18) 

in whi~h E is the. me~n strain tensor and Cijkm are the broad-range secant 
modulI, dependmg 10 general on e. So Eq. 13 may be written as 

_ a a 
(1 - c) DjCjkm(e) Om Uk + c -;;- Cjkm(E) - Uk = PUi ............... (19) 

uXj aXm 

in which Cijkm(E) are the local secant moduli. Eq. 19 makes conspicuous 
the symmetric action of the difference operators. 

Let us now determine the total stress 5 ij resulting from the difference 
operator in Eq. 5. We consider a cubic mesh with step h in coordinates 
x = XI, Y = X2, Z = X3, and use I, I, K = 1, 2, ... as the subscripts of 
t~e ~odal (mesh) planes normal to x, y and z, in order to make a dis
tmction from tensorial subscripts i, j, k. We denote as ai}(//K) the broad
range stress based on the displacement differences between the face cen
troids or corners of a cub£: limited by coordinate planes XI and X 

d 
3 I+n' 

xl.an xl+n, and XK and XK+n. Noting that n cubes overlap at one 
po1Ot, and that each cube must therefore have a weight 1/n 3 (with n 3 

= 13 jh 3
), we find that the total stress at point (XI 'YI ,ZK) is 

1 - C I I K 

S,}(IIK) = 13 L 2: L aij(/'/'K')h
3 + CT/'(//K)········· (20) 

I'~I+I-n I'~/+I-n K'~K+I-n 

~etting h ~ 0, Ii ~ 00 (h 3 
=" dx' dy' dz'), we find that the continuum limit 

IS 

1 LX+1121Y+112 iZ
+

1/2 

Sij(X,y,z) = ~ c aij(x',y',z') dx' dy' dz' 
x-112 y-1/2 z-I/2 

-I- CTij(X,y,z) .................................................. (21) 

Here the averaging integral extends over a cube of side I. This definition 
of 5 ij implies some directional bias because the diagonals of the cube 
are longer than its edges. 

As a genera~iz~tion of ~qs. ~-.37 of Ref. 4, the total energy consumed 
by damage withm domam n [FIg. l(b)] up to time t may be expressed 
as 

W(t) = f in" 11; C Id(Ci'jkmaijakm) + aijdEij) dV dt' .............. (22) 
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in which C~'k'" are the unloading compliances which depend on the cur
rent strain tensor and are assumed to be constant during unloading and 
reloading. 

VARIANTS OF AVERAGING RULE 

The difference operator in Eq. 5 corresponds to taking displacements 
at the. face centroids of a cube of edge length 1 centered at point x. Al
ternatively, one could take the displacements at the corners of this cube, 
in which case 

0 , u",(x) = ~ {Urn [x + ~ (i + j + k)] + Urn [x + ~ (i - j + k)] 
+ Urn [ X + ~ (i + j - k)] + Urn [ X -I- ~ (i - j - k)] 
- U'" [ x - ~ (i -I- j + k)] -Urn [ X - ~ (i - j + k)] 
- Urn [ X - ~ (i + j - k)] - Urn [ X - ~ (i - j - k)]} a I ••••••• (23) 

in which i, j, k are unit vectors of coordinate axes x I , x; , X A • This equa
tion gives the same values as the displacement gradients at the center 
of a cubic finite element with 8 nodes at its corners. Although the pro
cedure is more tedious, one may obt'lin from Eg. 23 the same continuum 
equation of motion (Eq. 17) using the same variational method as before. 
This proves that Eq. 23 approximates the same (imbricate) continuum as 
the simpler Eg. 5. 

The mean strain is E" = (D,u, + Dju;)j2 in which Diuj has been de
fined by the operator in Eq. 5. This definition has the advantage of sim
plicity; however, it introduces a certain bias, since among all points at 
distance 1/2 from point x [Fig. 1(f)] only a pair of two is used [Fig. l(a)]. 

Noting that Ox in one dimension (4) is equivalent to a mean of the 
deri.vati.ve (Eqs. 3 and 4 of Ref. 1), we may introduce an alternative def
inition 

Du =.!.f au,(x') ,=>.!.J ' , , ,(x) , dV u} (x ) n i (x ) dS . , .... , ...... (24) 
V vex) ax , V rex) 

in which the last expression results from the application of Gauss' in
tegral theorem. Here V(x) = representative volume V centered at x [Fig. 
1(f)]; dV' = element of volume Vat location x'; f(x) = surface of V(x) 
[Fig. 1(f)]; and ni = direction cosines of an outward normal vector of 
surface f(x), DiU; may be called the mean displacement gradients. Note 
that au,(x')/ax; is equal to au,(x')/axi if xi - Xi is kept fixed at partial 
differentiation. 

For isotropiC media, V should be considered as a sphere of diameter 
I', the value of which is close to the characteristic length 1. Then, using 
spherical coordinates centered at point x, we may write Eq. 24 as 
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1 

i
l'/2 i2" i" .( 'a "') au x,r ,u,,!, 

D;uj(x) = - , sin 6d6d<J>dr' 
V 0 0 0 ax; 

r2

" (" ( [' ) 
= i Jo Jo Uj X, 2' 6, <J> n;(6,<J» sin 6d6d<J> ............... ...... (25) 

in which V = 7r[,3/6 and uj(x,r',6,<J» = displacement at a point at dis
tance r' from point x in the (6,<J» direction. As a consequence of Eq. 24 
and Eq. 7 

Ekm(X)=2.f Ekm(X')dV' ..................................... (26) 
V v(x) 

Thus, Ekm(X) actually represents a mean of Ekm(X') taken over volume 
V(x) centered at x. 

As another reasonable definition, D; U j (x) may be defined as the gra
dient, Uj,;' of the displacement field, U;, that has a uniform gradient and 
provides the least-square fit of actual displacements Uj with a uniform 
gradient field on the surface of a sphere of diameter [ centered at point 
x. Because the displacement gradient, U,,;, is homogeneous (uniform) 

Uj = Uj + u;,;(x: - x;) ...................... ..................... (27) 

in which Uj.; = au/ax; = const.; Uj = displacement at point x, (center of 
sphere); and Uj = displacpment at point x: anywhere within the sphere. 
We seek such u;.; that <I> = Is (ii j - u;)2dS be minimum, with 5 being 
the surface of the sphere. The minimizing conditions are a<l>/Ou;.; = 0 
for all i, j. Substituting for <I> and for U j' we obtain a system of 9 si
multaneous algebraic equations for U ;.k (i, j = I, 2, 3): 

Uj.k Is (x: - x;)(xi: - Xk) dS = Is (U; - Uj)(X; - x;) dS . ............... (28) 

But these conditions can be greatly simplified. We may substitute xi: -
x k = n k [' /2 and x; - x; = n j [' /2, and then apply Gauss' integral theorem 
on both sides: 

[' J a [' J a U;.k - -, (x: - x;) dV' = - -, (u; - u;) dV' .................. (29) 
2 VaXk 2 vax; 

Now ax;/axI: = 0; axi/axi: = O;k = Kronecker delta; au/ax; = 0; and so 
U;.k IVOikdV' = Iy(au/ax!)dV', in which the left-hand side is U].kO;k V or 
U ;.i V. So we get 

uji = 2. f au; dV' ............................................. (30) 
. V vax: 

This is identical to Eq. 24. Thus, the least-square fitting of the displace
ment field over the surface of a sphere is equivalent to the averaging of 
displacement gradient. It may also be noted that least-square fitting over 
the volume of the sphere would yield a different result. 
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VARIATIONAL DERIVATION FOR INTEGRAL AVERAGING OPERATOR 

Let us now l'emonstrate that the definition of mean strain by an aver
aging integral (Eq. 24) yields the same continuum equation of motion 
as before. Consider, more generally than Eq. 24, an averaging integral 
with it weighting function, Cl(r), as used in the classical nonlocal theory: 

- 1 J au,(x') , D,u,(x) - - -- Cl(r) dV ................................ (31) 
V V(x) ax; 

1 J 1 E,,(X) = - E,,(X) a(r) dV' = - [D;u](x) + D,u,(x)] = HE,;(X) ..... (32) 
V V(x) 2 

in which H = averaging operator; r = x' - x = radius vector from the 
center of volume V; and I v Cl (r) dV' = 1. The variation of the total work 
in the body of domain n may be again expressed by Eq. 8, in which 
o Wo is the same as in Eq. 9, while 0 W 1 may now be expressed as 

oW I = r rr;]oE"dV= r rr,,(x)2.f aOuj(~')Cl(r)dV'(x')dV(x) (33) Jw In' V V(x) ax, 

in which fl' is the domain of the body after removing the boundary layer 
of thickness 1/2 [Fig. l(b)]. Eq. 33 may be transformed as 

OWl = 2. J {r rr,,(x' - r) aou,(~') Cl(r) dV(x' - r)} dV'(x') ..... (34) 
V \,(x) J!1' ax; 

Here we may apply Gauss' integral theorem to the integral over domain 
n': 

I\W
1 

= 2. J {- r a[a,,(x' -,r) a(r)] ou,(x') dV(x' - r) 
V Vlx) J!1' ax, 

+ L .. ·dS'}dV'(X') 

= -2. f J ou,(x') a[rr,,(X),Cl(r)] dV'(x') dV(x) + r ... . ...... (35) 
V II' V(x) ax, Js' 

in which the integral over the surface 5' of domain fl' need not be writ
ten in detail. Now we may set o[<T;;(X)Cl(r)lIaX: = a [rr;] (X)Cl (r)lIiJx, be
cause r is fixed at partial differentiation (and x; = x; + r,). Then, in the 
double volume integral, we may mutually interchange x; with x:. After 
the interchange of variables, we imagine first integrating over x; at fixed 
x,, and then over x;. (In the old variables, this means integrating first 
over x, at fixed xi, i.e., taking first all volumes V(x) which include a 
fixed point x', and then repeating this for all x'.) Consequently, as a 
result of the interchange of variables, the domain of integration fl' changes 
to n * by shifts such that for all the integrand values corresponding to 
the same r (at various x'), the domain fl' is shifted by -r as a rigid 
body. All these shifted domains fl * (r) lie within the domain fl of the 
whole body. The fixed domain common to 'all the shifted domains fl * (r) 
for all possible r is the domain fl" shown in Fig. l(b), i.e., the domain 
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left after removing a boundary layer of thi~kness ~ fro~ the wh?le .body. 
Note that the shifts of n' happen here m all dIreCtIons, whIle m the 
previous derivation for t~e diffe.renc.e operator (Eqs. 8-14) the shifts oc-
curred only in the coord mate dIrections. . . 

After the interchange of variables and domam ShIftS, Eq. 35 becomes 

&W
1 

= -f &u;(x) {~f a[a,,(x') a(r)] dV'(X I
)} dV(x) 

ll'" V V(x) ax, 

-f···+r ... 
Il" Js' 

............................................ (36) 

in which the integrals over ilb and 5' are quite complicated but. n~ed 
not be written out. According to Eqs. 8 and 15, the total energy vanation 
is 

f [ 
.. 1-CJ a[a,j(x')a(r)]dV'( ') 

&W= pu,--- x 
n" V V(x) ax, 

aT,,] 
-C-. &uj(x)dV+ ... 

ax, 
...................................... . (37) 

in which the omitted terms consist of integrals that do not include the 
interior of ill/. 

Since, according to the principle of virtual work: E~. 37 must hold ~rue 
for any kinematically admissible displacement vanatIon &Uj(x) (and smce 
the unwritten integrals over the boundary sur.face and the bound~ry lay:r 
can be made to vanish), the bracketed term m Eq. 37 must vamsh. ThIS 
yields again the same continuum equation of motion as before (Eqs. 17-
19), but with a different definition of operator 0, (Eq. 31). 

Eq. 17 may also be written in the form 

5
'j

,j = pii, .......................................... , .......... (38) 

in which 5'j = (1 - c) a'j + CT'j .•••••••••.•••.•••.•.•..••.••••• (39) 

1 j' -a,,(x) = Ha,j(x) = -V a'j(x') a(r) dV'(x') = HC'jkmHEkm ........ (40) 
·v'(x) 

H is the averaging operator initially defined by Eq. 32, and a,j is the 
mean broad-range stress tensor. In view of Eq. 38, 5 Ii must be the total 
stress, and indeed its definition (Eqs. 39-40) is consistent with Eq. 21 
representing the limit of a discrete model. Note that Eqs. 17 and 38-40 
differ from the continuum equation of motion in the existing nonlocal 
theory, which is written as a",j = pii" although the same strain aver
aging (Eq. 32) is assumed at the outset. 

DISCRETE ApPROXIMATION BY FINITE ELEMENTS 

We have shown that various definitions of operator 0 , (Eqs. 5, 23, 24, 
25, 31) lead to the same continuum equations of motion. Therefore, the 
discrete finite element approximation may also be the same for all these 
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definitions. The finite element approximation is immediately obvious for 
the difference operator that uses the function values at the corners of a 
cube (Eq. 23). This operator gives the values of strain at the center of 
the cubical finite element of side 1. Thus, the finite element model of 
two-dimensional or three-dimensional continuum is as follows. 

We consider a square or cubic mesh with step h and we anchor at 
each node all possible imbricated (regularly overlapping) square or cube 
elements of size I = nh which bridge all nodes between the corners ex
cept the nodes coinCiding with the corners [Fig. 2(a)] (n is a given in
teger). The square imbricate elements may be generated by placing into 
each node of the mesh of size h the lower left corner of one element of 
size 1. Each square of the mesh, which also represents a local element 
of size h, is overlapped by n 2 imbricate elements of size I [Fig. 2(a)], and 
so the cross section of each of these imbricate elements must be consid
ered to be (1 - c)/n 2

• For a cubic mesh in three dimensions, the imbri
cate cube's "cross section" would be (1 - c)/n 3 by similar reasoning. 

As for the treatment of boundaries, all imbricate elements may be first 
generated ignoring the boundaries. Then, those elements that stick out 
beyond the boundary surface must be cut at the boundary and attached 
to the boundary nodes, similar to the manner shown in Fig. 2(c) of Ref. 4. 

It might seem that the number of imbricate elements is vastly larger 
than the number of mesh size elements. However, their numbers are in 
fact the same (except for a small difference due to the boundaries). This 
is because in two dimensions, each square element of size I overlaps n 2 

elements of size h, and a similar situation applies in three dimensions. 
In the foregoing arrangement, each node is attached to 4 local square 

elements of size h, and to 4 imbricate square elements of size I [Fig. 2(c)]. 
The nodal equilibrium equation for each direction involves a sum of 4 
nodal forces from the local elements plus a sum of 4 nodal forces from 
the imbricate elements. Obviously, the standard procedure may be used 
to assemble the total nodal forces. 

The continuum limit (h ~ 0 at fixed I) of the finite element model just 
described can be used as still another derivation of Eqs. 17 or 18. This 
approach may also lead to more general formulations. One could pos
tulate several layers, each one consisting of identical imbricated ele
ments with a different length I for each layer and a different constitutive 
relation for each layer (e.g., steep softening, milder softening, almost no 
softening, etc.). One could even introduce a continuous distribution of 
such layers with a continuous distribution of I from 0 to 00 and a con
tinuous distribution of constitutive parameters. 

RELATION TO BLUNT CRACK BAND THEORY AND DETERMINATION OF I 

When the mesh size h is chosen equal to size I of the representative 
volume, the finite element model of the imbricate continuum becomes 
equivalent to that of the classical, local continuum. Meshes with h > I 
make no sense for the imbricate continuum model because the charac
teristic length cannot be resolved. The local continuum theory, there
fore, is a proper basis for the finite element analysis if h 2: 1. On the 
other hand, finite element calculations based on the local continuum the-
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ory make no sense when h < 1, and the imbricate continuum should be 
used. 

The transition from the classical, local continuum to the imbricate con
tinuum during mesh refinements is shown in Fig .. 3, where arrange
ments 1-3 correspond to the classical case, for whIch the crack b~nd 
theory has been set up, while arrangement.s 4-5 correspond to the Im
bricate continuum, which allows the extensIOn of the crack band theory 
to finer subdivisions. (The nodes above each other in Fig. 3 are assumed 
to have the same horizontal displacement.) 

In previous works (see Refs. 3, 5, 6, 10-12, 17, 19, 21, and 26 in ~ef. 
4) it has been shown that a finite element mo~el of the .usual type, ~hIch 
involves a single-element-wide band of stram-softemng (progressIv~ly 
cracking) elements of a fixed size, We' in relation to the aggregate SIze 
[Fig. 2(b)], is capable of closely describing :ssen!ia~ly all fract~re test da~a 
available in the literature, particularly theIr devIations fror:n hnear elastic 
fracture mechanics. It has been also shown that, by usmg an energy 
criterion or an equivalent strength criterion f~r the onset of fractu~e (str!in
softening), proper convergence can be achIeved for meshes wIth h - 1. 

From the mathematical viewpoint, however, convergence could not 
be demonstrated for element sizes smaller than 1 and approaching zero. 
The present formulation allows this to be done, thus resolving the detail 

h = 41 
1???2 

h = 2.e 
ttl? 

2) ]L---_----'~L____ 
n=l, h=R 

3) J27",om"'=m"'w"~m'mllllll""mi?il2lll~ ,m"'I11I111U27liiiiiii[ 

n=2, h= RI2 \--R---l 
4) 5aaaa27Z2ii'1??"'27"'''I'HWiIIlIlIl,"pmm''''IIIH Ii? aa"n; 22222?22Itanh 

____ ~HL ______ ~H~ ______ ~HL __ __ 

classical 
local 
continuum 

imbricate 
continuum 

FIG. 3.-Subsequent Refinements of One-Dimensional Discretization and Tran
sition from Finite Elements for Local Continuum to Those for Imbricate Nonlocal 
Continuum 
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of the strain and displacement fields inside the fracture process zone. 
The fact that the size of the strain-softening region is, for the imbricate 
continuum, fixed and determined by the characteristic length I-as the 
calculations in Ref. 1 confirm-justifies the use in the crack band theory 
of a preferred element size and of a Single-element width at the crack 
band front [Fig. 2(b)]. 

The question of how to determine 1 is vital, since it is the only param
eter which cannot be found by testing homogeneously strained speci
mens. Recognizing that for h = 1 the imbricate continuum becomes es
sentially equivalent to the crack band model, we may determine 
approximately the characteristic length, I, as the effective width, We' of 
the crack band front. This width can be obtained by linear regression 
analysis of the test data from fracture tests of geometrically similar spec
imens of widely different sizes, supplemented by tensile strength data 
(3). Previous analysis (see Ref. 17 of Ref. 4) yielded We = 3 do in which 
d" = maximum aggregate size of concrete. So as a crude estimate, we 
may use 

I = 3d" . '" ................................................. '" (41) 

DIFFERENTIAL ApPROXIMATION OF IMBRICATE CONTINUUM 

The imbricate continuum may be also approximately described by dif
ferential equations. For this purpose, expand the displacement and its 
gradient at point X' into Taylor series centered at point x: 

1 1 
1I,(x') = 1I ,(x) + lI,I(X) r, + 2i 11 I,k'" (X) rk r ", + 3! lI"k"",(X) rkrm r n + ... (42) 

, 1 
H",(X ) = lI",(X) + lI",,(X) r, + 2i II "Ik'" (X) rk r ", + ... . .............. (43) 

in which r, = x; - X,. Consider first the difference operator in Eg. 5. 
If Eq. 42, truncated after the cubic term, is substituted into Eq. 5 along 
with r, = ±a,I/2 in which a, = direction cosines of axis x,, it follows that 
D, lI, = [lI"kak + (1/6) ui,k"",aka",a" (1/2)2] a, . Noting that aiak = 0ik = Kro
necker delta, we thus obtain the approximations 

_ 2 _ 2 2 all, 
D, u, - U" + I\. lIi,kk - (1 + I\. V ) -;- ........................ , .... (44) 

"X, 
in which V2 is the Laplace operator and 

1 
1\.2 = - f " .. , ............................. '" ............... . 

24 (45) 

Second, consider the three-dimensional gradient averaging operator 
on a sphere of diameter I' (Eq. 24). Substituting Eq. 43, truncated after 
third derivatives, into Eq. 24, we see that all even derivatives of u, cancel 
out, due to symmetry of volume Vex), and we obtain 

1 1 
D, u,(x) = Ui,i(X) + 2i A km U",km(X) + :Ii Bklnpq Ui"kml'''(X) + ... . ....... (46) 
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1 J 1,2 
inwhich Akm=V rrkrmdV=208km ........................... (47) 

Bkmpq = i!v rkrmrprqdV ........................................ (48) 

Thus, neglecting terms higher than second degree, we again obtain the 
approximation in Eq. 44, but with 

A2=~l" 
40 

(49) 

For the two-dimensional case, gradient averaging is carried out on a 
circle of diameter I', and Eq. 47 then yields A km = 8km I "/32. Eq. 44 is 
obtained again, but with 

1.2 = ~1'2 
32 

(50) 

Comparing Eqs. 45, 49 and 50, we may further conclude that various 
gradient averaging operators lead to the same differential approximation 
of the difference operator if 

for a sphere: l' = ~~ 1 = 1.291 1 

for a circle: I' = ~~ 1= 1.1551 ................................ (51) 

in which characteristic length I is defined as the side of a cube or a square. 
The operators satisfying Eq. 51 are, therefore, approximately equivalent. 

Similar differential approximations may be obtained for DiO'ij' It then 
follows from Eqs. 17-19 that the field equations for the differential ap
proximation of the imbricate continuum have the form 

5 ij.j = pii i ................................•.................... (52) 

Sij = (1- c)(1 + A2
V'2) (Iij + CTij ............................. ·.,· (53) 

0' ij = C,jkm (E) Ekm , T ij = C ijkm (E) f.km· ............................. (54) 

Ekm = (1 + }.2V'2) f.km ............................................ (55) 

1 
f.km = 2 (Uk.m + um.d· ' ...........•... '" ....... ",' ......... , ..... (56) 

For}. - 0 we recover the usual relations for local continuum. 
Eqs. 52-56 may also be derived directly from the principle of virtual 

work, which may now be written as 

8W = (1 - c) L (Iij&EijdV + C L Tij 8f. ij dV - Lf;8U idV 

1707 

-i p,8l1,dS = 0 ................... .......................... . (57) 

Using Gauss' integral theorem, we obtain 

r O'"8E,,dV = ( (0'"811,,, + A2O';k8I1"k/j) dV = J O';,811;ll jdS Jll Jll 5 

in which 

8Wa = -f A
2
O',k"8I1,,ki dV = ( }.2O',k,,,8I1,,k dV - r }.2O'ik,ill,8I1i,kdS (59) 

II In Js 
Sub~tituting Eqs. 58-59 and Eq, 15 into Eq. 57, setting f; = -PUll and 

groupmg the volume and surface integrals, we can bring Eq, 57 to the 
form IFa~II,dV + IF/,8u;dS + IFe8ui,kdS + IFd8u" kj dS = O. To satisfy it 
for any kmematically admissible 8Ui' it is necessary (according to the 
fundamental lemma of variational calculus) that Fa = 0 in fl, and that 
either 8u, or Fb , either 8U

"
k or Fe, and either 8U ,.k, or Fd vanish at the 

surface, Thus, we obtain Eq. 52 for the interior of domain fl, and the 
following boundary conditions on surface S: 

Either 8u, = 0 or S,jllj = (1 - c)(l + }.2V'2) (I,/I, + CTi,lli = P, ", .. (60) 

Either 8u", = 0 or O'",kllk = 0 , .. , ...... , .................... (61) 

Either 811 ,.jk ll k = 0 or 0'" = 0 ........ , .......... " .... , .... , (62) 

There are more boundary conditions than in the local continuum theory 
because the differential equations are of a higher order. From Eqs. 52 
an~ 60 we may also conclude that tensor Si, must represent the differ
entIal approximation of the total stress defined by Eq. 21 or Eqs. 39-40. 

For the special case of uniaxial stress in a bar of length L, the virtual 
work principle requires that 

l
L 

8 W = 1 - C 0' - + ' _ _ L-_ 
U [( ) 8f. CT8u f8ul dx [p8ulu - 0, ............ (63) 

in which pnmes denote derivatives with respect to x = XI; and U = U 1 , 

0' = O'lI, and T = T11 . Substituting 8E = &u' + }.2&U"', p = -pu, inte
grating by parts, and applying the fundamental lemma of variational 
calculus, we obtain the differential equation 

aa
x 

[(1 - C)( 0' + }.2 ::~) + CT] = P :2t~ ................ , .... , .... , (64) 

which is a special case of Eqs. 52-56, and also the boundary conditions 
at x = 0 or x = L: 

Either 8u = 0 or 5 = (1 - c)(O' + A2O',,) + CT = P , .. , , .. , , , , , ' , . (65) 
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Either ou' = 0 or u' = 0 .................................... (66) 

Either ou" = 0 or U = 0 .................................... (67) 

which are recognized as a special cafe of Eqs. 60-62. Note that 5 in Eq. 
65 represents the approximation of the total uniaxial stress. 

The natural boundary conditions in Eqs. 60-62 or Eqs. 65-67 depend 
on our tacit assumption that, in writing Eq. 57, Eq. 54 gives the correct 
mean strain approximation even for points within the boundary layer 
for which the representative volume actually reaches outside the body 
surface. If a correction to the work expression Ujj Oi jj were to be intro
duced for points in the boundary layer in Eq. 57, then the natural 
boundary conditions would be different. 

Let us now examine the effect of considering a nonuniform, but con
tinuous and smooth weighting function, ex(r), as in Eq. 31. Introducing 
in Eq. 31 again the Taylor series expansion (Eq. 43), truncated after the 
quadratic term, one finds that 

_ _ 2 2 aUj 
Djuj - (1 + exA V )- ........................................ (68) 

aXj 

in which <i =.!. f ex(r) rkrk dV ' ................................ (69) 
V v 

Coefficient ii, however, appears only in its product with A 2, and never 
alone. Therefore, as far as the differential approximation of the third 
order is concerned, the use of nonuniform weights, ex(r), is not more 
general in any respect. Parameter <i cannot be calibrated by tests, since 
only the product IX A2 can be obtained (on the basis of fracture tests). So 
it does not matter which smooth weighting function is chosen, and the 
simplest choice is ex(r) = 1jV = const. A nonuniform smooth function, 
ex (r), would make a difference only for differential approximations of a 
higher order than that just shown (higher than third). 

Note the symmetric action of operator (1 + A2V2) in Eqs. 53-55. The 
foregoing variational derivation (Eqs. 57-64) again proves that if this 
operator is applied to local strains, Ejj (Eq. 55), it must also be applied 
to stress~s, Ujj' in the differential equation of motion (Eq. 53). Replacing 
Eq. 52 WIth the usual equation of motion, Ujj.j = pil j , would be incorrect. 

For mean strains we have the approximation 

_ _ 1 2 
Ejj - Ejj + 2: A (Uj,jkk + u"jkd ........... , ....................... " (70) 

It is interesting to compare it with the well-known theories of the Cos
serat continuum with couple stresses, or the micropolar continuum with 
rotation gradients (5,6). These theories employ only the first and second 
derivatives of displacements, while here we employ the first and third 
derivatives and skip the second derivatives. Moreover, here we do not 
need to associate with the higher displacement derivatives any special 
type of stress tensor of a higher rank, such as the couple stress tensor 
used in the previous theories. The internal forces in the imbricate non
local continuum are fully characterized by stress tensors of the second 
rank. Instead of higher-rank tensors, we have the imbrication, or the 
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Laplacian in the differential approximation. .' . . 
Let us now check stability of the differential ~pproxlmatI~n, restnct~ng 

attention to the one-dimensional case and to Imea~ly elastic properties. 
Eqs. 52-56 or Eq. 64 furnish the differential equation of mohon 

(
1 _ C)(1 + AZ.!C)2 ~ + C a

2
u = £. a2~ ......................... (71) 

ax2 ax2 ax2 E at 

. h' h - x . U = U . and E = Young's modulus. We seek a solution In w IC X-I' 1 , . d 
of the form u = A exp [iw(x - vt)l in which v = ~ave veloClt>: an w 

= frequency (i 2 = -1). Substitution in Eq. 71 prOVIdes the relation 

v 2 = [(1 - c)(1 - A2 W 2 )2 + c] ~ .. , .. , ., ............... , .... " ... , (72) 
p 

For reasons of stability, the wave velocity v for E > 0 n:ust. always be 
real and positive, and so stability requires that c > 0, whIch IS the same 

result as in Ref. 4. d f h 
Note that if the operator (l + A2V2) on stress were ~elete rom t e 

equation of motion (from Eqs. 52-53), we would get v- pjE = c :- (1 -
c)(1 _ A2 w 2 ), which cannot avoid complex values of v trom occun~g for 
any c < 1 if w is sufficiently large. This agai.n d~monstrates that If ~he 
gradient averaging operator is applied to strainS, It mu.st als~ ?e applted 
to stress in the differential equation of motion, or else mstablhty results. 

The discrete finite element approximation could also ~e. based on the 
differential form (Eqs. 52-56). In this case, the ~o~nectlVlty of the ele
ments would be as usual, i.e., the imbricated fimte element st.ruc~ure 
would be unnecessary. However, since third. displacem~nt denvatl~es 
are present, the finite elements would have to mvolve .cublc polynomIals 
for their displacement distribution functions. Such ft.mte elen:

ents ~re 
unwieldy and complicated, as is evident in the bendl~g of thm she. s. 
Therefore it seems preferable for finite element modelmg to use the Im
bricated elements as previously described. !he usua~ element types m~y 
then be used, and the nonlocal character IS ~aken mto account mere y 
by properly defining the integer matrix that gIves the node numbers for 

each element number. . I f I f 
Finally, let us examinp the alternative symmetnc .nonioca orm~ a I~n 

from Eqs. 26-31 of Ref. 4 in which the local term IS not used ,:hlle t e 
weighting function has a spike with Dirac delta funchon.o(r): I.e., ex(r) 
= co(r) + (1 - c)jV in V. Then the ~jfferentlal approxImation of the 
weighted gradient averaging operator IS found to be 

au au 2 0 au, (73) 
o u = (1- c)(1 + A2V2)-' + c-' = (1 + A' V")-a ............ . 

, , ax, aXj x, 

in which A,l = (1 - c) A2. Because Eq. 73 is of t~e s~me form a.s Eq: 44, 
this case is equivalent to the differential approxImatIOn of the ImS brhlCate 

. h O· with no local term. uc an 
continuum (Eqs. 52-56) WIt c = ,I.e., .' Id h 
a roximation is not stable. A higher-order approxImation W?U av.e 
t~~eplace Eq. 73 in order to achieve a differential approxlmatl~n t7a

f
t ~s 

stable It further follows that the alternative symmetnc. non ~c.a 0-

I
: . E 27 31 of Ref 4 is asymptotically close to mstablltty (up mu atJon 10 qs. - . 
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to third-order terms in the Taylor series expansion of displacement) and 
is thus questionable for numerical analysis. 

CONCLUSIONS 

1. Postulating that the stress depends on the change of distance be
tween a pair of points lying at a certain fixed distance, I, apart, one can 
use variational calculus to derive three-dimensional continuum equa
tions of motion of the imbricate nonlocal continuum developed in a pre
ceding paper (4) for one dimension. These equations are of difference
differential or integro-differential type. Equations of the same form re
sult when the strain is defined by averaging the displacement gradient. 

2. There exists a boundary layer which requires special treatment. 
3. If strains are defined by displacement gradient averaging, then the 

continuum equation of motion must involve averaging of stress gra
dients or must be stated in terms of gradients of the total stresses ob
tained by averaging the stresses that appear in the constitutive equation. 
Otherwise, the operators and corresponding finite element stiffness ma
trices would be non symmetric (even if the continuum is elastic). 

4. The averaging may be defined most simply by a difference opera
tor, but more generally by an averaging integral for partial derivatives 
over the volume of a sphere, or by least-square fitting of the derivatives 
on the surface of this sphere. The latter two definitions are equivalent. 

5. The averaging operator may be approximated by the operator (1 + 
A2V2) where A = material constant. A differential approximation of the 
imbricate nonlocal continuum is thus obtained. Then the mean strains 
are given by differential expressions involving up to third derivatives of 
displacements, and the continuum equation of motion becomes a sixth
order differential equation in displacements. Although higher displace
ment derivatives are present, it is not necessary to introduce couple 
stresses or rotation gradients, and only second-rank stress tensors are 
needed to fully characterize macroscopic (smoothed) internal forces. 

6. Various possible definitions of the mean strain may be considered 
approximately equivalent if they have the same differential approxima
tion. 

7. The nonlocal continuum aspect may be simply modeled by an im
bricated arrangement of ordinary finite elements. The imbricate contin
uum could be also modeled by unimbricated finite elements based on a 
higher-order differential approximation. 

8. The blunt crack band model used in finite element analysis of pro
gressive fracturing is obtained as the special case of the imbricate con
tinuum discretization for sufficiently large mesh sizes. The discretization 
of imbricate continuum may, on the other hand, be used to extend the 
blunt crack band model to arbitrarily fine meshes and to make possible 
crack bands more than single-element wide. The blunt crack band model 
becomes part of a convergent discretization scheme, and thus is put on 
a firm continuum foundation. Because the size of the imbricate elements 
is fixed and does not approach zero in the continuum limit, the energy 
consumed by damage (strain-softening) up to final failure converges to 
a finite value as the mesh is refined, while for finite element models 
based on the classical local continuum, it converges to zero. 
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9. The characteristic length, I, may be calibrated on the basis of max
imum load fracture tests of geometrically similar specimens of different 
sizes (3). 
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