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ABSTRACT: Asymmetry of the shape, supports, or loading of frames causes the 
initial post critical behavior to exhibit asymmetric bifurcation. Its source is the 
second-order axial shortening of columns due to lateral deflection which induces 
asymmetric shear forces and bending moments transmitted into the column from 
the adjacent beams. As an alternative to Koiter, Roorda, and Chilver's solutions 
based on the nonlinear ?iffercntial equations for deflections and perturbation medlod, 
the paper presents a SImpler and more general method of analysis dlat uses the 
stiffness matrices and stability functions from linear stability theory of frames. The 
usual linear matrix eqUilibrium equations are enhanced by additional terms that are 
quadratic in joint rotations, with coefficients that depend on the derivatives of the 
stability functions. The solution is accurate up to the second order in deflections. 
As an example, Koiter and Roorda's L-frame is analyzed and the results are shown 
to agree with the previous solutions as well as Roorda's experiments. It is con· 
cluded that the decrease of the maximum load due to asymmetric bifurcation is 
not insignificant and should be taken into account in design. 

INTRODUCTION 

Due to asymmetry of shape, supports, or loading, the initial postcritical 
buckling behavior of many frames exhibits asymmetric bifurcation. As shown 
by Koiter (1945) and others, this behavior causes strong sensitivity to im
perfections. As con finned by the present paper, this sensitivity can cause 
the maximum load of an imperfect frame to be significantly lower than that 
of the perfect frame. 

The general analysis of postcritical behavior is rather complicated, since 
it necessitates a geometrically nonlinear theory of bending. The initial post
critical behavior, the knowledge of which is sufficient for most practical 
purposes, can be obtained by power-series expansions of the nonlinear func
tions involved, particularly the curvature-deflection relation and the equilib
rium conditions for the deflected structure. The PQstcritical analysis of asym
metric bifurcation based on power-series expansions has been demonstrated 
by Koiter (1967) by means of an example of a simple L-shaped frame. Roorda 
(1965a,b) conducted model experiments, which confinned Koiter's calcu
lations, particularly the reduction of the maximum load as a function of the 
initial imperfection in the fonn of load eccentricity. Koiter's analysis was 
based on the potential energy expression for the structure, which provides 
complete information for both equilibrium states and their stability. Roorda 
and Chilver (1970) showed a somewhat simpler method of analysis, which 
was based solely on equilibrium equations and employed the perturbation 
method with power-series expansions. Although this analysis does not deal 
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with stability of equilibrium states, it yields all the information needed for 
practical purposes, and was shown by Roorda and Chilver to agree with 
Koiter's previous solution. 

The previous solutions, however, still have certain shortc~mings: (1) They 
rely solely on mathematical manipulations and do not provlde much insight 
into the physical source and mechanism of the imperfection sensitivity; and 
(2) they are relatively complicated, because the nonlinear differential equa
tions are integrated directly, without exploiting the existing powerful matrix 
method for frames. 

The purpose of the present paper is to show a relatively simple method, 
which represents an adaptation of the stiffness matrix method for linear buck
ling analysis of frames. This new method directly introduces into the matrix 
equilibrium relations the physical source of bifurcation asymmetry, which 
consists in postcritical change in the axial force of a member caused: (1) By 
the asymmetric incremental shear forces transmitted from the adjoining 
members meeting at an angle; and (2) by the fact that the second-order axial 
shortening of a member due to joint rotation to one side meets less resistance 
than that due to joint rotation to the opposite side. 

Another simplified method for nonlinear postcritical analysis of frames has 
recently been presented by Kounadis (1985) and illustrated by the example 
of the Koiter-Roorda L-frame. This method relies on dircct integration of 
the differential equations for the deflection curves of members and is ap
proximate since it achieves simplification by relaxing in a certain intuitive 
manner the compatibility conditions at the joints. By contrast the present 
solution does not require integration of differential equations, as it uses the 
stiffness matrices with stability functions, is asymptotically exact, and gives 
information on the magnitude of the contributions to imperfection sensitivity 
from various mechanisms. 

It must, of course, be recognized that the complete postcritical behavior 
of perfect frames as well as the complete nonlinear response of imperfect 
frames can be calculated by the existing geometrically nonlinear finite ele
ment programs for beam structures, using the technique of step-by-step load
ing with iterations (e.g., BaZant and EINimeiri 1973). However, such pro
grams are unnecessarily complicated when only the initial postcritical behavior 
is of interest, as is the case for most design purposes. They do not provide 
the designer the same insight as does a simpler, more direct solution, such 
as the one to be attempted here. 

The analysis that follows assumes perfectly elastic behavior and applica
bility of the bending theory in which the bending moment is proportional to 
the curvature of the beam. 

L-FRAME Of KOlTER AND ROORDA 

As is well known (e.g., Home and Merchant 1965), the initial incremen~al 
stiffness matrix of a beam of uniform bending stiffness EI, subjected to aXIal 
force P, may be expressed as 

{;} ~ ~[;, Z, £]{~}..... (I) 

in which I ,: beam length; Sa' Sb, 6. = end rotation and relative transverse 
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AG. 1. Beam Element Subjected to End Forces and Moments 

displacement of beam ends; Ma, Mb , and V = associated end moments and 
shear force (Fig. 1); and s, c, s, and s* = stability functions defined as 
follows: 

for P > 0 (compression): 
,),(sin ')' - ')' cos ')') 

s = , 
2 - 2 cos ')' - ')' sin ')' 

')' - sin 'Y 
c = ............................................. (2a) 

sin,), - ')' cos ')' 

1 
for P = 0: s == 4, c = - ..................................... (2b) 

2 

,),('Y cosh')' - sinh ')') 
s= 

2 - 2 cosh 'Y + ')' sinh ')" 
for P < 0 (tension): 

sinh 'Y - ')' 
(2c) c = .......................................... . 

')' cosh 'Y - sinh 'Y 

with s = s(l + c), s* = 2S - -rr2PIPe, 'Y = -rrVP, P = PIPe, and Pe = 
El-rr21/2 = Euler load. 

As an example, consider the L-frame shown in Fig. 2. In their famous, 
by now classic, papers Koiter (1967) used this example to illustrate asym
metric bifurcation and Roorda (l965a,b) confrrmed Koiter's thcoretical pre
dictions by experiment. The bars have equal uniform bending rigidities EI, 
and the ratio of their lengths is ~. The vertical load P is applied at the comer 
with a small eccentricity e, The deformation. of the frame is characterized 
by rotations 0, 020 and 03 (Fig. 2(a,b)]. The column and beam are assumed 
to be so slender that their first-order axial shortenings due to axial forces 
are negligible. 

The deflections w produce second-order axial shortenings of the column 
and the beam. They are second-order small in terms of w or 0 and cause 
joint displacements U(2) downward and vl2) to the right [Fig. 2(a,b)]. 

Due to these displacements, buckling of the column to the right [Fig. 2(b)] 
produces an incremental shear force Vb in the beam, which tends to make 
the axial compression force pc in the column larger than the apflied load 
P. On the other hand, for buckling to the left, the shear force V is of op
posite sign and tends to make pc less than P [Fig. 2(a»). This favors buckling 
to the right. Secondly, buckling of the column to the right [Fig. 2(b)] pro-
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FIG. 2. Kolter-Roorda l-Frame: {el Buckling to Left; (b) Buckling to Right; (el 
Neutral Equilibrium at p '" P" for Perfect Frame (and Small 9) 

d!-,ces a smaller curvature of the beam than buckling to the left [Fig. 2(a)], 
since for both cases the joint moves down and to the right. This, too, favors 
column buckling to the right (Fig. 2(b)] , Thirdly, buckling of the column 
to the right [Fig, 2(b)] produces an incremental shear force in the column 
wh!ch transl,ates into a compressive force in the beam, lowering its stiffness: 
w~!le buckh?g to ~e left causes a tensile force in the beam, increasing its 
Stiffness. This again favors buckling to the right. 

So we see that the response does not exhibit the same symmetry that is 
found for centri~ally loaded perfect columns, which are equally likely to 
buckle left or nght, This asymmetry is manifested in the load-deflection 
diagram.of an imperfect column and has an important consequence: it causes 
the maxl,mum load to become less than P cr' The writer analysis will dem
onstrate It. 

Talc" (2) d (2)' b 'II " , 109 u an v mto account ut so consldermg small deflections, one 
ob,tams from Eq. 1 the following moment eqUilibrium condition of the joint 
(Fig. 2): 

~l (see + secee2 - se v;Z) + :; (Sbe + SbCbe3 + Sb ~;) = -Pe. " , , '., (3) 

where sc, Cn and Sc == functions s, c, and s for the column, depending on 
pC == pC/P~ (PC == axial compressive force in the column); and P~ == Euler 
load of the COlumn; s, Cb, and Sb == functions s, c, and S for the beam, 
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depending on pb == pb / p~ (pb = axial load of the beam and P~ = Euler 
load of the beam). 

The moment equilibrium conditions at hinges 2 and 3 read Se02 + seceO 
- sev(2)/1 ;0 0 and Sb03 + Sbeba + sbu(2)/r>1 = O. Expressing 62 and 63 from 
these conditions and substituting them into Eq. 3, one obtains 

[ ] 

V(2) S U(2) Pel 
sil - c~) + ~ (1 - d) e + se(c~ - 1) I + Ii (l - d) I3t = - EI ... (4) 

The horizontal and vertical equilibrium conditions for the joint (Fig. 2) 
can be written as 

El 
p b = ve = f se(l - c~)9 ........................................ , (5) 

and 

Vb = El Sb(l - d)6 ............................ (6) 
([3/)2 

where V e and Vb = the shear forces in the column and the beam (Fig. 2). 
In the calculation of V e and Vb, higher-order terms have been omitted since 
the validity of the present theory is limited to small displacements. 

Let us now determine U(2) and V(2). Small deflections of the members of 
the frame may be expressed as w = 6JAx) for the column and w == 6!b(X) 
for the beam, where x is the axial coordinate of the column or beam mea
sured from the joint;!c(x) == Ae sin lex + Be cos lex + Cex + Dc; k = -y/l; 
and !h(x) ;0 AbX1 + Bbr + C~ + Db' The expression adopted for Jb(X) is 
a cubic polynomial, which is exact for pb = 0, and is always a sufficient 
approximation since pb (unlike P') is small (this will be confirmed later). 
The constants Act Bn ... , Db are determined from the conditions w = 0 and 
w' = 1 for x = 0; and w = 0, w" = 0 for x = I or x == [31, where the primes 
denote derivatives (here with respect to x). This yields Ae == I/(sin -y - -y 
cos -y); Ce = -(AJl) sin -y; Be == Dc = 0; Ab = -cb/f; Cb = 1/2; Bb = 
Db = O. Since the beam axis may be considered to be inextensible during 
buckling (as the axial force is negligible), we have U(2) or V(2) == f(l - cos 
w')dx = f[l - (1 - w,2/2)]dx == fl/2 w,2dx. Consequently, for small 6 

U(2) = kee2
, k, = L ~ U;(X)]2 dx ............................... (7a) 

i
fl11 

kb = - It;(X)]2dx .............................. (7b) 
o 2 

where coefficients kb and ke are positive. Their values are found to be kb = 
0.1[31 and kc == A~(2"l + -y sin 2-y - 4 sin2-y)/81. Substituting Eqs. 7a, b 
into Eq. 4, one gets 

[scO - c;) + ~ (l - c;)]e + [sc(C; - I) 7 + Sb(1 - c;) ;:Je2 

= _ Pel ................. .................................•..... (8) 
EI 
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AG. 3. (a,b} Curves of Load versus Rotation; (c) Curve for Load versus Load
Point Displacement; (d) Imperfection Sensitivity Diagram 

It is clear that if we would correct the deflection shapes !c(x) and Ji,(x) by 
taking u(2), V(2) into account, we would introduce into Eq. 8 only terms, 
whose order is higher than 62 but would not change the tenDS with 6 and 
6

2
• Also note that since pb :: 0 for 0 0, the consideration of pb ~ 0 in the 

expression of !h(x) would add a term proportional to 0 in the expression of 
kb (Eq. 7b), which would translate into a higher-order term in Eq. 8. 

Eqs. 5, 6, and 8 represent a system of five equations relating 6, P, pD, 
pc, Vb, and V

e
. If pb, pc, Vb, and Ve are eliminated, one gets the relation 

of P to O. For a convenient calculation of the curve P(6), one may choose 
a series of closely spaced increaSing values of pc. For each pc, one evaluates 
Sc and Ce • Then, using as an approximation the previous rather than current 
value of 6 in Eq. 5, one solves from it pb and then evaluates Sb and Cb, upon 
which one solves two values from Eq. 8 (a quadratic equation), giving dif
ferent portions of the P(6) Curve. Accuracy could be improved by iterating 
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the procedure with the latest value of 0 used in Eq. 5, but this is not nec
essary if the chosen P< values are very closely spaced. 

The curves P(O) are plotted in Fig. 3(a) for various values of relative 
eccentricity ell. As expected, for e > 0 the rotation 0 is negative. A crucial 
fact to note is that, for e > 0, the curve P(O) has a maximum, while the 
curves that are obtained upon neglecting U(2) and V(2) [dashed line in Fig. 
3(a)] do not. As a limit case for e = 0, we obtain the initial post-critical 
response of the perfect system. 

SECONo-OROER SOLUTION OF L-FRAME 

As has already been shown, the foregoing solution has only second-order 
(quadratic) accuracy in O. Therefore, any simplifications that preserve the 
second-order accuracy are admissible and cause no error. To this end, we 
expand all the variables in Eq. 8 into a power series with respect to 0 about 
the critical state (e = 0). Then we discard all the terms of powers higher 
than 02

, i.e., solve Eq. 8 with second-order accuracy in 8. Since we are 
expanding all the variable coefficients about the critical state, we evaluate 
the expansion coefficients for the critical state (onset of buckling, 0 = 0). 
At that state, U(2) = V(2) = 0; P = Pcr = pc; and Vb and VC = O. Using 
power-series expansions for functions s and c (see Dean and Ugarte 1968), 
the second-order approximations for Sb and Cb near the critical state are 

21T2 p b 1 3 1T2 p b 

Sb "'" 4 - 15 pf Ch "'" 2 + 8 15 P~ ........................... " (9) 

because p b = 0 at the critical state. 
The approximation for p b as a function of 0 can be obtained from Eq. 5, 

but it can be more directly reasoned from the existence of neutral equilibrium 
at the onset of buckling [Fig. 2(c». Therefore, the moment acting on the 
column must be equal to the moment acting on the beam, which equals 3EI I 
~l because initially p" = O. Then, using Eq. 5, one may calculate the shear 
force in the column: 

3EI p b 313 
Ph = V

C == - 13[2 0, ph == P~ = - 1T2 0 .......................... (10) 

From this it appears that ph > 0 (compression) if 0 < O. So we conclude 
that the change of beam stiffness also contributes to the initial downward 
slope for 0 < O. 

Substituting ph from Eq. 10 into Eq. 9 and then Sh and Cb into Eq. 8, and 
neglecting terms that contain powers higher than 02

, we obtain 

x6 + ~02 = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (1I) 

where X = sc(l - c~) + 3/13 and ~ = sc(c~ - l)kbll + 3kcl1321 + 3M5. 
Coefficient X depends on pc = P<IP~. For P close to pc. 

X "'" Xcr + (PC - P cr)X' , with X' = :;c .......................... (12) 

Now X = 0 for P = Pat and so Xcr = O. (The reason is that at the onset of 
buckling all the second-order terms in Eq. 8 or Eq. 11 disappear.) This 
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condition also gives the critical load of the perfect frame: Pcr ;= p"c,.P~, in 
which Per = 1.407 fdr ~ = 1. The value of X' = (tix.ldpJIP~ is evaluated 
at pC = P aIP~, and it may be noted that X' < O. In view of Eq. 6 we have 
X = X'(P - Vb - Pc.). Taking into account Eq. 9 and neglecting third-order 
terms in 0, E. II becomes 

P = Pc,.(1 + aO) ................................................ (13) 

in which 

313 a - ---'--
2 - 5(- ')P , X cr 

3EI 
al = (lil)2p

c
; 

~. 
a3 = , ................................. (14) 

(-X )Pcr 

Note that in writing Eq. 13 we neglected the increment J1~ = (P< - P,,)f 
because (P< - Per) is a smaIl quantity that would be multiplied by 02 when 
substituted in Eq. ll, and thus it would yield a third-order small term. In 
Fig. 3(b), Eq. 13 is represented by a straight line of slope a, which is very 
close to the solution previously obtained from the full equation system for 
e = 0, and is asymptotically (Le., for 6 -+ 0) the same. 

There are three terms that contribute to the slope dP I dO: (I) The stiffness 
change of the column caused by its axial force change due to the vertical 
shear force transmitted to it from the beam (term al); (2) the stiffness change 
of the beam caused by its axial force change due to the horizontal shear 
force transmitted to it from the column (term a2); and (3) the displacement 
of the corner due to axial shortenings of the beam and column caused by 
their deflections (term a3)' Note that in a symmetric frame the shear forces 
represented by al as well as a2 would be cancelled by the shear force from 
the opposite member, and term a3 would vanish also if the joint displacement 
were precluded by symmetry. 

The diagram of load versus load-point displacement u(u = U(2» at e = 0 
(Fig. 2) is obtained, according to Eq. 7a, by substituting 0 = ±Vulkc (with 
kc evaluated for P< = P a), i.e. 

P = Per (I ± ..::r. VU) ......................................... (15) 

Eq. 15 is plotted in Fig. 3(c). 
For small values of e and 0, and for values of P< not too different from 

Pen introduction of the approximations in Eqs. 9, 10, and 12 into Eq. 8 and 
elimination of higher-order terms in 0 provides 

Ie 1T2 e 
with a = --- = --- ................... (16) 

EI( -X') -dx I 

dpc 

whe~ a represents a nondimensional imperfection. Fig. 3(b) compares the 
so~unon of the full second-order nonlinear system of Eqs. 5-8 with the sim
phfied ~ond-order solution (Eq. 16). We may observe that for very smaIl 
ImperfectIOns (ell = 0.0001, ell = 0.001) these two second-order solutions 
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~gree closely. For stronger imperfections this is not so, mainly because P 
IS no longer close to Per. 

IMPERFECTION SENSITIVITY 

In Eq. 16 we may now introduce the expansion 1/0 - 0./8) = 1 + (a/ 
6) + (a/ai + ... and assume that a » a at maximum load. Then, ne
glecting in the resulting expression all higher-than-linear terms in 6, we get 

P a p = 1 + -0 + a(8 + a) ......................................... (17) 
cr 

Setting dP / de = 0, the value of 8 at maximum P is obtained as 8m = 
-Va/a (only the negative root is of interest because we know the column 
deflects to the right). Substituting this into Eq. 17, we obtain P max/Per = I 
- 2YQQ - aa, and for small imperfections a we have 

P max = Pa(l - 2VaQ) ........................................... (18) 

Eq. 18 is plotted in Fig. 3(d). 
It is important to note that after reaching the critical state the load declines 

with increasing deflections; i.e., the structure exhibits softening. The dia
gr~m of load P versus rotation (-a) begins to descend at a finite slope Pera 
[FIg. 3(a)J. On the other hand, the diagram of the load versus the associated 
displacement (i.e., the axial load-point displacement u) begins to descend 
with a vertical slope [Fig. 3(c)J. 

The postcritical behavior just illustrated is generally called asymmetric bi
furcation, since the equilibrium path P(6) or P(u) at the critical point bifur
cates in an asymmetric manner (symmetry would require a horizontal slope 
at Per). An important consequence is that the imperfect column has a max
imum load P max that is less than Per. The larger the imperfection, the smaller 
Pmax is [Fig. 3(d)]. [Note that the American Concrete Institute (ACI) requires 
the columns to be designed for approximately e > 0.01l even if the load is 
supposed to be centric.] Applied loads in buildings can often cause e to be 
a large as 0.31 or more. 

The validity of Eq. 18 where a is the initial slope, and especially the fact 
that P max declines in proportion to Va (a = imperfection), is not limited to 
this example. It represents the well-known half-power law of Koiter (1945). 
which applies generally to all asymmetric bifurcations. This law implies a 
rather severe sensitivity of the maximum load to the magnitude of imper
fection. the severity being manifested by the fact that the curves in Figs. 
3(c,d) start to descend with a vertical tangent (for imperfection-sensitive 
structures for which the bifurcation is symmetric, Koiter derived a 2/3-power 
law, P max - Pcr - 0.2/3, which is less severe than a 1/2). 

The frame analyzed here was tested by Roorda (1965). Fig. 4 shows his 
test results for two different eccentricities e, which are above and below the 
value eo that offsets the geometrical imperfections of the model (adjustment 
of the theoretical curve by horizontal shift in Fig. 4(b) is necessary due to 
inevitable imperfections of the experiment). Using a perturbation technique, 
Roo~da and Chilver (1970) analyzed this frame, which had previously been 
studied by means of an energy approach (Koiter 1967). They found the ini
tial slope of the load-rotation curve to be (dP/d6)/Pcr = 0.381 (at 6 = 0), 
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which agreed with Roorda's experimental results (see Fig. 4). The present 
calculation gives a = 0.379. which might be more accurate, since the present 
method is more direct. 

If for example e = 0.01l, then a = 0.00871, and Eq. 18 with a = 0.379 
yields p .... = 0.885Pcr; i.e., P drops by about 12% below Per. Calculation 
of this kind of drop in P max has not been the practice in the design of frames. 

GENERALIZATIONS AND IMPUCAnONS 

To generalize the foregoing procedure to arbitrary frames one needs to 
consider second-order joint displacements due to lateral deflections, and the 
second~ chan~ of the stiffness coefficients due to second-order changes 
of the axial forces In members. The solution may be expected to lead in 
general to a system of quadratic equations. 

Note that the ~wer-series expansion of beam curvature, which reads 1/ 
p = w"(l + w' )-312 = w"[1 - (3/2)w,2 + (l5/4)w,4 - ., .J, lacks the 
second-order term wnw'. The fITSt term beyond the linear term w" is the term 
w"w'.\ which is of the third o"!er, and so it affects in the joint equilibrium 
condition only terms of order 9 but not of order 82

• It is for this reason that 
the second-order axial shortening can be calculated from the first-order de
flection solution based on the linear curvature expression 1 / p "" w" and the 
linear stability functions s and c. For the same reason, functions s and c 
(linear stiffness) are insufficient to determine initial postcritical behavior in 
symmetric bifurcations, for which third-order accuracy is required. Thus the 
symmetric bifurcation is harder to analyze than the asymmetric one. A higher
order accuracy is needed. 

Since the bifurc~tion in columns is symmetric, the postbuckling solution 
for columns must Involve at least a third-order approximation in w (e.g., 
Thompson and Hunt 1973). Due to symmetry of the column buckling prob-
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FIG. 5. (s.b) Asymmetric Frames; (c) Symmetric Frame; (d,e) Asymmetric Frames 

lem, the second-order tenns in w cancel out. For the present L-frame, they 
?o not cancel out, due to nonsymmetry; consequently the third-order tenns 
10 w are not needed for the initial postcritical behavior. For this reason the 
present solution method (based on the sand c functions) could not be applied 
to postcritical behavior of a column. 

In so~e frames, such as the symmetric portal frame in Fig. 5(c), the axial 
shortenmg meets with no resistance and the incremental shear force in the 
horizontal beam has no effect on the sum of vertical loads. Therefore the 
bifurcation is symmetric, and neutral equilibrium exists at the critical ~tate 
(for .small deflections) just as it does for columns and also, obviously, for 
cont~nuous ~ams. However, if portal frame columns have different lengths 
or .dlfferent stlffnesses [Fig. 5(d,e)], or different axial loads, their axial short
~mngs UI and U2 are different and cannot be freely accommodated, and the 
mcremental shear force in the horizontal beam affects the sum of the loads. 
!hen the bifurcation is asymmetric. For frames the symmetric bifurcation is 
10 fact an exception rather than a rule. 

The redundancy of the frame per se is not the source of asymmetric bi
furcation. For example, the two-bar frame in Fig. 5(a,b), which is statically 
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detenninate and is obtained from our prcvious frame by replacing the upper 
hinge support with a simple support, must also exhibit asymmetric bifur
cation. Indeed, the buckling of the column to the left [Fig. 5(a)] in this frame 
also meets with less resistance than buckling to the right [Fig. 5(b)]. The 
reason is that it produces less curvature in the horizontal beam, because the 
vertical column shortens in proportion to 62

• 

Asymmetric bifurcation is also exhibited by a single simply supported col
umn if the sliding plane of one support is misaligned with the beam axis. 
Since very small misalignments are inevitable, a small bifurcation asym
metry must always be present. 

CONCLUSIONS 

I. The source of bifurcation asymmetry in non symmetric rectangular frames 
consists of: (1) The incremental shear forces transmitted to the columns from 
the adjacent beams as well as to the beams from the adjacent columns; and (2) 
the joint displacement caused by second-order axial shortenings of members due 
to their deflections. 

2. A considerable simplification of the analysis is achieved by using the stiff
ness matrices that are known from the linear buckling analysis of frames and 
are based on the stability functions sand c. The analysis necessitates calculation 
of certain second-order terms that involve derivatives of the stability functions 
with respect to the axial forces in members evaluated at the critical state of the 
perfect frame. 

3. The present analysis agrees with Koiter's half-power law for the decrease 
of the maximum load at asymmetric bifurcation as a function of the imperfection, 
such as load eccentricity. 

4. The example of the Koiter-Roorda L-frame shows that the present method 
of analysis closely agrees with the previous calculations of Koiter, and Roorda 
and Chilver, as well as with Roorda's experiments. 

5. The reduction of the maximum load due to imperfections in frames exhib
iting asymmetric bifurcation can be quite severe. In the present example, a load 
eccentricity of I % of the column length causes a 12% drop in the maximum 
load, compared with the elastic critical load of a perfect frame. 

6. Neglect of asymmetric bifurcation causes the safety factor in the frames 
exhibiting this type of behavior to be systematicaIly less than in those that do 
not exhibit asymmetric bifurcation. Therefore, in the interest of uniform safety, 
the imperfection sensitivity due to asymmetric bifurcation ought to be taken into 
account in the design of frames. 
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