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Abstract. A general method to calculate the tangential stiffness matrix of a structure with a system of interacting 
propagating cracks is presented. With the help of this matrix, the conditions of bifurcation, stability of state and stability 
of post-bifurcation path are formulated and the need to distinguish between stability of state and stability path is 
emphasized. The formulation is applied to symmetric bodies with interacting cracks and to a halfspace with parallel 
equidistant cooling cracks or shrinkage cracks. As examples, specimens with two interacting crack tips are solved 
numerically. It is found that in all the specimens that exhibit a softening load-displacement diagram and have a constant 
fracture toughness, the response path corresponding to symmetric propagation of both cracks is unstable and the 
propagation tends to localize into a single crack tip. This is also true for hardening response if the fracture toughness 
increases as described by an R-curve. For hardening response and constant fracture toughness, on the other hand, the 
response path with both cracks propagating symmetrically is stable up to a certain critical crack length, after which 
snapback occurs. A system of parallel cooling cracks in a halfspace is found to exhibit a bifurcation similar to that in 
plastic column buckling. 

1. Introduction 

The study of  structures containing many  cracks is impor tant  for the understanding of damage 

and failure processes. One difficult aspect of  crack systems is that  there exist bifurcations and 

multiple post-bifurcation paths. This is due to the fact that  for the same loading one can find 

different solutions, with different crack lengths. Determinat ion of  such bifurcations and 

identification of  the correct post-bifurcation path is a problem of stability theory of structures 

with irreversible deformations. While the theory of bifurcation in plastic buckling of columns 

has been developed long ago, the general problem of stability analysis of structures with 

irreversible deformations due to plasticity, damage or  cracking has not been successfully tackled 

until recently, a l though various relevant stability conditions have been introduced as postulates, 

wi thout  thermodynamic  foundations;  see Meier [1], BaZant [2], Petryk [3], Nguyen  and Stolz 

[4], Nguyen  [5] and Stolz [6], who extended Hill's [7] bifurcation and uniqueness concepts for 

plasticity. In this paper  a recently formulated general method [8] of  stability analysis of inelastic 

structures will be applied to elastic structures with propagat ing interacting cracks. Bifurcations 

and stability in symmetric structures with a pair of  symmetric initial cracks, and in a half- 

space with a system of parallel equidistant shrinkage or cooling cracks in a halfspace will be 

analyzed. 

2. Structures with interacting growing cracks 

First we need to briefly describe the general method of stability analysis of elastic structures 

with growing interacting cracks. Consider a structure whose state is characterized by the 
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displacement vector q = (qx . . . . .  qu)r and the crack length vector a = (al . . . . .  aM) T. For  

equilibrium (non-dynamic) crack propagat ion,  we have: 

01-I 
- -  + Rk = 0, (1) 
~3ak 

where Rk = given R-curve of the kth crack, H = H(q, a) = U - W = potential energy of the 

structure; U = strain energy, and W = work of applied loads. 

Consider  now crack length increments 6a, such that the cracks r = 1 , . . . ,  m remain propagat-  

ing while cracks m + 1 to M stop propagating.  The condit ion of continuing propagat ion  of 

cracks a, is c~(~l-l/t3ak + R k ) =  0 with k = 1 . . . . .  m; therefore, differentiating (1) and setting 

~ R  k = R'bak we obtain 

,= 1 c~a, + 6qj + R'Sak = 0. (2) 
s= 1 ~qs ~ak 

In t roducing the matrix 

~2i- I 
O,k -- + R'6,k, (3) 

ga, gak 

where 6,k = Kronecker  delta, we can write (2) in the form 

N 821-i 
¢O~kba ~ + ~ z ~ - 3 q j  = 0. (4) 

¢=I j=X Ut,ljUtt k 

If matrix [O,k] is not  singular, we can obtain the inverse matrix 

[W,k] = [@,k]- 1. (5) 

Equat ion (4) may then be solved for 6a, 

~ ~IJrk j_~l t~ 21-I 6a, = - (6) 
k=l "= ~ q s "  

Consider now that displacements qs (J = 1 . . . . .  N) vary at the same time as the cracks extend 

by 6a, (r = 1 . . . . .  m). Then the equilibrium force variations 6fl (i = 1 , . . . ,  N) associated with 6qs 

are given by 

6f i  = ~ -  oqs + - -  oa, = Sis 6qs + 6a, (7) 
j=l  o q j  ,=1 ~ar j=l  r=l  

in which S[i -- t~21-I/63qic3qj = secant stiffness matrix of the structure = elastic stiffness matrix at 

s tat ionary cracks. Substituting (6) for 6a,, we acquire an equat ion that can be put into the form 

N 
6f, = ~ S~sfqs (8) 

j= l  
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in which 

~, ~" c~21-I 6321] 

S~ = Si~ - k=l r=X ~rk C3~q i c3qjOak" 
(9) 

This is the tangential stiffness matrix of a structure with propagating cracks. As we see, it is 
symmetric. The second-order work done on the displacement variations is 

62W = ~ S~/~q~6qj. (10) 
i=1  j = l  

This expression gives admissible values provided that two conditions are met: (1) bar >1 0 for 
r = 1 . . . . .  m and (2) 6(OFl/Oas + Rs) < 0 for s = m + 1 . . . . .  M. 

As shown by thermodynamic analysis [8,22], the structure is stable if ( ~ 2 W ~  0 for all 
admissible (equilibrium or nonequilibrium) variations, unstable if 6 2 W < 0 for some admissible 
variations, and critical if 62W--0 .  Moreover, when bifurcation occurs and the states on all 
equilibrium paths are stable, the equilibrium path that is followed after bifurcation is that for 
which 62W is minimum. 

Let us now analyze path bifurcation, choosing as 6qj only those displacements that are 
controlled. This means that the displacements associated with prescribed forces may be used in 
calculating II but are not included among the set of kinematic variables. Then 6qj have the same 
values for the post-bifurcation paths 1 and 2 while the crack length increments may have 
different values, ~ tx) oar for path 1 and 6a~ 2) for path 2. Writing (4) for these two paths, we obtain 

~'~ --~1 6321-I (1 )+ j  ~rkOar - - 6 q j  = O, (1 1) 
r=l "= Oakt~qJ 

=~1 6321-I (2) + 
OrkOa r 6qj = 0 (12) 

r = l  "= 

and subtracting these equations we obtain 

~ Orkfa* = O, where 6a* = t~a~ 1) -- 6a~ 2). (13) 
r = l  

To satisfy (13), matrix [(~rk] must be singular, i.e. det[qbrk ] = 0, or the lowest eigenvalue of [~rk] 
must vanish. In calculating [tI)rk], the derivatives C~2[I/aart3ak must, of course, be evaluated for 
the case that the controlled displacements are kept constant, but other displacements associated 
with prescribed loads, possibly zero loads, can vary. 

The foregoing solution is valid only if the values of f~rk and t~21-I/OakOqj at the bifurcation 
point are the same for both paths 1 and 2. If the space of displacement increments is divided 
into sectors of: 

1. all cracks (1 . . . . .  M) are growing, 
2. 1 . . . . .  m cracks are growing, while m + 1 . . . . .  M cracks are unloading and 
3. all cracks (1 . . . . .  M) are unloading. 
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Then this condition means that both post-bifurcation paths must belong to the same sector of 
loading directions. This condition at first bifurcation is generally satisfied if the material 
properties vary continuously during the loading process, but is violated if they vary discontinu- 
ously (this is analogous to plastic buckling of columns with a bilinear stress-strain diagram). To 
see the reason why this is so, one needs to note that prior to the first bifurcation the eigenvector 
of matrix [(~)rk] according to (13) lies in an inadmissible sector of loading directions, for which 
the conditions 6a~ >>. 0 are not all satisfied; hence, there is no bifurcation. The direction of 
eigenvector 6a* gradually rotates and when it coincides with the boundary of the admissible 
sector of directions, the first bifurcation state is reached, i.e. different solutions 6a~ ~) and 6a~ 2) 
are for the first time possible. It follows that they both occur for the same ~,k. 

On the other hand, when 6a~ occur at constant displacements (6qj = 0), for example due to 
temperature changes or shrinkage of the material, then the second order work is 

( ~ 2 W  = -2 r~=l= k = l  ~rk6ar6ak. (14) 

3. Equilibrium paths for structures with two cracks 

From now on we focus on symmetric structures with two mode I cracks of length aa and a 2. 
The initial state is ax = a2 = ao, with the stress intensity factors Kx = K:  = Kc where Kc is the 
effective fracture toughness of the material. Now, the structure can exhibit three different 
equilibrium paths. For the case of linear fracture mechanics, these paths are characterized as 
follows: 

Path 1 (main): 6al = 6a2 > 0 and 6K1 = 0 K 2  = 0 ,  (15) 

Path 2 (secondary): 6al > 0, ~ a  2 = 0 and 6K~ ---- 0 ,  6K 2 < 0, (16) 

Path 3 (unloading): 6a~ = 6a2 = 0 and 6K~ = 6K2 < 0. (17) 

There also exists the path 6K1 < 0, 6 K  2 = 0 ,  which is, however, equivalent to path 2 because 
of symmetry. The inequalities in (15)-(17) represent the conditions of admissibility. The main 
path is always admissible for symmetric configurations, while the secondary path may be 
inadmissible in certain cases when the condition 6K2 < 0 (16) is violated for 6al > 0, in other 
words, the stress intensity factor at the stationary crack tip is increasing as the other crack is 
growing. Path 3 represents a trivial elastic equilibrium solution that does not require any 
fracture analysis; in the load-displacement diagram, path 3 is a straight line from the current 

state towards the origin. 

4. R-curve and calculation of load-displacement curves 

Based on linear elastic fracture mechanics, the mode I stress intensity factor of crack j (j = 1, 
2) can be expressed as: 

Kj = a x ~ f  j(oO, ~ = (al + a2)/w, (18) 
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where fj(~) is a nondimensional function which depends on the geometry of the specimen and 

the crack path. For  path 1 (main), f l (~)  =f2(~)  = fm(~) however, for path 2 (secondary) we have 

f l  (a) = f](~) and f2(~) = f~(~). 
The material is assumed to have an R-curve behavior which depends on the specimen 

geometry and is based on the size effect analysis. The R-curve may be calculated as follows [9]: 

R(c) g'(7) c 

Gf g'(~o) cl 
(19) 

in which 

c _ ) 
c I - 7 + % , 7 = + (20) 

% 2ao/w, ~ c/w, c total crack extension for both cracks, 9(7) 2 . . . .  f j  (7), and 9'(7) = dg(7)/dT; 
G I = fracture energy and c I = effective size of the fracture process zone. G I and c I are material 
properties defined for the limiting case of an infinitely large specimen. 

The load required for crack propagation may be characterized by the nominal stress, which 

can be calculated from (18): 

KC 
au - x/wf~-J(a)' (21) 

where Kc = effective fracture toughness = [ER(c)] 1/2, E = modulus of elasticity. Denoting 

K I = [EGI] ~/2 = fracture toughness, we can write: 

Kc= K I ( ~ )  1/z. (22) 

It is convenient to define the nondimensional stress at crack propagation as follows: 

s= Kf fj(~)\  G I } " 
(23) 

For  the case of linear elastic fracture mechanics we have R(c) = GI, thus, s = 1/fj(~). It is 

important  to use the proper f;(~) in the calculations; f j ( c t )= f " (~ )  for path 1 and fj(ct) = f ] ( 7 )  
for path 2. 

It is also convenient to define the nondimensional displacement, q, in terms of a characteristic 
displacement v: 

E 
q - KI/-x/w v. (24) 

If finite elements analysis is carried out to calculate functions fj(~) at discrete values of ct, 
then scaling the fj(~) value by a factor according to (21) gives the nominal stress for pro- 



278 Z.P .  Ba~ant  and M . R .  Tabbara 

pagation, aN, and v is obtained easily from the calculated nodal displacement values correspond- 
ing to aN. 

In the case where f j ( ~ )  is available as a continuous function and the load-point displacement 
is selected as the characteristic displacement, the value of v can be evaluated from the strain 
energy due to the crack: 

fct+Aa 2 1 f~t + A~t 
Uc = Kc w d~ = a 2 w 2 F(~t), where F(ct) = f2(ct) dot. (25) 

The load-point displacement due to the crack can then be calculated according to Castigliano's 
theorem: 

vc = = ~ w F ( ~ ) .  (26) 

The total displacement v can then be calculated as: 

~r N ] - IL  w ] = - + F(~) (27) 

where Vb is the load-point displacement of the body with no cracks present. Finally q is given 
by: 

q = q b + q c = S  - - + F ( c t  . (28) 
W 

In the numerical calculation of the s(q) curves, one chooses an increasing sequence of ~c-values. 
For each ctc, the corresponding 7 value may be obtained from (20) by iterations; subsequently, 
R(c) is computed from (19). Now, it is possible to calculate s from (23) and then q from (28). By 
this procedure it is possible to evaluate any snapback which might occur in the s(q) curve. 

5. Example 1: Edge-cracked tension specimen 

Consider a rectangular plate of width w, and length L = 3.67w, which has rigid segments of 
length 0.15L at each end as shown in Fig. 1. The plate initially has two equal edge notches of 
length ao and is loaded by a point-displacement v. For this problem the stress intensity factor 
values for path 2 seem unavailable in the literature, so finite elements have been used to 
calculate functions f j (~) ,  see Appendix. To validate the use of finite elements, function f ' (~)  
obtained for path 1 may first be compared to that given in Murakami's handbook [10]. The 
comparison, shown in Fig. 2a demonstrates the accuracy of the finite element method for this 
case. 

The next step is to investigate the possibility of bifurcation, i.e. the existence of path 2, at 
various values of ~o. Figure 2b shows curvesf](~) andf~(~) at So = 0.125, 0.333 and 0.542. It is 
found that f](~) >f~(~) and so the conditions in (16) are satisfied; hence path 2 is admissible. 
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Fig. 1. (a) Edge-notched tension specimen with equal initial cracks; (b) Equilibrium path with both cracks growing (path 
1); (c) Equilibrium path with one crack growing while the other remains stationary (path 2). 

a Stress n tens t~  r unc t  on f l  

: Z ' "  

FEM 
~urakam 1987 

,= f . -C  

Path , 

~ - / a ,~az ) /w  

r Load Poin l  0 s r  acemen r  

°~  

v 

D Stress n lensr l  Funellon - 

Palh 
Path 2 

f l _ f z_ t  ~ 

f . - f ~  

, ,,=o 54z 

a~ Load Polnl O ' s~ ,acemer t  
due to L rac*  onv  

D i s p l a c e m e n t  q 

'T (e)  Crack  Mouth-Openl.9 
J D i sp lacemen t  (CMOO) 

[ Path 
o~=O 125 Pam 

l 0 .333 [ 

i / / / 0,542 i 

4 - 

! "q ,=q,  q, 

CMOD q~,q2 

o 353 p~h  t 

0.542 
o 753 

P a l h 2 ~  

D i sp l acemen t  q¢ 

" ~(f) Average  C reek -Mou lh -Opemn9  ] 
Displocemenf (CMOD) 

[ Poth I I 
o . - 0  125 Path 2 I 

J 
mz~ / 

I 0 333 

~ / )a0.542 

ko 75C 

o,~ ..... ;k  4:oq 
/ 

3r  o4 
CMOD q ' , qz  

i :  ̧  

Fig. 2. (a) Stress intensity function for path 1 calculated from finite element analysis and compared to Murakami (1987); 
(b) Stress intensity functions for paths 1 and 2; (c) Stress versus total load-point displacement curve for path 1; Stress 
versus: (d) load-point displacement, (e) CMOD, and (f) average C M O D  for path 1 with bifurcated paths 2 at • = 0.125, 
0.333, 0.542. 
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In this example we consider three nondimensional displacements; q = load-point displace- 
ment, q~ = CMOD (crack mouth opening displacement) of crack 1 and q2 = CMOD of crack 2. 

We have q~ = q2 for path 1 and q~ > q2 for path 2. 
The surface 62W for this type of specimen is illustrated and discussed in the Appendix. 

5.1. Cracks obeying linear elastic fracture mechanics 

The nondimensional stress-displacement curve s(q) for path 1 is shown in Fig. 2c. All the states 
on this path are unstable under q-control because a snapback path exists at each state. Under q l 
control (Fig. 2e), on the other hand, path 1 shows no snapback for ~o ~< 0.750. Next we 
investigate stability of the states at points on path 1. For  this we need to calculate the tangential 
stiffness matrix [S~j] as given by (9), which is a 3 x 3 matrix in this case. Stability of state 
requires that [S~j] be positive definite under the constraint 6ql = 0 (ql-control), this condition is 
satisfied for ~0 = 0.125, 0.333 and 0.542. Now, consider path bifurcation at stable states of path 
1. The bifurcated path (path 2), shown in Fig. 2e at the three values of Cto, has two branches q l 
and q2. The q :b r anch  exhibits no snapback. So, for a positive increment in q~, we have two 
possible equilibrium paths. But since the structure can follow just one path it is necessary to 
decide between path 1 and path 2. The s(qc) curves for paths 1 and 2 are shown in Fig. 2d; the 
stable path is the one with the lower stiffness [8], which is found to be path 2 in this case. 

One more type of control is of interest; namely controlling the average CMOD, i.e. 
qa ---- 0 . 5 ( q l  -I- q2 ) .  This type of control has no effect on path 1, and so the same curve as in Fig. 
2e is shown in Fig. 2f. To investigate stability of the states at points on path 1, we consider the 
same [S~j] as before but under the constraint 6qo = 0. Calculations show that the states on path 
1 are also stable under q:control .  Now, examining the curves for path 2, we see that snapback 
exists at all three points. So, for a positive increment in qa, the structure snaps vertically down 
(in a dynamic manner) to the next available equilibrium state on path 2. 

5.2. Cracks with R-curve behavior 

The foregoing results cannot be experimentally verified on test specimens of materials such as 
concrete, rock or ceramics because these materials exhibit pronounced R-curve behavior, i.e. the 
energy required for crack propagation is not constant but varies as a function of the effective 
crack length. So the introduction of an R-curve in the calculations is necessary for comparison 
with test data. The specimen in Fig. 1 was actually conceived to model the test specimens of 
Labuz, Shah, and Dowding [11]. The experiments were conducted under average CMOD 
control which was provided by two clip gages mounted as shown in Fig. 1. The load-line 
displacements were measured with two LVDT displacement transducers mounted on the face of 
these specimens across the notches, and the average of these two displacements was recorded. 
The acoustic emission method had been used for micro-crack location, which revealed that 
crack growth was asymmetric, even though care had been taken to produce symmetric crack 

propagation. 
The load-displacement curves for paths 1 and 2 shown in Fig. 3 were calculated using the 

following material parameters: E = 47.6 GPa, G: = 0.165 N/m and c: = 27.9 mm. These para- 
meters were evaluated by fitting the experimentally obtained results which are represented by 

the data points in Fig. 3. Several observations can be made: 
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Fi9. 3. (a) Load versus displacement (LVDT and Load-point) curves from R-curve analysis with data points from test 
results; (b) Load versus displacement (LVDT) curve from LEFM and R-curves analyses with data points from test 
results. 

1. The fit of the LVDT-measured displacements is good for the full range of displacements 
reported, provided one uses path 2 in the analysis. If one uses path 1 it is possible to get a 
good fit up to the peak load only; 

2. due to snapback in the curve of the load versus load-point displacement, this test specimen 
would have failed near the peak load if the load-point displacements were controlled instead 
of CMOD; 

3. the LEFM analysis gives the same peak load for both paths 1 and 2, however from the 
R-curve analysis the peak load for path 2 is lower than that for path 1; 

4. the LEFM solution for post-peak path 2 fits the experimental data at later stages of loading 
after the load is reduced to less than half the peak value. 

The fact that crack growth in this kind of specimen is asymmetric has recently been reported 
by Rots, Hordijk and de Borst [12] who studied by finite elements the evolution of crack bands 
rather than line cracks. This conclusion is also in agreement with the experimental results of 
Cornelissen, Hordijk and Reinhardt [13] on tensile concrete specimens. Furthermore, it is 
interesting to note that measurements by Raiss, Dougill and Newman 1-14] on unnotched direct 
tension concrete specimens reveal similar behavior, in which the microcracking and fracture 
growth tend to localize to one side of the specimen. 

6. Example 2: Centre-cracked tension strip 

Consider a strip of width w, unit thickness and infinite length which initially contains a centric 
crack of length 2ao in the transverse direction, and is loaded by uniform uniaxial stress s as 
shown in Fig. 4. The stress intensity factors for both symmetric and asymmetric crack growth 
are given for this problem in [10]. The curves of nondimensional nominal stress s versus 
nondimensional load-point displacement due to fracture qc for paths 1 and 2 are shown in Fig. 4. 
The stable path is that which starts with bifurcation at the initial state (So = 0.10) of the 
symmetric path. This is because the tangential stiffness for path 2 is less than that for path 1 I-8]. 
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Fig. 4. Stress  ve r sus  d i s p l a c e m e n t  (due  to c r a c k  on ly)  c u r v e s  for  a c e n t e r - c r a c k e d  s t r ip  l o a d e d  wi th  a far-f ield 

s t ress  s. 

The calculations according to linear elastic fracture mechanics show that, under displacement 
control, the crack can grow in a stable equilibrium manner only towards one side. It grows until 
snapback instability is reached, after which the crack propagation becomes dynamic, the 
ligament on one side is completely ruptured and what remains is a single crack extending all the 
way to the edge. During further displacement increase, this crack later becomes critical at 

= 0.55, after which the fracture is completed by the growth of this single crack towards the 

opposite edge. 

7. Example 3: Centre-cracked specimen loaded on the crack 

A different behavior is encountered for a rectangular specimen with a centric crack which is 
loaded by a pair of concentrated forces at the middle of the crack surfaces, as shown in Fig. 
5a. The s(qc) curves are calculated from linear elastic fracture mechanics. First we note that, in 
contrast to the curves in Figs. 2d and 4, the stress-displacement curve initially rises up to a 
peak at ~ = 0.458. Furthermore, the secondary path is not admissible for ~ ~< 0.708 because it 
violates the admissibility condition in (16). So in this case the propagation is symmetric up to 

= 0.583 after which the specimen fails due to snap-back instability. This seems to agree with 
experimental observations of Alvarado, Shah, and John [15] on failure crack patterns of 
similar specimens. In this case the values off j (e)  were evaluated from finite element analysis. 
To examine the accuracy of this analysis for this case, it is necessary to compare function f ' (~ )  
obtained for path l with that given in [10]. This is done in Fig. 5a which shows good 
agreement and validates the use of the finite element method for calculating the fj(e) 

functions. 
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Fig. 5. (a) Stress intensity function for path 1 calculated from finite element analysis and compared to Murakami (1987); 
(b) Stress versus displacement (due to crack only) for a center-cracked plate loaded with a concentrated force P at the 
crack. 

8. Example 4: Parallel equidistant cracks in a halfspace 

Consider a homogeneous isotropic elastic halfspace in which a system of parallel equidistant 
cracks normal to the surface is produced by thermal stresses from cooling or by drying 
shrinkage (Fig. 6a). This problem arises in many applications. It was studied in detail with 
respect to a proposed hot-dry-rock geothermal energy scheme by BaZant et al. 1-16-18]; 
Nemat-Nasser, Keer and Parihar 1,19]; and Keer, Nemat-Nasser and Oranratnachai 1-20]. 
In this scheme, a large primary crack is created by hydraulic fracturing, by forcing water 
under high pressure into a bore several kilometers deep. Heat is extracted from the rock by 
circulating water through the crack. However, after a layer of rock at the surface of the 
crack walls cools down, the rate of heat conduction from the rock mass to the crack surface 
decreases, and thus the scheme can be viable only if further cracks, normal to the crack walls, 
can be produced by the cooling water. Another application is the shrinkage cracking of 
concrete, where the spacing of the open cracks is important because it determines the crack 
widths. 

An interesting question is whether the bifurcation is stable or represents the limit of stable 
states. In the present thermal stress problem we have no prescribed displacements, however the 
penetration depth of cooling D can be substituted for qj. Therefore, (4) reduces to 

c321 ~ 
~rkfar + riD = 0, (29) 

where ~r~ is given by (3) and D can be regarded as the controlled parameter. Let us first examine 
the bifurcation at the limit of stable states, at which there must be neutral equilibrium, i.e. (29) 
can be satisfied with nonzero far at no change in temperature (6D = 0): 

Z ~,kba, = 0. (30) 
r = l  
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Fig. 6. (a) Halfspace with a system of parallel equidistant initial cracks loaded with a temperature AT at the surface; (b) 
Penetration depth versus crack length curves with the point of first bifurcation B and the point of critical equilibrium C; 
(c) Nondimensional stress intensity factors for paths 1 and 2 as they vary with increasing crack length; (d) Crack length 
plot for paths 1 and 2; (e) Distance BC, between first bifurcation point and neutral equilibrium point, as it varies with 
material toughness. 

One simple possibility is that every other crack extends, 6al > 0, while the intermediate cracks 
remain stationary, 6a2 = 0 (Fig. 6a). Then we have m = 1 (M = 2), and det[¢,k]  = ¢11. 
Assuming the material to obey linear elastic fracture mechanics, we further have ¢11 = 
~2Fl/?m~. Since 52W = ½¢116a21 (14), the state is stable if ¢~1 > 0, unstable if ¢ ~  < 0, and 

critical if ¢1 ~ = 0, as shown previously [16, 19]. In terms of the stress intensity factor, the critical 
state condition is that the derivative c~K~/#al = 0 at constant a2. The associated instability 
mode consists of an advance of every other crack by 5a~ > 0, occurring at 6a2 = 0 and at 
constant D. This instability mode can be correct only if K2 does not increase during instability. 
Indeed, numerical solutions show that K2 decreases during instability, i.e. the arrested, 
stationary cracks cease to be critical, while of course K~ remains equal to fracture toughness K, 

(Fig. 6c). 
It remains to be examined whether bifurcation instability can occur at constant D with both 

~al and 6a2 being nonzero (m = M = 2). Previous works [16, 17, 19] showed this to be 
impossible because the corresponding instability mode (eigenvector) far violates the condition 

that Oa2 ~> O. 
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Now consider bifurcation of the loading path at advancing cooling front, 6D > 0. Equation 
(29) must be satisfied along each post-bifurcation branch, i.e. 

r= ~ O~kfa~) + ~D~kak 'SD = 0, (31) 

~21~ 
O~k6a~ z) + 6D = 0, (32) 

r = l  

in which the superscripts (a) and (2) refer to the post-bifurcation paths 1 and 2. Subtracting these 
equations, we get the conditions 

• O,kfa* = 0, with 6a* = 6a~ 1) - 6a~ 2). (33) 
r= l  

If there is bifurcation, 6a* must be nonzero, and so matrix [O,k] must be singular, i.e. det[O,k] = 0. 
Numerical results obtained by finite elements indicate that the singularity of [Ork] is achieved 

before the stability limit is reached. Therefore, the first bifurcation occurs in a stable manner 
during an advance of the cooling front, without any instability or neutral equilibrium. From (33) 
f o r k =  1: 

011~a* + 021($a ~ = O. (34) 

Since Oll  = O21, we find fa* = -6a~,  which means that 6a~ 1) - 6a~ 2) = -(6a(21) - fiat22)). Now 
for the main path we have 8a~1)= 6a(21), which yields 6a~2)+ 6a(22)= 26a~ 1). Since the stress 
intensity factor of cracks a2 for the secondary path is decreasing, we have 6a~22)= O. Thus 
6a~ 2) = 26a~ 1), from which we finally conclude that: 

1 8a] 2) t3a] 1) 8a(21) 

2 ~D 0D 8D'  
(35) 

This gives the direction of the secondary path as shown in Fig. 6b at point B. 
It is interesting to note that the behavior in Fig. 6a is completely analogous to buckling of 

elasto-plastic columns. The bifurcation (point B) at increasing D, 8D > 0, is analogous to the 
bifurcation at Shanley's tangent modulus load, which happens at increasing load and is stable, 
same as here. The critical state (point C) of the crack system at 6D = 0 is analogous to 
Engesser-von K~trmhn's reduced modulus (double modulus) load of column at which neutral 
equilibrium occurs, the same as here. Finite element calculations show that the distance between 
points B and C (Fig. 6e) becomes smaller as the toughness of the material is increased. 

, 

I. 

Conclusions 

The present formulation makes it possible to calculate the response paths and the tangential 
stiffness matrix of elastic structures with propagating cracks. Based on the tangential stiffness 
matrix, stability and bifurcations of the loading path can be analyzed. 
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2. The existing finite element programs for fracture generally do not carry out checks for 
the development of asymmetric response in symmetric structures, as here. Such pro- 
grams yield symmetric solutions for the present edge-cracked tensile specimen, which is 
incorrect. 

3. For various typical crack configurations considered in practice and listed in textbooks and 
handbooks, it is found that symmetric crack propagation is not the stable path. Rather, the 
stable path involves a breakdown of symmetry, due to asymmetric propagation of the crack 
system. 

4. R-curve behavior of the material significantly alters the response, but bifurcation stability 
problems occur again, and normally the breakdown of symmetry, with asymmetric crack 
propagation, represents the correct (stable) response path. 

5. For the problem of growth of a system of parallel equidistant cooling or shrinkage cracks 
in a halfspace, the solution confirms the previous findings that (1) there is a critical state at 
the limit of stability (with neutral equilibrium), at which every other crack suddenly jumps 
ahead and the remaining cracks unload, and that (2) there is a stable bifurcation that 
precedes the stability limit. At the first bifurcation there is no neutral equilibrium and the 
response is stable, every other crack growing gradually with the progress of cooling and 
the remaining cracks gradually unloading. The first bifurcation is analogous to Shanley's 
bifurcation at the tangent modulus load of elastic-plastic column, while the critical state of 
stability limit of the crack system is analogous to the Engesser-von K~rmfin reduced 
modulus load. 

Remark 

It is widely thought that the finite element solutions are correct if the iterations of the loading 
step converge. This is not true, however. The convergence of iterations depends only on the 
stability of state, and has nothing to do with stability of path. The symmetric solution is an 
unstable path, yet it consists of stable states. 

Appendix 

Calculation of stress intensity factors 
For the cases where the mode I stress intensity factors are not available in the literature, it is 
possible to use the finite element method to get a good estimate of Kj by: 

//AU ~1/2 
E' K~ = ~2-~a~ ) ' (36) 

where AU = U(aj + A a j ) -  U ( a j -  Aai) and Aaj = small increment in aj, E ' =  E for plane 
stress, E' = E/(1 - v 2) for plane strain, E = modulus of elasticity, v = Poisson's ratio. 

Figure 7 shows part of the finite element mesh close to the tip of crack aj. The increment in aj 
is achieved by moving the four nodes (b, c, d, e) to (b', c', d', e'); node b at the crack tip, is moved 
by a distance Aa~, while nodes (c, d, e) are moved by a distance (Aaj)/2. 
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Fig. 7, Finite element mesh close to tip of crack a s. 

Calculation of Kj requires running the finite element program twice; for aj + Aaj and 
aj - Aa~. Furthermore, ( - A U )  should be used instead of (AU) in (36) for the cases where the 
boundary conditions are prescribed displacements. 

Surface 62Wcfor the specimen shown in Fig. 8 
It is instructive to consider the surface of 62Wc, which represents the part of 62W that is due to 
crack propagation [21]. Figure 9 shows the variation of 62W~ as a function of 6u/w and 69, 

where 6u = average axial displacement variation due to crack extension and 6~ = rotation 
variation due to crack extension• Denoting 6m and 6f as the corresponding moment and force 
variations for 6~ and 6u respectively, we therefore have: 

6ZW~ = 0.5(6m 6,9 + 6f 6u). (37) 

Figure 9 shows three surfaces corresponding to the initial states: ~o = 0.20, 0.44 and 0.76. The 
state with ~o = 0.44 is the critical state since under axial displacement control (6u = 0) the value 
of 32 Wc is 0. Furthermore, for ~o = 0.20 the state is stable (32 Wc > 0) and for ~o = 0.76 the state 
is unstable (62Wc < 0). For  each surface, the equilibrium paths for 6m = 0 are labeled as 1, 2 and 
3; these paths are also shown on the s(qc) curve in Fig. 8. 

5.0 t s 
~ o  = 0 . 0 4  ' ' ' ,k 

4.0 

". 0.44 

O, 0 tr't-:: 1''" . . . . . . . . . . . . . . . .  
o o o.'~ o'4 0.6 

D~sp lac e m e n t  qc 

Fi9. 8. Stress versus displacement curves of equilibrium paths 1, 2 and 3 for a specimen with equal initial edge cracks 
loaded by a uniform stress. 
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Fig. 9. Surfaces of second order work due to crack extension for the specimen shown in Fig. 8. 
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