
RANDOI\I PARTICLE MODEL FOR FRACTURE 

OF AGGREGATE OR :FIHER COMPOSITES 

B)' Zdenek 1'. Hazant,1 Fellow, ASCE, Mazen R. Tahhara,' 
Student Memhcr, AS(,E, Mohammad T. Kazemi;' and 

Gilles I'ijaudier-Cahot" Associate Mcmher, ASCE 

ABSTRACT: A particle model for hriule aggregale composile male rials such as 
concretes. rocks, or ceramics is prc~cnted. The modd is also applicahle to lhe 
hchavior of unidirerlionally rcinfOlcell fiher composites in the tran~vcrsc plane. A 
method of random computer generation of the particle system THeeting the pre
sClihed particle Sill' dislrihulion is developed. The pal1ides arc assumed 10 he 
elaqic and have only axial intcraction~, a~ in a truss. The interparticlc contact 
layers of the matrix arc oescrihed hy a ~oftcniJlg stn:\s-strain rdation cnrre .... ponding 
to a prescribed microscopic interparticle frarlure energy. Both two· and three-di
mensional versiolls of the mood arc easy to program, hut the latter poses, at pres
ent, fOlhidoing dcmanJs for computcr time. The IlUHJd is shown to ~il1llllatc real
iqically Ihe spread of Clacking and its localilalion. Furthermore, Ihe mode! exhibits 
a sile effect on: (I) The nominal \lrength, agreeing with the prcvioll~ly pr(lpo~ed 
size dftTI law; and (2) Ihe slope of Ihe posl peak load~deflecli()n diagrams of 
specilllcn~ of different .... ize\. For direct tensile specimens, the model predicts de
velopment of asymmetric response after the peak load 

INTRODUCTION 

It is now generally accepted that inelastic deformation and fracture of brit
tle heterogeneous materials such as concrete or fiber composites can be ad
equately modeled neither by classical (local) continuum material models nor 
by linear elastic fracture mechanics. Although nonlinear fracture lIlodels and 
nonlocal continuum models can no doubt go a long way towan.ls a realistic 
description, they arc inherently incapable of capturing those phenomena which 
are strongly affected by the randomness of material heterogeneity on the 
microscalc and arc localized to a small but non-negligible region. The con
tinuum models can describe well the mean of the macroscopic material re
sponse but not its variance. Even when generalizations such as the stochastic 
finite element method are considered. the assumed spatial randomness can 
only be correct in the overall sense and cannot capture the effect of random 
local material inhomogeneities on the localization of damage and failure. It 
is for these reasons that a direct simulation of the random microstructure of 
these materials is useful. As demonstrated by Zubelewicz and Hazant (1987), 
a model simulating the microstructure can describe progrcssive distributed 
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microcracking with gradual softening and with a large cracking zone (large 
relative 10 Ihe aggregate size). 

The principal objective of Ihe present investigation is to study the effecl 
of the size of the specimen or structure on the maximum load, the subsequent 
softening behavior, and the spread of the microcracking zone. These arc the 
key questions of fracture modeling. We will model the material as a system 
of randomly configured circular pmticles. This model is intended to simulate 
the behavior of concrete, but can also be used for the behavior of unidirec
tional reinforced fiber composites in the transverse plane, with microcracks 
parallel to the fibers and spreading in the transverse direction. 

The model we will introduce will he a modification and refinement of that 
recently developed by Zubelewiez and Bazant (1987). The idea of particle 
simulation is an older one; it was proposed by Cundall (1971), Serrano and 
Rodriguez-Ortiz (1973), Rodriguez-Ortiz (1974), and Kawai (1980). These 
works dealt with rigid particles that interact by friction and simulate the 
behavior of granular solids such as sand. This approach was developed and 
extensively applied by Cundall (1978) and Cundall and Strack (1979), who 
called it the distinct clement method. An extension of Cundal\'s method to 
the study of microstructure and crack growth in geomaterials with finite in
terfacial tensile strength was introduced by Zubelewicz (1980, 1(83), Zu
belewicz and Mroz (\ 983), and Plesha and Aifantis (1983). 

In this model we neglect the shear and bending interaction of neighboring 
particles throughout their contact layers. With such a simplification the pres
ent model becomes similar to the random truss model of Burt and Dougill 
(1977). These investigators verified that the random truss (or random net
work) yields a realistic strain-soltening curve, but they did not study the 
fracture mechanics nor the size effect aspects. Furthermore, their method of 
system generation was not based on the idea of particles with a prescribed 
gradation. 

SIMPLIFIED INTERACTION AMONG PARTICLES 

Two adjacent circular or spherical particles i andj [Fig. l(a)1 arc assumed 
to interact only in the axial direction (i.e., shear and moment interactions 
in the contact zone arc neglected). As a generalization of the prcvious model 
by Zubelewicz and Bazant (1987), the particles arc assumed to be clastic 
rather than rigid, characterized by elastic modulus E", The particles are 
embedded in a softer matrix representing the portland cement paste in the 
case of concrete, or a polymer ill thc case of various fiber composites. The 
matrix is initially clastic, characterized by clastic modulus Em. The stiffness 
of the connection between particles i and.i is approximated as 

S = (S, I + Sm I j S, I) I. (I) 

111 which 

Ea A / t;",Am I:'" A} 
S, ,\'", S, ~ 

L, t.", I"~ 

L, = 'Y r,; L, = 'Yr,; Lm = L -- L, - L, (3) 

where 1', and 1', = the radii of particles i and j; L = the distance of their 
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FIG. 1. (a) Two Adjacent Circular Particles with RadII r, and 'i and Corresponding 
Truss Member ij; (b) Typical Randomly Generated Specimen and Its Correspond
Ing Mesh of Truss Elements; (c) Constitutive Law for Matrix 

centers. and the interaction is assullled to correspond to a strut I Fig. I (a) I 
whose length is subdivided into segments L" I"~. and /'''' representing the 
particles and the interparticle contact layer of matrix. The lengths of these 
segments are determined by an empirical factor -y, for which the value -y = 

0.9 has heen used. A" A" and A", arc the cross section areas of the strut 
'L'~Il1l'nts describing the particles and the matrix; they arc defined for the 
IWll-dimensional case of circles as 

A, = A, = A", ~ 2 min (r,.r,) 

and for tht: three-dimensional case of spheres as 

A, ~ A, ~ A", ~- 1T min (I': .r;) . 

(4a) 

The strut segment L,,,, representing the interp,1I1iclt: contact region of the 
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matrix, is assullled to exhihit softening characteri7ed hy the triangular stress
strain relation III Fig. I (c). The softening hehavior. which starts after reach
ing a certain specified strain E" for the peak stress, is determined hy the 
fracture energy (;t of the interparticle layer (matrix and interface of matrix 
and particic) and is assumed to he a material constant. The fracture energy 
is equal to the area under the stress-strain diagram times length Lm (the frac
ture may. of course, localize, but strain E is defined as the average strain 
over length Lm , not as some local strain). Thus (if' = L"J:" E] /2, with f~ = 
Em E" = strut strength. From this, the strain at the end of softening (at which 
complete interfacial crack forms) is 

2G;' 
E =--

I Lml;/! ................... - ..... - - . . (~ 

In the numerical simulation that follows, the values used are such that If! > 
E" even for the largest particle separations considered. However, for a small 
fracture energy or for interactions hetween particles that are sufficiently far 
apart. it could happen that E, < E" which would mean that the response 
would exhibit a snaphack instability. Although this would represent a com
plication for the numerical solution, it could be handled with minor modi
fication _ 

The tangential softening modulus E, I Fig. I (e) J is defined by the relation 
I,', (E/ - E,,) = - f:", from which 

(m 
f.'\ = ~-'-'- ......................... . . . . . . . . . . . . . . . . . . . - . (~ 

Ej - E" 

If the length L", is varied, the softening modulus E, changes as shown by 
the dotted line in Fig. l(c), so as to preserve a constant value of (;7. In the 
case of unloading, the matrix material is assumed to follow a straight line 
parallel to the initial tangent. On reloading, this line is retraced up to the 
virgin stress-strain diagram, which is then followed at further increase of 
strain. 

Let Ii" ii] be the displacements at the ends of segment Lon in the direction 
U· The strain in the matrix is 

ii, - II, 
E =--

[-oJrII 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (n 

Introducing the displacements II, and II] at particle centers i and j (nodes) in 
the direction ij, we have 

P P 
ti, = li, t- , 

S, 
II=U--
) ] S, ... (8) 

Substituting in Eq. 7, we get 

E = ...!... (II, - II, - ':. - ':.) .,. 
L", S, S, 

(9) 

in which P = the interpaI1icic force. The strain given by Eq. <) and its pre
vious history makes it possible to calculate the stress in the strut according 
to the stress-strain relation for loading and unloading III the segment /,,,,. 
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Having n~gkcted ~hear ami moment int~rac!ions among particles, the par
licle system is equivalent to a pin-jointed truss and ~an be treated as a special 
case of a tinite eklllcnt system. The static response 01 the particle system 
to the pre"cribed loading is calculated iii ~llIall displacemelll increments, in 
each of which the behavior of the connecting strut is described according to 
Eqs. 1--9. These equations are used to formulate the stiffness matrix of each 
ClJnnecting strut in the global coordinates, and these stiffnesses are assem
bled in each loading step into the structural stiffness matrix. 

As an alternative, one can use the secant stillness iteration (Owen and 
Hinton IYXO), which is based on the total force-displacement relations for 
the connecting struts. The solution algorithm proceeds in this case in the 
same manner as described for layered beam finite clements in Bazant et al. 
(19X7) 

The formulation just outlined represents a simplification of the actual be
havior on the microscale. The detailed growth of microcracks on a scale 
smaller than the aggregate sill'S (i.e., the scale of grains in the matrix) is 
not modeled. Furthermore, the three-dimensional non I inear constituti ve 
properties of the particle and matrix material are not taken into account. In 
this regard, however, we must realize that the physics of macroscopic phc
nomena generally depends only on the principal phenomena on the micro
scale. It is insensitive to various detailed phenomena and processcs on the 
microscale, which tend to average out or cancel each other. Based on this 
experience, the description of the microscopic phenomena should always be 
greatly simplified if the purpose is a macroscopic modcl, but the simplifi
cation must be a realistic one. It seems that the present modcl might be 
adequate in this spirit. 

RANDOM GENERATION OF PARTICLE CONFIGURATION 

An imp0l1ant aspect of the simulation is the generation of the random 
geometrical configurations of the particlcs, which satisfies the basic statis
tical characteristics of the real material, such as concrete. The random con
figuration must be macroscopically homogcneous in space and macroscop
ically isotropic. The configuration must meet the required granulometric 
distribution of the particles of various sizes, as prescribed for the mix of 
concrete. The problem of random generation of the configurations with such 
constraints has various difficult and sophisticated aspects. Thcse arc for ex
ample discusscd by Plesha and Aifantis (19X3), who also review variolls 
pertinent mathematical theories. 

After experimenting with various alternatives, the following simple pro
cedure of randolll generation has been adopted. 

I. The volume ratio for each particle si/.e is specified in advance. 
2. Using a random number generator from a stalldard computer library, gen

erate the pairs of cllordinates (x" v,), i = I, 2, ... , of the panicle ct:nte~s (or 
coordinale triplets, in 3-1), one pair afln another, a~sunllng a uniform proha
bililY distrihution for Ihese points throughout the specimen. This is particularly 
casy for specimens with rectangular boundaries, fm ""hich the prohability dis
Iribution of each coordinatc is independent and uniform over a line segment, and 
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equally easy for specimells that can he subdivided ill a fillilt: 1Illlliher of identical 
clements (e.g., squares or cubes). 

3. For each generated coordinate pair (or Iriplet), check for possible overlaps 
of the new panicle wilh the previomly plat:ed particles and with the specimen 
boundaries. Reject the coordinate pair if an overlap occurs. 

.:I. Randlllll generation of the coordinate pairs proceeds until the last panicle 
of the largest size has been placed within the specimen. Then the entire random 
plact:melll process of the particles is repeated for the particles of the next smaller 
size, and then again for the next smaller size, until the last particle of the smaliesl 
sizc has been placed within the specimen. 

A different approach, which has been used, for example, by Cundall (1978), 
is to simulate actually the production of the material. In the case of sand, 
this approach tries to simulate thc pouring of the sand into a fonn. The 
particles arc takcn one by one and dropped vertically at random locations in 
the horizontal plane onto thc heap of the sand already deposited. After com
ing in contact, each particle is allowed to roll or slide to a stable position. 
This approaeh produces a dense packing, which is no doubt quite realistic 
for sand. However, the random particle system obtained is not isotropic. 
Moreover, the programming is considerably more sophisticated than that for 
the presently used procedure. This simulation also ignores the fact that, in 
a material such as concrete or a fibcr-reinforced polymer, each particle is 
wrapped in a layer of adhering matrix, which causes perfect contacts to be 
less likcly than particle locations with some scparation. 

A salient fcature of thc present model is the existence of a contact layer 
of matrix separating the adjacent random particles. This makes it possible 
to model interaction between particle pairs that arc not in contact. This fea
ture has becn handlcd in the manner prcviously introduced by Zubelewicz 
and Ba7.ant (1987), in which each circular particle is assumed to be sur
rounded by a circular influence zone of a larger radius I3r wherc r is the 
radius of the particle (Fig. I (ll) I. After some numerical experimentation, the 
value 13 = 1.65 has been adopted. The particles arc assumed to intcract (i.e., 
the connecting strut is assumed to exist) only when their influencc zones 
overlap. When these zones do not overlap, the particlcs are assumed to have 
no interaction (i .e., no connecting strut exists). It should bc noted that the 
use of the influence zone greatly simplifies the random generation of the 
particle locations and makes the aforementioncd procedure possiblc. 

There is one limitation that is caused by the hypothesis that the particlc 
interactions are only axial. The average Poisson's ratio v for the initial clastic 
deformations cannot be specified as measured in experiments but is implied 
hy the specified characteristics of the random particle system. For a random 
truss representing a systcm of particles of one sizc, the value of v for a very 
large numher of particles asymptotically approaches 1/3 for the two-dimen
sional case, and 1/4 for the three-dimensional case. This is a well-known 
property of large macro-homogeneous lattices. When the particle sizes are 
unequal, thc value of v can be different, but for the prescnt two-dimensional 
calculations it has bcen closc to 1/3. This value of thc Poisson's ratio is too 
high for concrete. To ohtain a rcalistic value (approximately 0.18), one could 
include shear interactions, as in Zubelewicz and BaZant (IYX7), although 
othcr measures might be possible. 
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NUMERICAL STUDIES 

Response of llnnotched Specimens 
Thl: rl:SlllllISl: 01 various lllllHltchl:d concrctl: spl:ciJ11l:ns has bl:cn calculated 

and comparl:d to what is known from testing and other analytical stutiil:s. 
Examples of thl: randomly gl:nl:ratl:d particle configurations arl: Sl:l:n in Figs. 
1(11) and 2. Fig. I(h) also shows the truss to which the particle lI10dd is 
equivalent. 

Gl:ometrically similar speciml:ns of various sizl:s, with depths = 3d", 6d", 
and I 21i" , where Ii" = maximum particle size (12 111111), havc bl:en analyzl:d. 
The length of the specimens is always L = 8d /3. The diameters of the 
particles arc 12, 8, 5, 3, and I mm. The volumc ratio of particles for each 
diameter is selected to model concrete. Details of the number of particles 
for each size arc given in Table I. 

Size 1:f1<'ct 
A salient conscquence of heterogeneity, which has fracture mechanics as 

well as probabilistic aspects, is the Sill' effect on the failure load. If the 
failure is governed by criteria in terms of stress or strain (yield criteria), then 
gcometrically similar specimcns of different sizes must fail at the same valuc 
of the nominal stress at failurc (TN, defined as P,,/I}(/, wherc P" = maximum 
load, d = depth of specimen, and h = thickness. To tcst this property, the 
specimcns shown in Fig. 2 were subjccted to prescribcd uniform longitudinal 
displacement II at one end Wig. 3«(/) I and restrained against displacements 
at the oppositc cnd. Displacement /I has been incremented in small steps, 
and thc axial force rcsultant P calculated for the following material prop
erties: G;" = 24 N /m, f;" = 3 MPa, I:", = 30 GPa, and E" = 6t-"",. Thc 
diagrams of load P versus load-point displacement II have been constructed; 
they are plotted in Figs. 3(b~d) for the small, mediulll, and large specimens. 
Fig. 3( c) shows the load-deflection curves for specimens I A, 2A, and 3A 
scaled so that the peak point would coincidc with (I, I). The figure reveals 
that the post-peak declining slopc gets steeper as the specimen size increases. 

The data points for maximum loads arc plotted in Fig. 4 in terl11S of stress 
aN as a function of the specimen depth d. The nominal stress is normalized 
with respect to j;" an arbitrary measure of material strength, taken hcre as 
fu = f;" = 3 MPa. The dcpth is normalizcd with respect to d", the diameter 
of the largest particle (12 111m). We sec considerable scatter; therefore, the 
values of the nominal stress arc avcraged for each specimen size and arc 
plotted as stars in Fig. 4. Thcse plots clearly reveal that there is a size effcct. 

The size effect for materials that exhibit progressive cracking is known 
approximately to follow the size effect law proposed by Bazant (1<)84) 

TABLE 1. Number of Particles In Specimens 

Specimen 
(1) 

IA. B. C. Il 

" (mm) I (mm) 12 8 
(2) (3) (4) (5) 

~-.---~ ~------~ 

.16 lJ6 2 16 

2A, II 72 <J 

39 
66 

264 JA 1,\·\ 

Diameter (mm) 

5 3 1 
(6) (7) (8) 

--'---+------'--'--~ .... ---

14 

'iK 
21) 

ilK 
273 

I.Ol)) 

3'i 
t40 
563 

====~~-~==--~=-=-..::=-----=-- -----::::::-=:::=::::=='c==cc=="====''====_-_-_-_-_-____ ·-_~ .. _=__-_-_._~= 

t692 

FIG. 2. Geometrically Similar Specimens of Various Sizes with Randomly Gen· 
erated Particles 

(10) 

where d" = A(,ti,,; and B, Ao = empirical parameters. This law, which is 
approximate but usually applicable to size ranges up to I: 20, represents a 
gradual transition between the strength (or yield) criterion, for which there 
is no size effect on nominal strength, and Iincar clastic fracture mechanics, 
for which the size effect is the strongest possible (UN ex d 1/'). For data 
fitting it is convenient to transfonn Eq. I () to the linear regression plot r = 

AX + C. in which X = d/d", r = U;,uN )', C = I/B', and A = CIAo. 
For comparison, the lines representing the size effect according to the 

strength (or yield) criterion and according to the linear clastic fracture me
chanics arc also shown in the Fig. 4(iJ). From this it is evident that the si/c 
effect obtained is intermediate between the strength criterion and the linear 
elastic fracture mcchanics. This may be expected on the basis of the fact 
that the specimcns do not fail at cracking initiation but only after a crack 

1693 



""".':" 

Cl.. 

'" c 
--: 

p 

L' 8d/3 

• IC 

\ '-
\ 

\ I A 

(b) 

Small size 
d=36 mm 
L=96 mm 

18 
10 

'J )~ 
DI.':;pio('f'Hlf n 

nC, 

11 (11!111) 

(d) 

lorge size 
d= 144 n1r1j 

L=384 mm 

3A 

,},)4 

DI.<,'l'fu(,Ilnrnf II (UIIII 

(a) 

I 

\ 

\ \ 
\ 
\ 

---.1 

(c) 

Medium size 
0::72 rnm 
L= 192 111m 

2A 

28 
o 0.' .J ( ... ~ :J 

lJ1slII(J('cu'cnt u (l/1UI) 

(e) 
, I ~~ 

<I / 

, 

Q' 

"~ 
I A 

Q' 

2A 

3A 
P, - MU"-Imurn IO(Jd 

I ul'=D,splacement at P, 
I 
'J ) 

u/up 

FIG. 3. (a) Direct Tension Specimens with d = 36, 72, and 144 mm; (b) Load
Displacement Curve for Small Specimen; (e) Load-Displacement Curve for Me
dium Specimen; (d) Load-Displacement Curve for Large Specimen; and (e) Nor
malized Load-Displacement Curves for Specimens 1 A, 2A. and 3A 

band has already developed, in which case nonlinear fracture meehanics should 
be applicable. 

Progu:.\',lil·(, S{,rcl/d of' Crackil/g 

Fig, 5 shows tiJl' the various specimens their microcrack patterns at the 
last calculated point on the load-detlection curve. Fig. 6(c) shows these pat
terns as they develop in specimen I A at various stages of loading corre
sponding to points I, 2, 3, and 4 shown in Fig, 6(a). The fully limned and 
open cracks (lor which the stress is reduced to 0, E .> E,) are shown hy the 
solid lines, and the partially formed, developing (active) cracks that corre
spond to strain· softening states are shown hy the dashed lines. Also shown 
are the previollsly formed cracks that are getting unloaded I Fig. 6(/,) I; these 
are represented by two stars. We see that the cracks first start at Illany ran-
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FIG. 4. (s) linear Regression Plot; and (b) Size Effect Plot Constructed from 
Maximum Load Values Calculated for Direct Tension Specimens of Various Sizes 

dom locations throughout the specimen, hut later many of these partially 
formed cracks unload, and only some of them, lying in a narrow transverse 
hand, open further and lead to the final fracture. 

The unloading behavior is further documented in Fig. 7, which shows the 
evolution of the strain determined from the line segments I and 2. The first 
line segment always undergoes loading, crossing the developing crack hand, 
while the second line segment undergoes partial softening but soon reverses 
to unloading Wig. 7(h)l. 

Scatter of'Stress Profile and Svmmctry Breakdown 
The distribution of the longitudinal component of the interparticle forces 

Pi throughout the cross section at distance x = 60 rnm from the fixed end 
is sketched, for specimen lA, at various stages of loading, in Fig. 8. Similar 
plots for speeimen 3A at two locations x = 160 111m and x = 240 111111 arc 
shown in Fig. l). We see that the nonuniformity in the distrihution is getting 
more pronounced at later stages of loading. Furthermore, we see that the 
resultant of the longitudinal force tends to shift away from the center line, 
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FIG. 5. Cracking Patterns at Last Calculated Point on Load-Deflection Curve for 
Unnotched Specimens In Tension 

which indicates a tendency for these specimens to follow an asymmetric 
deformation pattern (a similar asymmetry is in fact indicakd hy analysis of 
the stahle paths of fracture propagation), The eccentricity, e, of the force 
resultant, P, is plotted as a function of P for two specimens (I A and I B) 
in Fig. 10. in which the tendency towards an increasing eccentricity is clearly 
seen. Development of such asymmetric response was ohserved in unnotched 
tensile specimens in the experiments of BaZant and Pijaudier-Cahot (llJH9). 
A similar asymmetry was seen to develop in the experiments of Rots et al. 
( 1(87). 

BOil/ilIa,.\, rave,. 

It is also apparent from Figs. 8 and 9 that the largest longitudinal forces 
tend to he transmitted through the interior of the specimen, and the houndary 
layer on the average transmits lower forces than the interior. This is a man
ifestation of what is known in concrete technology as the" wall effect." The 
houndary layer has on the average a smaller content of the stiff particles and 
a higher content of the soft matrix than docs the interior of the specimen. 
This is inevitable when the material is cast into a form. On tht' (lther hand. 
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FIG. 6. (a) Load-Displacement Curve for Specimen 1A; (b) Constitutive Law for 
Matrix; and (e) Evolution of Cracking with Loading and Localization 

if the specimen were cut out from a larger block of the material, then the 
boundary layer would have on the average exactly the same composition 
statistics as the interior. However, there would still he a wall effect, although 
probahly a much smaller one, because transverse stresses are transmitted 
across longitudinal straight lines in the interior, while transmission of the 
transverse stresses is interrupted at the surface. 

Macroscopic Poisson's Rario 
To determine the Young's elastic modulus E and the Poisson's ratio of 

the equivalent (smeared, homogenized) clastic continuum, the large speci
men 3A was loaded in uniaxial tension by prescrihing a very small uniform 
longitudinal displacement (II = 0.004 mm) at one end and restraining the 
specimen against displacement at the other end. Free sliding was allowed at 
the ends in the transverse direction. The displacements in the longitudinal 
direction. It,. and the transverse direction, II, ' are shown in Fig. II for the 
n(ldes with the maximum size aggregates. Furthermore, to minilllile the cf-
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FIG. 7. Load-Strain Curves for Specimen lA for: (8) Full Range of Strain; and 
(b) Small Values of Strain 

feet of boundary conditions, only nodes within an interior region (O.Hd x 
O.8L) were cOllsidered. 

Fig. I I (1I) shows for the case of mean uniaxial stress (T, = 0.39 MPa the 
linear regression line for II, as a function of the x-coordinate; its slope rep
resents the mean (macroscopic) strain in the x-direction, E, = 0.1154 x 10 ~, 
from which I:' = 33.H C;Pa. A similar regression line in Fig. II(h) gives the 
strain in the ,V-direction, E, = -0.4234 x 10 '. The macroscopic Poisson's 
ratio is then ohtained as v = -E,.! E, = 0.37. This value is close to the value 
of v = 1/3. which is the theoretical value for a very large two-dimensional 
random lattice that is statistically uniform and isotropic. Neither the calcu
lated value l' = 0.37 nor the theoretical value v = 1/3 for very large spec
imens is real istic for most particulate composites, including concrete, for 
which, typically, I' = (l.IH. The correct Poisson's ratio of real particulate 
composites cannot be attained with the truss model (random network). The 
reason for this limitation is that only axial interactions between the particle 
centers are taken into account, while shear stresses in the interparticle contact 
zones arc neglected. 
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FIG. 8. Distribution of Longitudinal Component of Interparticle Forces P, 
throughout Cross Section of Specimen lA: (8) I' < Elastic limit; (b) I' = Pm,,; (e) 
I' = 0.701'",,,; and (d) I' = 0.151'",,, 

Response of Notched Specimens 
As we have seen, cracking in unnotched specimens that are initially stressed 

uniformly develops quite randomly. This prevents it from bringing to light 
fracture properties of the particle system. To see these properties, notehed 
specimens have also been simulated with the particle model. The notches 
were mathematically modeled by first generating the random particle con
figuration as if no notch existed, and then severing all the interparticle con
nections that cross the line of the mathematical notch depth, a" = d/6 (uo 

= ao/d = 1/6). 
As one basic idea of this study, it is proposed to determine the macro

scopic fracture properties of the particle system by studying the size effect, 
since this effect represents the most important consequenee of fracture me
chanics. To this end, we analyze geometrically similar three-point-bend frac
ture specimens of three different sizes whose ratios are I :2:4. Thus, three 
new specimens were generated as shown in Fig. 12. 

To save computer time. the truss modeling of the random particle system 
covered only the central regioll of the beam lIear the notch, while tlte end 
p0l1ions of the specimen were modeled by a regular truss with linear clastic 
properties. This simplification has a negligible effect Oil the values of max-
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FIG. 13. (8) linear Regression Plot; and (b) Size Effect Plot Constructed from 
Maximum Load Values Calculated for Three-Paint-Bend Specimens of Various Sizes 

imum loads, as long as all the cracking occurs only outside the regular truss 
and far from its boundaries. Calculations verified that this was indeed the 
case. For the three-point-bend specimens, the random particle region width 
was taken to be equal to 8<1" (96 111m), which coincided with the span of the 
smallest size specimen. Thus, no truss was added to a specimen of this size. 

In the calculations of maxi ilium loads, three different sets of matrix prop
erties have been considered: (I) G;" = 24 Njm, f;" = 3 MPa; (2) 24 Njm, 
1.5 Ml'a; and (3) 240 Njm, 3 MPa, with Em = 30 ora and I:" = 6h·,., for 
all cases. For each set, the regression line Iplotted in Fig. 13«(/)1 yields the 
values of slope A and intercept C, from which the values of Band A(1 follow 
Isee Fig. l3(iJ)l. The size effect curve according to Eq. 10 is also plotted, 
along with all the calculated points for the different sets of matrix properties. 
The results show a good agreement with Eq. ID. However, for the afore
mentioned values of material properties, the results are closer to linear elastic 
fracture mechanics than the test results obtained for similar specimens by 
BaZant and Pfeiffer (1987). 

From the size effect on maximum loads, one can determine the fracture 
energy (;, of the idealized lIIaterial represented by the randoll1 particle sys
tem, using the formula (Balant and Pfeiffer 19X7) 

............................................ (II) 

where J:' = Young's modulus (macroscopic); and .I:(u lI ) = the nondimen
sinnal energy release rate according to linear elastic fracture mechanics, g(uo) 

= 6.07 for the present specimens. On the basis of Eq. 10, one can also 
determine the effective size (', of the fracture process zone according to the 
formula (Bazant and Kazellli 1988) 

( 12) 

where g'(u lI ) = the derivative of gIn), which is evaluated at all = 1/6, and 
is eqllal to 35.2 for the present three-point-bend specilllens. 

Tahic 2 gives the values of G, and (', calculated for the three sets of matrix 
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TABLE 2. Values of Fracture Energy (i, and Process Zone Size (', 

I I 
Particle Model Experiment' 

Three-point bending (1) (2) (3) Mortar Concrete 
(1) (2) (3) (4) (5) (6) 

G, (N/Ill) 16.5 6.K J 1.2 20 37 
<',(IllOl) 3.5 4.2 5') 1.9 13.5 

"From Hahnt and Kazcllli (I'JKH). 

properties. Taking property set (I) as reference, the results from (2) show 
that a decrease of interparticle strength f;" will decrease Gj and increase {f. 

However, results from (3) show that an increase of G;" will increase both Gt 
and Cj. Table 2 also includes the values obtained by Bazant and Kazemi 
( 1988) from experiments on mortar and concrete. These values are in the 
same range as calculated here and could be matched more closely by ad
justing the material properties of the model. 

Numerical experience showed that the calculated maximum loads can be 
sensitive to the random arrangement near the notch tip and the way the notch 
is modeled. The length of the notch cut by a saw, which is simulated by 
severing the particle connection intersecting the notch, is uncertain to the 
extent that the notch tip can be anywhere between the last severed connection 
and the first unsevered connection ahead of the tip. Furthermore, one should 
not delete a particle whose center falls into the width of the notch cut, since 
this can greatly distort the results. This means that the notch cut should be 
considered as a line rather than an actual cut of finite width. 

CONCLUSIONS 

I. Random generation of a particle system with a given particle size distri
bution can be accomplished quite easily, because the particles are circular (or 
spherical) and are not in contact but are separated by contact layers whose thick
ness is unspecified, except for a given maximum thickness value. 

2. Modeling only the axial interactions of neighboring particles seems suffi
cient to obtain a realistic picture of the spread of cracking and fracture in con
crete. The neglect of shear interactions might cause the fracture process zone to 
be shorter and narrower than in real concrete fracture specimens. However, the 
length of this zone can be increased by increasing the value of the interparticle 
fracture energy (G7) or by decreasing the value of the intcrparticle strength 
U;")· 

3. The model can describe realistically the post-peak declining load-deflection 
diagram, which is predicted to get steeper as the specimen size increases. 

4. In contrast to local continuum models, the present model is capabic of 
describing the size effect on the nominal strength of unnotched specimens as 
well as notched specimens. 

.'i For direct tensile specimens, the model predicts development of asym
metric response after the peak load. such that the specimcn bends and the axial 
f()rce resultant becomes eccentric. This agrees with laboratory tests. 

6. Some improvements of the model might be appropriate in: ( I) Determining 
the cross section areas ()f the truss members s() as to make thelll dependent Oil 
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me distance hl't\\l'l'n paI1iL'ies; (2) controlling the Poisson's ratio without having 
10 introducc shear interaction; and (3) developing a ,illlple IllctlHld to C()llllect 

the particle system in the cracking lonc to a finite eil'mcnt mesh alllund this 
lOne. Such a mdhod would significantly reduce the numher of particks nceded 
10 analYI.e thrce-dimcnsional or large two-dimensional problems. 
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