
ACI MATERIALS JOURNAL TECHNICAL PAPER 
Title no. 88-M46 

Size Effect in Fatigue Fracture of Concrete 

by Zdenak P. Ba2ant and Kangming Xu 

Crack growth caused by load repetitions in geometricaliy similar 
notched concrete specimens of various sizes is measured by means of 
the compliance method. It is found that the Paris law. which states 
that the crack length increment per cycle is a power function of the 
stress intensity factor amplitude. is valid only for one specimen size 
(the law parameters being adjusted for that size) or asymptotically. 
for very large specimens. To obtain a general law. the Paris law is 
combined with the size-effect law for fracture under monotonic load
ing. proposed previously by Ba!ant. This leads to a size-adjusted 
Paris law. which gives the crack length increment per cycle as a power 
function of the amplitude of a size-adjusted stress intensity factor. 
The size adjustment is based on the brittleness number of the struc
ture. representing the ratio of the structure size d to the transitional 
size d., which separates the responses governed by nominal stress and 
stress intensity factor. Experiments show that do for cyclic loading is 
much larger than do for monotonic loading. which means that the 
brittleness number for cyclic loading is much less than that for mon
otonic loading. The crack growth is alternatively also characterized in 
terms of the nominal stress amplitude. In the latter form. the size ef
fect vanishes for small structures while. in terms of the stress inten
sity factor amplitude. it vanishes for large structures. The curves of 
crack length versus the number of cycles are also calculated and are 
found to agree with data. 

Keywords: concretes; crack propagation; cyclic loads; fatigue (materials): frac
lure properties; loads (forces); tests. 

The evolution of cracking in concrete structures re
quires rational modeling to obtain more reliable pre
dictions of structural response to earthquake, traffic 
loads, environmental changes, and various other severe 
loads. Repeated loading causes cracks to grow. This 
phenomenon, called fatigue fracture, has been studied 
extensively for metals '-3 and ceramics-H and is now un
derstood relatively well. For concrete, however, the 
knowledge of fatigue fracture is still rather restricted. 
Aside from fatigue studies outside the context of frac
ture mechanics,7-11 experimental investigation of frac
ture under cyclic loading has been limited. 12-16 These in
vestigations indicated that application of the Paris law 
for crack growth under repeated loading 17.18 can, at 
least to some extent, be transferred from metals to 
concrete. However, one important aspect-size ef
fect-has apparently escaped attention so far where fa
tigue is concerned. 
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The objective of the present study is to investigate 
size effect, both experimentally and theoretically. Mi
crostructural mechanisms4-6 are beyond the scope of this 
investigation. The main goal is to identify the global 
(first-order) approximate description of the deviations 
from linear elastic fracture mechanics and Paris law. 

FATIGUE TESTS OF SIMILAR NOTCHED BEAMS 
OF DIFFERENT SIZES 

Two series of three concrete three-point-bend beam 
specimens of different sizes were tested in a closed-loop 
servo-controlled testing machine (see Fig. 1 and 2). The 
ratio of cement:sand:aggregate:water in the concrete 
mix was 1 :2:2:0.6, by weight. The aggregate was 
crushed limestone of maximum size 0.5 in. (12.7 mm). 
The sand was siliceous river sand passing through sieve 
No. 1 (5-mm). Type I portland cement with no admix
tures was used. From each batch of concrete, three 
beam specimens of different sizes (one of each size) 
were cast, along with companion cylinders of diameter 
3 in. (76.2 mm) and length 6 in. (152 mm) for strength 
measurement. After the standard 28-day curing of the 
companion cylinders, their mean compression strength 
was J: = 4763 psi (32.8 MPa), with a standard devia
tion of 216 psi (1.49 MPa). The average direct tensile 
strength (Which, however, is not needed for the present 
formulation) may be estimated asJi = 6JJ: psi = 414 
psi (2.86 MPa), and Young's elastic modulus as E = 
57,OOOJJ: psi = 3.93 x 1()6 psi (27,120 MPa). An ad
ditional series of nine notched beam specimens of three 
different sizes, three of each size, was cast from a dif
ferent batch of concrete to determine fracture proper
ties under monotonic loading by the size-effect method. 

The specimens of different sizes, both for cyclic tests 
and companion monotonic tests, were geometrically 
similar in two dimensions, including the lengths of their 
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notches. The thickness of all the specimens was the 
same (b = 1.5 in. = 38.1 mm). The beam depths were 
d = 1.5, 3, and 6 in. (38.1, 76.2, and 127 mm); the 
span was L = 2.5d; and the notch depth was ao = d/6 
(Fig. 3). 

The specimens were cast with the loaded side on top 
and demolded after 24 hr. Subsequently, the specimens 
were cured in a moist room with 95 percent relative hu
midity and 79 F (26.1 C) temperature until the time of 
the test. Just before the test, the notches were cut with 
a band saw. When tested, the specimens were 1 month 
old. During the test, the specimens were positioned up
side down with the notch on top. The effect of speci
men weight was negligible. During the cyclic tests (as 
well as the monotonic control tests), the laboratory en
vironment had a relative humidity of about 65 percent 
and temperature about 78 F (25.6 C). The crack-mouth 
opening displacement (CMOD) was measured by a lin
ear variable differential transformer (L VDT) gage sup
ported on metallic platelets glued to the concrete. 

In view of the difficulty of optical and other direct 
measurements, the crack length was measured indi
rectly, by the CMOD-compliance method. The validity 
of this method for concrete has recently been con
firmed. 19.20 The compliance-calibration curve of the 
specimen (Fig. 4) was experimentally determined as 
follows: 

1. Mark the notch lengths on the beam flank surface 
according to a logarithmic scale. 

2. Cut the notch at midspan with a band saw. 
3. Mount the L VDT gage and set up the specimen in 

the testing machine. 
4. Apply the load at CMOD rate 0.0004 in.lmin and, 

after several load cycles between zero and maximum, 
record, with an x-y recorder, the plot of load versus 
CMOD, from which the specimen compliance is later 
calculated (the load is small enough so that no crack 
would start). 

5. Remove the specimen from the machine, extend 
the notch by sawing a cut up to the next mark, and re
peat the procedure. The sawing is admissible due to us
ing a small enough load for which the fracture process 
zone is so small that it is entirely removed each time a 
cut to the next mark is made; therefore, after each cut, 
the specimen responds nearly the same way as a virgin 
notched specimen. An example of the relevant portion 
of the calibration curve of specimen compliance versus 
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Fig. 1-(a) Fatigue fracture specimens of different 
sizes; and (b) use of fracture specimens in calibrating 
compliance 

Fig. 2-Fatigue specimen with L VDT gage for crack 
mouth opening, being installed in the testing machine 

the ratio of notch length to beam depth is seen in Fig. 
4, which shows the measured data points as well as the 
curve of finite element results. Their deviation is within 
the range of normal experimental scatter in concrete 
testing. 

In the cyclic tests, linear ramp load and frequency 
0.033 to 0.040 Hz was used. In all the tests, the load 
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Fig. 5-(a) Load-CMOD record for one specimen of 
medium size; and (b) measured load history for the 
same specimen (CMOD = crack mouth opening dis
placement, in.) 

minima were zero and the load maxima were constant 
and equal to 80 percent of the monotonic peak Pmu 

load for a specimen of the same size and the same 
notch length. The first loading to 0.8P max was to a pre
peak state. 

TEST RESULTS 
An automatic plotter was used to continuously rec

ord the load history [Fig. 5(a)] and the CMOD history 
[Fig. 5(b)] in each cycle (only the terminal part of these 
histories near failure is shown in Fig. 5). The effective 
crack length, representing the coordinate of the tip of 
an equivalent elastic crack, has been determined from 
the compliance given by the slope of the unloading seg
ment of the measured load-CMOD curve, according to 
the compliance-calibration curve shown in Fig. 4. Based 
on the effective crack length, one can determine the 
equ;valent stress intensity factor K'ji. The maximum 
loads measured in the companion monotonic tests are 
given in Table 1. The table also gives the values ob
tained previously2' on the same type of concrete and the 
same specimens. The fact that these previous values 
were nearly identical confirms reproducibility. The 
measured curves of load P versus CMOD are shown in 
Fig. 6. 
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Table 1 - Measured maximum loads for 
monotonic loading 

Maximum load P, 
Depth, Ib 

Tests in. 1 2 3 

Present tests 1.5 386 413 428 
3.0 669 649 694 
6.0 1190 1152 1154 

Tests of Bazant 1.5 405 408 410 
and Pfeiffer" 3.0 677 706 698 

6.0 990 1040 1042 
12.0 1738 1739 1750 

Mean P, 
Ib 

408 
671 

1165 

408 
698 

1024 
1742 

According to the fatigue fracture theory.I.2 crack 
growth depends on the amplitude tJ(1 of the stress in
tensity factor KI for the current effective (elastically 
equivalent) crack length a. As is well known 

(1) 

in which a = relative crack length. d = characteristic 
dimension of the specimen or structure. b = specimen 
thickness. P = load. and j(a) = function depending on 
specimen geometry. which can be obtained by elastic 
finite element analysis. and for typical specimen geom
etries is given in handbooks; for the present three-point 
bend specimens.j(a) = (l - a)-J/2 (l - 2.5a + 4.49a2 

- 3.98a J + 1.33(4
). as determined by curve-fitting of 

finite element results22 and 

(2) 

where UN = nominal stress; and Cn coefficient cho
sen for convenience. for example. so that UN would rep
resent the maximum stress according to the bending 
theory formula for the ligament cross section; in that 
case Cn = 3L/2(d - ao) = constant for geometrically 
similar specimens of different sizes. If the crack length 
is very small (microscopic). i.e .• a <c d. then KI : qy 

.fiO. where U y is the local macroscopic stress calculated 
as if there were no crack. but in our case. due to the 
notch. the crack is not microscopic. 

The fatigue test results are presented in Fig. 7. which 
shows the relative effective crack length a = aid (cal
culated from the compliance data). as a function of the 
number N of cycles. for each of the six specimens tested 
(two of each size). From this figure. the measured 
points in the plot of 10g(.1a/ tlN) versus 10g(.1.K/ Kif) 
have been constructed. as shown in Fig. 8(a) for a se
ries of three specimens. one of each size. and in Fig. 
8(b) for both series. two specimens of each size. Here 
tJ(1 is the amplitude of the equivalent stress intensity 
factor calculated on the basis of the current effective 
crack length a (of course tJ(1 = KI because the lower 
load limit is 0 in the present tests); .1N represents the 
increments between the consecutive cycles number N = 

10. 110.210 .... 710. 760. 810. 820. 830 .... 900. 905. 
910 .... 965.966.967 ..... 974. and .1. are the correspond
ing increment~ of a. The small. medium. and large 
specimens failed at N = 974. 850. and 882. respec-
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Fig. 7-Measured and calculated growth oj the relative 
crack length with the number oj cycles, Jor al/ six spec
imens (two Jor each size) 

tively. for the first group. and at N = 939. 1286. and 
1083 for the second group. The units in Fig. 8 are in 
inches (25.4 mm) for a and in Iblin.l!2 (1.099 N/cm- J/2) 
for K I • 

SIZE EFFECT IN PARIS LAW 
As demonstrated extensively for metals, fatigue frac

ture follows approximately the empirical Paris law 17
•
18 

(3) 
.1a 
-- = 
.1N 
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Fig. 8-Logarithmic plots of crack length increment per cycle versus the stress intensity factor amplitude, with in
dependent regression lines for specimens of three sizes (a in inches) 

in which C and n are empirical material constants; n is 
nondimensional and, for reasons of physical dimen
sions, Kif = constant = fracture toughness (which is 
introduced merely for convenience, so that coefficient 
C would have the dimension of length. Symbol ~ in Eq. 
(3) denotes the differences taken over one cycle or a 
sufficiently small number AN of cycles, so that ~al AN 
would approximate the derivative dol dN. When the 
range of t.J(1 is very broad, the test results for metals 
deviate below the plot of Eq. (3) for very low t.J(1 and 
above it for very high t.J(/J 1 but for a narrow enough 
range Eq. (3) is good for metals. 

According to the Paris law, the plot in Fig. 8 would 
have to be a single inclined straight line of slope n. This 
is seen to be true for each specimen of each size [see 
Fig. 8(a)] from the slope and intercept of the regression 
line of the data points for each specimen. One gets n = 

11. 78, 10gC = - 40.2 (C given in inches) for the small
est size; n = 9.97, 10gC = - 36.0 for the medium size; 
and n = 9.27, loge - 34.8 for the largest size, with the 
overall average n = 10.57. The optimum fits by the 
straight lines of slope equal to this average slope are 
shown in Fig. 8. Fig. 8(b) shows the data for all six 
specimens (two of each size) compared to the same 
straight lines as in Fig. 8(a). These three fits are satis
factory, but there are great differences among the op
timum C-values for the three lines for specimens of 
various sizes. So we must conclude that the Paris law is 
invalid for concrete in general. 

This is not really a surprising result, in view of the 
well-known deviations of concrete behavior from linear 
elastic fracture mechanics (LEFM), whose applicability 
has been inherent to the previous applications of the 
Paris law. For monotonic loading, the first-order ap
proximation of these deviations can be quite well de-
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scribed in terms of the size-effect law23
•
24 

aN = Bfu (1 + (3)-1/2, (3 = d I do (4) 

Fig. 9(a) shows that B and do are empirical constants 
characterizing both the material properties and speci
men geometry; J. is a measure of the tensile strength, 
e.g., fu = /,' = direct tensile strength; aN = nominal 
strength = nominal stress at maximum (ultimate) load 
Pw, aN = c"pjbd [Eq. (2)]; and do has the meaning of 
a transitional size (dimension) of the structure such 
that, for do >- do (i.e., (3 >- 1), failure is governed by 
LEFM while, for d ~ do ({3 ~ I), failure is governed by 
strength theory (or plasticity). For this reason, {3 is 
called the brittleness number. 21.25·27 Eq. (4), describing a 
transition from the size effect of plasticity (i.e., no size 
effect in strength) to the size effect of LEFM (i.e., the 
maximum possible size effect in strength), is only ap
proximate, but the accuracy appears to be sufficient for 
the size range (ratio of minimum d to maximum d) up 
to about 1 :20. 

Due to deviations from LEFM, the critical value Klc 

of stress intensity factor KI , at which the crack can 
propagate at monotonic loading, is not constant but 
depends on specimen size and geometry. An unambig
uous definition, independent of size and geometry, can 
be given only for the extrapolation of K lc to infinite 
size. 21.2l Such extrapolated value is the fracture tough
ness KIf representing a true material property; KIf = lim 
K lc for d --> 00. The corresponding fracture energy is Of 
= 10/£. (More generally, Of could be defined as the 
limit of the critical value of Rice's l-integral for d --> 

00.) At infinite size, the specimen geometry cannot 
matter because (1) the fracture process zone occupies an 
infinitely smali fraction of the specimen volume so that 
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the whole specimen is in an elastic state, and (2) the 
near-tip asymptotic elastic field to which the fracture 
process zone is exposed at its boundary is the same for 
any specimen geometry. 

To determine the size dependence of KIC' we first ex
press Kle by substituting P = p. with p. = G.JJdl c. into 
Eq. (1). Then, substituting Eq. (4) for G, we obtain 
[Fig. 9(b)] 

K _ B J. JTfdo j( Cio) _ K [_f3 _] 112 

Ie - .J1+73 c. - If 1 + f3 (5) 

in which KIf is a constant expressed as 

(6) 

where we recognized that KIf is the fracture toughness 
as defined previously because it represents the limit of 
Eq. (4) for d -+ 00 or f3 -+ 00. Eq. (6)21.2l means that the 
fracture toughness can be obtained from the size-effect 
law parameters B and do. These parameters, in turn, 
can be obtained if the values of (jj G N)2, calculated 
from the measured peak values p. of the curves in Fig. 
6, are plotted versus d in Fig. 9(a). In this plot, the 
slope of the regression line is 1 I Bdo, and the vertical 
axis intercept is liB. Linear regression of the peak load 
values from the present monotonic fracture tests pro
vided B = 0.520, do = 2.86 in. (72.6 mm), from which 
KIf = 73.S Ib/in. J

/
2 (1.099 N/cm- J'2). 

How should the size effect be manifested in fatigue 
fracture? The monotonic fracture represents the limi
ting case of fatigue fracture as tJ<1 -+ Kle at N -+ 1. If 
the value of tJ<1 is close to KIC' flal6.N must become 
very large whil~ KIc must at the same time agree with 
the size-effect law for monotonic loading. This can be 
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modeled by replacing in the Paris law [Eq. (3)] the con
stant fracture toughness KIf with the size-dependent 
equivalent fracture toughness K/c given by Eq. (5). So a 
generalized, size-adjusted Paris law may be written as 

(7) 

The transition size do in the size-effect law [Eq. (3)] 
applies only to peak-load states at monotonic loading. 
For fatigue fracture, however, it is unclear whether the 
value of the transitional size do, needed to calculate Klc 

[Eq. (5»), should be constant and the same as for mon
otonic fracture, or whether it should vary as a function 
of the ratio 

(8) 

Assuming do = 2.86 in., the same as for monotonic 
fracture, the optimum fit of the present test data by the 
size-adjusted Paris law [Eq. (7)] is shown in Fig. lO(a) 
and (b) for the small, medium, and large specimens by 
the dashed straight lines. As can be seen, the fit has 
improved substantially compared to Fig. 8(a) and (b), 
but not enough. This finding means that the transi
tional size do cannot be constant but must depend on 

PK' 
Assume that, for the present tests in which PK = 0.8, 

the value of do is 28.6 in., i.e., 10 times larger. Then the 
optimum fit of the present test data becomes as shown 
by the three straight lines in Fig. ll(a) and (b). The 
closeness of fit is now satisfactory. (That the factor of 
10 happens to achieve a good fit of the data is of course 
merely by chance.) 

According to Eq. (7), if 10g(flal6.N) is plotted against 
10g(M/ K/c), the data points for the specimens of all 
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Fig. lO-Logarithmic plot of crack length increment per cycle versus the size-adjusted crack length amplitude, keep
ing the same do as in monotonic tests (left-one, and right-two specimens of each size) 
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sizes should have a common regression line. Fig. 12 
confirms that for do = 28.6 in.; this is indeed approxi
mately so. 

As shown,26.27 do is proportional to the effective 
length of the fracture process zone. So the value of do 
deduced from the present tests implies that the fracture 
process zone at load cycling with amplitude 80 percent 
of the maximum monotonic load should be about 10 
times larger than it is for monotonic loading. Although 
the factor 10 might be too large to still accept equiva
lent LEFM calculations for the present size specimens, 
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it nevertheless appears that the fracture process zone is 
greatly enlarged by load cycling. 

CRACK GROWTH DEPENDENCE ON NOMINAL 
STRESS 

Expressing !1K/ according to Eq. (1), the unadjusted 
Paris law [Eq. (3)] may be written in terms of the am
plitude .la" of the nominal stress 

(9) 
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where C is a constant if the specimens are geometri
cally similar, and {3 = d/ do. Likewise, after expressing 
AK/ in Eq. (7) from Eq. (I), the size-adjusted Paris law 
[Eq. (7)) may also be written in terms of the nominal 
stress amplitude 

(to) 

For very small specimen sizes d ~ do, this law simpli
fies as 

fla 

IlN 
(11) 

i.e., the size effect in fatigue fracture disappears. On 
the other hand, for very large sizes, d ~ do, Eq. (10) 
asymptotically approaches Eq. (9), and the size effect 
becomes the strongest possible. 

The present data for the first series of fatigue speci
mens of three sizes (one specimen per size), already 
shown in Fig. 8(a), to(a), and II(a), are now plotted in 
Fig. 13(a) with 10gfluN as the abscissa, and in Fig. 13(b) 
with the logarithm of the size-adjusted nominal stress 
amplitude as the abscissa. The three straight regression 
lines predicted by Eq. 11 are also drawn. 

Comparison of Fig. 13(a) with Fig. 8, to, and 11 re
veals that, in terms of the nominal stress amplitude, the 
effect of size is much weaker than in terms of the stress 
intensity factor amplitude. This agrees with the con
ventional wisdom that concrete structures are relatively 

-Z 
<l -

·1~----------------------~~'--' 

·2 

D d.1.5in.,1og C --42.7 

• d • 3 in., log C • -42.8 

+ d • 6 in., log C • -42.5 

as -3 
<l -D 
o 

n - 10.6 
-4 

-51---~---r---r--~---'---.r---r---; 

3.6 3.7 3.8 3.9 4.0 

( a ) 

insensitive to fatigue. But for a sufficiently large size 
this ceases to be true. 

The foregoing observation is of course incidental. It 
is due to the fact that all the specimens tested were rel
atively small. According to the size-effect law, the ef
fect of size on the nominal strength vanishes when the 
size is very small, and is maximum when the size is very 
large. The opposite is true for the size dependence of 
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<l -• <l --CI 
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Fig. 12-Logarithmic plots of crack length increment 
per cycle versus the amplitude of size-adjusted stress 
intensity factor, two specimens of each of three sizes, 
and optimum fit by the size-adjusted Paris law [Eq. (7)] 
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Fig. 13-Logarithmic plots of crack length increment per cycle versus nominal stress amplitude (left-without, and 
right-with size adjustment) 
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the stress intensity factor required for fracture growth 
[Eq. (4) and (7) and Fig. 7]. Thus, according to the 
present theory, the size effect in Fig. 13 should become 
very large, and in Fig. 8, 10, and 11 very small, when 
the specimen or structure is very large. For large struc
tures, fatigue is better characterized in terms of the 
stress intensity factor amplitude, while for small struc
tures, fatigue is better characterized in terms of the 
nominal stress amplitude. [Note that a good absolute 
measure of structure size is its brittleness number-the 
structure is very large if {j ,. 1 and very small if {j <c 1 
(Reference 21)]. 

Recall from Fig. 8, 10, and 11 that the larger the size, 
the smaller the crack length increment per cycle for the 
same stress intensity factor amplitude. For the same 
nominal stress amplitude, though, the larger the size, 
the larger the crack length increment per cycle (see Fig. 
13). The last property is the same as in monotonic frac
ture-a size effect in the usual sense of a weakening of 
the structure with an increase of its size. 

CRACK LENGTH VERSUS NUMBER OF CYCLES 
It is also interesting to integrate Eq. (3). Replacing ~ 

with d, substituting do = dr!ia, and separating the var
iables gives N = I<Mq-"da dole. Then, by substitut
ing Eq. (1), the following is obtained 

N = (dolC)(b J(JIP)" I [fta))""da (12) 

Numerical integration yields the three curves of the rel
ative crack length a versus the number of cycles plotted 
in Fig. 7 for the three specimen sizes. As can be seen, 
these curves agree with the measurements relatively 
well. This again confirms that fracture mechanics is 
applicable, despite the fact that the size effect in terms 
of the nominal stress is quite mild in the present tests. 

CONCLUSIONS 
1. The Paris law for fatigue fracture is applicable to 

concrete. But for structures with macroscopic (large) 
cracks this is so only for one size of the specimen or 
structure or, asymptotically, for very large sizes. Oth
erwise', a modification of this law is required. 

2. The Paris law may be adjusted for the size effect 
by combining it with the size-effect law proposed23 for 
nominal strength in monotonic loading. This leads to a 
law in which the crack length increment per cycle is a 
power function of the amplitude of a size-adjusted 
stress intensity factor. 

3. The size-adjusted Paris law is corroborated by the 
measurements of crack length growth due to fatigue 
loading of repeatedly loaded notched specimens of size 
range 1 :4. The calculated growth of the crack length 
with the number of cycles aiso agrees with tests. 

4. The fatigue crack growth can also be represented 
as a function of the nominal stress amplitude and the 
brittleness number. In the latter form, the size effect 
vanishes for very small structures, while in terms of the 
stress intensity factor amplitude it vanishes for very 
large structures. For sufficiently large structures, fa-
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tigue is better characterized in terms of the stress inten
sity factor amplitude, whereas for small structures fa
tigue is better characterized in terms of the nominal 
stress amplitude. 

5. The transitional size, separating predominantly 
brittle failures from predominantly ductile (plastic or 
strength-governed) failures, appears to be much larger 
(roughly 10 times larger) for cyclic loading than it is for 
monotonic loading. Consequently, the brittleness num
ber for a structure under cyclic loading is much smaller 
than it is for monotonic loading. 

6. It must be emphasized that the scope of the pres
ent tests has been insufficient to check whether the 
foregoing conclusions are also valid when: (1) the stress 
intensity factor amplitude is varied; (2) the lower limit 
of the cyclic load is not zero; (3) the number of cycles 
per minute is varied; and (4) different specimen geom
etries and notch lengths are considered. 
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