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Fig. 1 — (a) Typical uniaxial stress-strain curve for
concrete; (b) stress-strain curves recommended by CEB
code.

It should be emphasized that the post-peak strain-
softening portion of the effective stress-strain relation
depends on many factors not normally considered in
design. This is due to strain localization,* which occurs
in softening materials. Depending on the degree of lo-
calization of strain, the average post-peak slope can be
mild or steep (or even snapback can occur). Conse-
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quently, the steepness of the post-peak stress-strain re-
lation must be expected to depend on the axial steel, the
transverse steel (ties or spirals), the shape and size of
the cross section, etc. As long as these factors are ne-
glected, it makes little sense to argue whether one or
another formula for the o.(¢) curve is better. The fact
that laboratory tests of a standard specimen give a cer-
tain curve is not very relevant. One would need actu-
ally to calculate the localization of the softening zone in
the column to profit from a sophisticated stress-strain
relation (Chapter 13 of Reference 4). In this light, Eq.
(2) seems to be unjustifiably complicated. A short for-
mula such as g. = E'%_ exp(— ke?), with k = constant,
might be just as good or just as poor.

COLUMN-INTERACTION DIAGRAMS

The ultimate compressive force and the ultimate
bending moment for a concrete column cross section
are related by an interaction diagram (or failure sur-
face), whose typical shape is shown in Fig. 2(b). It may
be helpful to discuss first how this diagram is defined.
To avoid second-order effects, one considers a short
element (slice) Ax of the column. The element is sub-
jected to axial force P applied at constant eccentricity e
[Fig. 2(a)]. The load-point displacement u, is increased
in small steps, and the corresponding values of P are
calculated from equilibrium conditions and the stress-
strain laws of concrete and steel, assuming the cross
sections to remain plane. If the curve P(u) is rising, the
beam element is stable, i.e., no failure. If the curve is
descending, the column element is unstable under load
control. The critical point (or limit) of stability, i.e., the
failure point, is obtained as the peak-load point P,,
[Fig. 2(c)]. Thus the interaction diagram (at controlled
load) should be defined and calculated as the collection
of the peak-load points of all the curves P(u,) obtained
for all the eccentricities e.

In the practical engineering literature, this theoreti-
cally consistent (stability-based) definition of failure is
normally not adhered to. Rather, failure is assumed to
occur when the maximum strain of concrete or steel
reaches a certain specified limit, which is selected em-
pirically. However, if calculations beyond this limit
(based on a realistic constitutive law) would indicate a
further increase of load [Fig. 2(d)], this limit cannot re-
ally be a failure state. Furthermore, if calculations in-
dicate that the load at this limit is already decreasing,
then again this cannot be a failure state, since failure
must have occurred earlier.

Consider now a column under increasing axial load
P with constant end eccentricity e {Fig. 3(d)]. The path
followed by axial load P and bending moment M at
column midlength is shown in Fig. 3(e). If second-or-
der effects are absent (as in very short columns), the
cross section undergoes proportional loading, and its
state follows the radial ray 01 (of slope e = M/P),
reaching a maximum at Point 1 of the cross-sectional
interaction diagram. For slender columns, however, the
midlength deflection w, causes the path to deviate from
the radial ray downward (Path02). The larger the col-
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Fig. 2 — (a) Short element along the length of the column; (b) typical interaction
diagram for columns; (c) load-deflection curve with failure occurring at peak load;
(d) real failure versus ‘‘limit strain’’ state
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Fig. 4 — Reduced interaction diagrams for three different ratios of end eccentrici-

ties, adapted from MacGregor’

umn slenderness A, the greater is the deviation (A = L/
r, where L = effective column length and r = radius
of gyration).

For not-too-slender columns, the failure (peak) oc-
curs at points rather close to (but still inside) the cross-
sectional interaction diagram (Path02). Such behavior
corresponds to what is called cross section failure. For
very slender columns, on the other hand, the failure
occurs well within the cross-sectional interaction dia-
gram (Path03), because of pronounced second-order
effects. This corresponds to what is called the stability
failure.

Fig. 3(f) compares the P(M) paths at constant e for
columns of the same A\ but different eccentricities e,.
Connecting the failure points, such as 1, 2, and 3,
yields the interaction diagram P(M) modified for sec-
ond-order effects. Projecting each failure point hori-
zontally onto Point A4, on the radial line of slope ¢,, one
obtains the reduced interaction diagram. Fig. 4,
adapted from MacGregor, Breen, and Pfrang,’, shows
the reduced interaction diagrams for three different ra-
tios of the end moments and for various values of the
ratio L/h. These diagrams, as well as the actual col-
umn-interaction diagrams [Curves 234 in Fig. 3()],
differ for different column siendernesses.

PROPOSED METHOD FOR INTERACTION
DIAGRAMS
For simplicity, it is customary to assume that the de-
flected curve is sinusoidal, i.e., w = -w;sin(xx/L),
where L = effective length of the column [Fig. 3(d)].
The equilibrium condition and the moment-curvature
relation can then be satisfied exactly only at the mid-
length of the column, and so our solution will be only
approximate. The curvature at midlength is x = n’w,/
L%, from which w, = L%/#* By equilibrium, the sec-
ond-order bending moment is M,, = Pw,, or
M, = Pkyxk, k, = L¥7* 4)
(In reality, coefficient k;, must be less than L/%? be-
cause nonlinear behavior tends to produce a sharper,
more pointed curve at midspan than a sine curve.) The
total moment at midlength is M = M, + M, where M,
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= Pe = first-order (primary) bending moment, which
is due to eccentricity e of load P at both column ends.
The maximum of the response curve P(M) at constant
e represents the failure point under load control. Con-
sequently, the collection of all these maxima for vari-
ous e determines the failure envelope of the column.
This can be proven as follows.

The failure point under load control is characterized
by the condition dP/du, = 0. For a sinusoidal column
shape, the magnitude of the rotation at the column end
is 6, = w,n/L. Thus the load-point displacement is u,
= 20,e + [t(w'?/2)dx = 2mwew,/L + w*wi/4L, in which
w, = L? ¥/7? and the axial shortening of the column
axis is neglected. So the sinusoidal approximation gives

2el L
u o= Sk + ok (5)
T 4

The column is stable if dP/du, > 0. It fails when the
response first satisfies the condition dP/du, < 0, i.e.

——=————=x0 (6)

If the slope dP/du, varies continuously, then the fail-
ure condition is dP/du, = 0. Differentiation of Eq. (5)
shows that dk/du, > 0 (since xk 2 0, e > 0). It is pos-
sible that dM/dx at failure is either nonpositive or pos-
itive. If dM/dx < 0, the cross section fails even with-
out the second-order (slenderness) effect. Thus this type
of failure, which occurs at Point 1 of Fig. 5(a), is ob-
tained for zero slenderness (L = 0), and in this case,
dP/dM # 0 for the points on the cross-sectional inter-
action diagram. But for L > 0 we have dM/dx > 0. So
the column fails as soon as dP/dM < 0. This proves
that the peak point of the P(M) diagram at constant e
represents failure.

If the slope dP/dM at constant e varies continu-
ously, then the column fails when dP/dM = 0; in that
case, the response curves 02,03, and 04 in Fig. 5(a)
must intersect the column interaction diagram P(M)
horizontally. If the slope changes discontinuously, then
the intersection with the column interaction diagram
[Fig. 5(b)] is characterized by the fact that dP/dM is
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positive on the left and nonpositive on the right of the
intersection. This situation may arise if the column fails
when the steel bars begin to yield, provided that the
steel is assumed to behave as elastic-perfectly plastic.
When a change of slope do./de, due to the start of
yielding of steel causes a sudden change in the slope
dP/dM, the peak point of the P(M) curve, representing
the failure point, may lie exactly on the cross-sectional
interaction diagram (see Fig 5(b)]. A sudden change in
the slope do./de. of the o(e.) diagram of concrete, on
the contrary, cannot cause a sudden change of slope
dP/dM because changes of do./de, cannot be simulta-
neous (for « # 0) in a finite (nonvanishing) portion of
the cross section.

The critical cross section at column midlength is sub-
divided into many thin layers representing the concrete
area. The steel area at each corner [Fig. 3(a)] is consid-
ered to be concentrated at a point. Knowing the values
of the curvature x and the distance ¢ from the beam
axis to the neutral axis [Fig. 3(b) and (¢)], one has ¢ =
-k(z + ¢). So the given o(e) diagram of concrete and steel
for either loading or unloading can be used to evaluate
the stress at the center point of every layer. From these
stress values one obtains the resultants P = P(x,c) and
M = M(k,c).

To determine the curve P(M) at increasing column
deflection and constant eccentricity e at the column
ends, the following algorithm is proposed. One chooses
an increasing sequence on «-values. For each «-value,
one has w, = kyx. So one needs to solve ¢ from the
equilibrium equation

M(x,c) ~ (e + w)P(k,c) = 0 )

in which M and P are calculated as the resultants of the
stresses in all the layers corresponding to strains ¢ =
-k(z + c¢). Eq. (7) (which insures equilibrium only at
column midlength) is a nonlinear equation which is
quite easy to solve by iteration using a computer li-
brary subroutine. The convergence is very fast if the
solution of c¢ for the preceding x-value is used as the in-
itial estimate of c for the next x-value in the loading se-
quence.

From the c-value obtained and the value of «, one
can then evaluate P(x,c) and M(x,c¢), which defines a
point on the P(M) curve at constant e. However, be-
fore calculating P and M from « and ¢, the current
strain value in the centroid of each layer has to be
compared with the strain value at the previous load
level, and if unloading is detected, then the proper o(e)
curve for unloading should be considered for that layer.
In our case, unloading is taken as a straight line paral-
lel to the initial tangent of the o(¢) curve.

TANGENT AND REDUCED MODULUS LOADS

In general, the tangent modulus load P, and the re-
duced modulus load P, are important characteristics in
the theory of inelastic columns.*® In the present con-
text, these load values give an approximate lower
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Fig. 5 — (a) Load-versus-moment and load-versus de-
Sflection-diagrams with a continuously decreasing slope;
(b) Load-versus-moment and load-versus-deflection di-
agram with discontinuous slope

bound and an upper bound for P,,, of a column with a
small e. For a symmetric cross section, P, is the Euler’s
critical load based on the tangential moduli in the un-
deflected initial state of a perfect column (e = 0)

7I.2
P = EdL + E) ®

This must be equal to the axial force resultant
P = (oA, + 04) &)

Subscripts ¢ and s stand for concrete and for steel, re-
spectively, A is the cross-sectional area, and 7 is the
moment of inertia of the cross section about the cen-
troidal axis. The values of the tangential moduli E! and
E., as well as the stress values ¢, and o,, depend on the
axial strain e = ¢, = ¢, Thus, equating the expressions
in Eq. (8) and (9), one obtains a single nonlinear equa-
tion with € as a single unknown, which can be easily
solved by an iterative procedure.

To find an expression for P, for the rectangular cross
section in Fig. 3(a), consider a small variation in cur-
vature 6. The corresponding 6Mf is

- 1 %] 07,3 1 y R
oM = [3b(thL + B + JABG-hY

+ E¥h,—h)]| 6k

where b = width of the cross section, A, = concrete
cover, h, = the portion of A that undergoes loading,
and h, = h — h, = the portion of A that undergoes

395



unloading. Eq. (10) assumes that the unloading, in both
concrete and steel, follows the initial slope. Eq. (10) can
be rewritten in a more familiar way using the effective
bending stiffness ET

— M
El = °— = &.E°L + &,E.I (11)

K

where

1
& El = gb(Eghi + Eh}) (12)

1
éAEgIS = EAS[E.Iv(hL - hc)2 + E?(hb - hc)Z] (13)

P_may now be expressed as the Euler load of a perfect
column (e = 0) with bending stiffness ET

7!'2
P =7 (®.EX + ®,E7I) (14)

This must be equal to the axial-load resultant in the
undeflected state

P = (0.A + 0,A) as)

The solution of Eq. (14) and (15) also requires an iter-
ative procedure because &, and &, depend on the tan-
gential moduli which in turn depend on the axial strain.
Setting the expressions in Eq. (14) and (15) equal, one
gets a nonlinear equation with two unknowns, € and A,.
A second equation is obtained from the condition 6P =
0, which defines the reduced modulus load. This con-
dition yields a quadratic equation in terms of A,

RbE! — E% + h, QhbE® + A,E! + AEY)
— bEH — AE°h + h.A(E° - E) = 0 (16)

The iterative solution starts by assuming a strain value
in the cross section. The corresponding moduli and
stresses can then be calculated from the given stress-
strain curves. The next step is to calculate A, from Eq.
(16) and substitute its value in Eq. (12) and (13) to find
$. and ¥,. It is now possible to check Eq. (14) and (15);
if they are satisfied, P, is then calculated, and if not
then another value of strain is selected and the proce-
dure is repeated until Eq. (14) and (15) are satisfied.

NUMERICAL EXAMPLE

Next, consider concrete columns of square cross sec-
tion with side length A = 22 in. (Fig. 3) and various
slendernesses //r where r = h/J/12. The concrete is as-
sumed to follow the curve given in Eq. (2) with f, =
S = 5000 psi for compression while having no stiffness
in tension. The reinforcement is symmetric, with a steel
ratio of p, = 0.03 and a concrete cover such that the
bar centroid is 3 in. from the surface. The stress-strain
relation for steel is given by Eq. (3) with E, = 29x 10¢
psi and f, = 60,000 psi, for both compression and ten-

396

sion. Unloading in both materials, concrete and steel,
is assumed to be along a straight line parallel to the in-
itial slope of the stress-strain curve.

The calculated response curves P(M) at constant e
(Fig. 6) confirm that the peak-load point occurs always
within the cross-sectional interaction diagram, rather
than on it. In textbooks, it has been widely assumed
that, for small e, the response curve intersects the cross-
sectional interaction diagram with a positive siope; but
this is not the case. For columns of medium slender-
ness {(//r = 70), the peaks of the P(M) curves (i.e., the
failure points) lie rather close to the cross-sectional in-
teraction diagram—this is true for small as well as large
eccentricities e. On the other hand, for very slender
columns (//r = 100), these peaks are quite remote from
the interaction diagram for all eccentricities except the
very large ones (e > 0.3h). The corresponding dia-
grams P(u,), which of course have the same peak P-
values as the diagrams P(M), are shown on the right.

Using Eq. (8) and (14), it is possible to calculate P,
and P, for this example. The results are shown in Fig.
6. As expected, P, < P,, < P, for small eccentricities
(e < 0.01h). This condition is satisfied as long as the
steel is not yielded; otherwise, P, admits only an up-
per bound P, calculated by setting ¢, = €. = €. It may
also be concluded that P, gives a good estimate of P,
for e = 0.01h as long as the steel does not yield. Note
that this value of e is much less than the minimum ec-
centricity according to the ACI Building Code,' which
ise,, = 0.6 + 0.03# = 1.26 in. = 0.06Ah. For this ec-
centricity, P, is much less than P, (see Fig. 6), which
means the ACI Building Code is very conservative for
small eccentricities.

Fig. 7 shows the effect of varying the column slen-
derness at various eccentricities. Note that the trend of
the interaction envelope continues smoothly into the
tensile side (P < 0), which means that eccentricity
weakens the tensile capacity of a beam. Also note that
the second-order effect strengthens a column under
tension since it deflects the loading path again below
(but to the left of) the straight radial path for zero
slenderness (calculated as the maximum value of P for
various e/h).

Fig 8 compares the response curves obtained with the
o{e.) relations in Eq. (1) and (2). The curves practically
coincide up to P,,., after which, however, the curves
obtained with Eq. (1) tend to be higher and reach
higher values of M. On the curves obtained with Eq.
(1), the point at which the strain in concrete reaches
0.0035 has been marked; this point corresponds to the
limit strain in concrete according to the CEB code.

Fig. 9 shows the effect of ignoring concrete and steel
unloading [i.e., the virgin o(e) curve is retraced when
unloading occurs]). During loading at constant P, un-
loading typically occurs as the neutral axis moves into
the previously compressed portion of the cross section
[See later Fig. 14(h)]. This effect, however, is seen to be
negligible, at least up to the peak point of the column
response. The reason is that the loading-unloading re-
versal occurs near the neutral axis where stress has little
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Fig. 6 — Calculated response curves at constant e for L/t

= 30, 70, and 100 with

Shanley’s tangent modulus load P, shown as a horizontal line

effect on M; furthermore, it occurs at low strain levels
at which the stress-strain diagram for loading is close to

that for unloading.
Fig. 10 shows the column failure envelope and the

reduced failure envelope in terms of primary bending
moments. As it can be seen, the reduced failure enve-
lope is close to both the column and the cross-sectional
failure envelopes for low slendernesses (L/r = 30}, but
it moves farther apart for higher slendernesses.

COMPARISONS WITH THE ACI METHOD
Design on the basis of a nonlinear calculation of the
load-deflection relation and construction of the column
interaction diagram is recommended by the ACI Build-
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ing Code.! This code, however, permits the use of &
simple approximate formula based on the magnifica-

tion factor y

C
=—"—>1.0 17
Y P (17

in which P = axial load, ¢ = strength reduction factor
(0.70 for tied columns), P. = EI n%/L? where L = ef-

fective column length, ET = effective bending stiffness

of the column cross section, and C, = correction co-

efficient that takes into account the initial bending mo-
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Fig. 8 — Load-versus-moment curves calculated for the
two stress-strain curves recommended by CEB

ment distribution along the column and the type of
supports; C,, =1 for this example.

The effective bending stiffness for calculating P, in
Eq. (17) is allowed by the ACI Building Code to be es-
timated from the empirical equation

T = aE°F + BEYI. (18}

in which the long-time creep effects are neglected, 7% =
gross moment of inertia of concrete cross section, and
o = 0.2. The coefficient 8 does not exist in the ACI
Building Code and is inserted here for convenience,
with the value § = 1.0. The value «E’is intended to
give a conservative estimate of the secant modulus and
thus takes into account the effect of nonlinearity of the
moment-curvature diagram which is due mainly to
concrete cracking.
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Fig. 10 — Column failure envelopes and reduced fail-
ure envelopes calculated for L/t = 30, 70, and 100

It is interesting to compare o and 3 with the coeffi-
cients «,, B, that correspond to P, and the coefficients
«, f, that correspond to P, Eq (8) gives «, =
(EL1./E°I%) and B, = E'/E?, while Eq. (14) gives
o, = (b.1./18) and 3, = .. Plotting these results in
Fig. 11, we may conclude that Eq. (18) is not conser-
vative for columns of small eccentricity for which L. r
< 60. The same conclusion may be reached in vet an-
other way; P, requires calculating the bending stifiness
from the tangent modulus, but this modulus gives a
smaller bending stiffness than that given by Eq. (18),
which roughly corresponds to the secant slope for the
peak-moment point (Fig. 12).

ACI Eq. (17) includes a strength reduction by factor
¢, due to the inevitable random variability of the ma-
terial. In the present formulation, however, this effect
has not been incorporated. Thus, to make a compari-
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Fig. 12 — Moment-versus-curvature curve

son, either the factor ¢ must be removed from Eq. (17)
(i.e., & = 1.0) or a statistical reduction of material
properties must be implemented in the present formu-
lation.

The first type of comparison is the simplest, as well
as clearest. The reduced interaction diagrams for L/r =
30, 70, and 100 are then obtained from the cross-sec-
tional interaction diagram (L/r = 0) by dividing the
moment value by the corresponding y-value given by
Eq. (17) with ¢ = 1.0. This yields the dashed curves
interaction diagrams shown in Fig. 13. As one can see,
the ACI method appears to be very conservative for the
column we analyzed, except for small slenderness and
large eccentricities.

COMPARISON WITH THE CEB METHOD
Instead of using the P(M) interaction diagrams, CEB
recommends predicting the column response from the
moment-curvature relations for various constant values
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Fig. 13 — Reduced failure envelopes calculated accord-
ing to the constant e method and the ACI method

of the axial force.” The CEB Model Code permits the
use of the so-called ‘‘model column method.”” This
method is based on the approximate Eq. (4), which ap-
plies to a free-standing column [Fig. 14(a)]. The CEB
model column method considers the plots of the ap-
plied moment and of the resisting moment versus cur-
vature « at the constant P [Fig. 14(b)]. The plot of ap-
plied moment M = M, + M, versus |« ! is, according
to Eq. (4), an inclined straight line of slope Px,. This
line may intersect the associated resisting M(x) diagram
at two points, at one point, or none. If there is no in-
tersection, there exists no equilibrium state and the col-
umn fails dynamically. If there are two intersection
points, such as Points 5 and 6 in Fig. 14(b), then Point
5 is stable (because at that point the resisting M in-
creases faster than the applied M), while Point 6 is un-
stable. The maximum P for which a stable state exists

399



4

Am - -
P = const. z /{k"
M"‘I1 T T 3
o e 2 6
My— " ——~ Crit. ‘
W state - My=Pkyk
| e v‘"’a ‘
L §
Vol LT A#;___ —
L/ |
1 ‘Resisting i
L MK) ; M, =Ps,
| & K>
0

P3 83

M, | —
- Cr

MsF (K, P)

Ko

P+AP
9) P
AP Unloaded ]
Px .
ces / const o

e
— @ zconst.
Cﬁ :

Fig. 14 — (a) Free standing model column, (b) moment-versus-curvature plot
showing the resisting and applied moments defined according to the CEB model
column method; (c) moment-versus-curvature curves for various P-values with tan-
gents to the curves defining failure points; (d) moment-versus-curvature curves for
various P-values intersected by straight lines representing equilibrium points,; (e)
load-versus-deflection curve obtained from the points of intersection shown in (d);
(f) moment-versus-curvature curve ending at the limit compression strain of 0.0035
prescribed by CEB; (g) loading paths for constant e and constant P; (h) unloading

as it occurs with increasing load P

occurs when the inclined straight line of applied M is
tangent to its associated M(«x) diagram; see Line 124.
The failure envelope for a column of given length (or
slenderness) is determined according to CEB by select-
ing a number of constant P-values. For each of them,
one calculates the M(x) diagram 03 [Fig. 14(b)]. The
tangent line 124 having slope Pk, is then determined ei-
ther graphically or by solving the «-value for ihe tan-
gent point from the nonlinear equation Pk, = dM(x)/
dk. The tangent point (Point 2) yields the ultimate
bending moment for the critical state M<. The point
(M%,P) is shown in the P(M) diagram as Point 3 in Fig.
3(f). The collection of all such points obtained for var-
ious P-values yields the failure envelope 234 [Fig. 3(f)]
for the total M = M, + M, at failure. For design,
however, it is more convenient to determine from Fig.
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14(b) the value of the primary moment M, correspond-
ing to the tangent point 2 [M, = Segment 0l in Fig.
14(b)]. In the P(M) diagram, the point (M, P) is shown
as Point A4, [Fig. 3(f)], and it represents the horizontal
projection of the failure point onto the radial ray of
slope P/M, = 1/e.

The determination of the case for which the applied
restraining M(x) curves are tangent is equivalent to
solving P and « from two simultaneous nonlinear equa-
tions

M, + PK, k = F(x,P), Pk, = oF(x,P)/dx (19)
where function F(xP) represents the resisting moment-
curvature diagram M(x) for any constant value P, as
sketched in Fig. 14(c). The solution of Eq. (19) with a
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standard computer library subroutine is a trivial matter
once function F(x, P) has been formulated.

The load-deflection curve for a fixed value of end
eccentricity e, whose direct calculation we already ex-
plained [Eg. (5)], can also be constructed on the basis
of the CEB model] column method, provided that the
effect of unloading a part of the cross section on the
loading path is neglected. To this end, one needs to de-
termine the intersections of the curves M = F(x,P) with
the straight lines M = Pe + kP« representing the
equilibrium values of the applied moment [Fig. 14(d)],
and then calculate the corresponding deflection w,
=k,k. Connecting these intersection points yields the
load-deflection curve {Fig. 14(e)].

Note that the CEB model column method is applica-
ble also for the case in which the failure is assumed to
occur if the compression strain reaches 0.0035, while at
the same time dP/dM > 0 {Fig. 14(f)]. For a smaller
value of the slope of the applied moment line, one finds
a larger M,, and as this slope approaches zero, M, ap-
proaches the peak moment representing the cross-sec-
tional strength.

The assumptions that the deflection curve is sinusoi-
dal and that equilibrium needs to be insured only at the
column midlength [Eq. (4)], are the same as those em-
ployed by the solution algorithm based on Eq. (7). The
results must then be the same if the effect of unloading
is neglected; see Fig. 15. The CEB model column
method, however, cannot reproduce unloading in a
meaningful way, since the M(k) diagram is calculated at
constant P (and variable e = M/P) and thus does not
represent the actual path followed by columns (whose
loading is normally closer to that at constant e); see
Fig. 14(g). Although the effect of unloading has been
found to be small, the constant e method proposed here
is simpler and easier to use than the mode! column
method because it does not require the construction of
the M(x) curves and the determination of the tangents
to these curves.

CONCLUSIONS

1. The column failure may be defined for design
purposes as the peak of the diagram of axial load ver-
sus midlength bending moment at constant load ec-
centricity. This can be easilv computed by a simple
incremental loading algorithm with prescribed small in-
crements of curvature at column midlength.

2. The tangent modulus load is approximately equal
to the peak load of a column with load eccentricity 0.01
of cross-sectional thickness and represents a lower
bound for the maximum load for still smaller eccen-
tricities. Thus the tangent modulus load calculation
could be used as an upper bound on column capacity,
replacing the current ACI Building Code requirement
for minimum eccentricity, which appears to be very
conservative.

3. Strain irreversibility at unloading of portions of
the cross section due to shifting of the neutral axis to-
wards the compressed face can be easily taken into ac-
count, but its effect appears to be very small.
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Fig. 15 — Load-versus-moment curves calculated for
the constant e method and the CEB model column
method

4. The proposed new method agrees well with the
CEB method based on moment curvature relations of
the cross section at constant axial load, but is simpler.
In comparison to the ACI method, which is the sim-
plest of all, there are large discrepancies.

5. Although sophisticated computer methods will
play an increasingly important role and will become
standard for the final check of design, there will be
continuing need for a simple approach that offers in-
sight into the column behavior.
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CONVERSION FACTORS

1in. = 25.4 mm
1 kip = 4448.2 N
1 kip-in. = 0.113 kN-m
1 kip/in.? = 6.9 MPa
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