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Rate Effects and Load Relaxation in Static Fracture of Concrete 

by Zden~k P. 8atant and Ravindra Gettu 

Reports an experimental study of the fracture of concrete at "arious 
crack mouth opening displacement (CMOD) rates with time to peak 
loads ranging from about 1 sec to 3 days (over five orders of magni
tude). Tests were conducted on three-point bend specimens of three 
sizes in the ratio 1:2:4. Quasi-elastic fracture analysis, based on the 
effective modulus jrom creep theory, is used to evaluate the results 
according to the size effect method. The fracture toughness is found 
to decrease in agreement with the trend known for the dynamic range. 
The effective length of the fracture process zone is found to decrease 
with increasing rate, which implies increasing brittleness and a shift 
toward linear elastic fracture mechanics behavior for slow loading. 
Load relaxation at constant CMOD in the prepeak and post-peak 
stages of fracture tests was also investigated. The response tends to a 
straight line in the logarithm of elapsed time, and the post-peak re
laxation is nearly twice as strong as the linear viscoelastic relaxation 
of unnotched specimens, The difference between these two relaxa
tions must be caused by time-dependent processes in the fracture 
zone. The results reveal that in concrete there is a strong interaction 
between fracture and creep, which might cause the load-carrying ca
pacity of structures with cracks to decrease significantly with load 
duration. However, extrapolations to loads beyond several days of 
duration would be speculative. 

Keywords: beams (supports); concretes; cracking (fracturing); creep properties; 
loads (forces); relaxation (mechanics). 

In all materials, even those that do not exhibit signif
icant creep, fracture is rate-sensitive. That is, the effec
tive fracture properties depend on the crack growth 
rate, which is determined by the loading rate. This is 
due to the fact that the rupture of interatomic or inter
molecular bonds is a thermally activated process. The 
probability that the thermal vibration energy of an 
atom or molecule (depending on the load) would ex
ceed the activation energy barrier of the bond increases 
with the number of oscillations. It is (according to the 
Maxwell distribution of thermal energies) equal to zero 
for an infinitely short time interval. In a material such 
as concrete, the rate sensitivity is expected to be partic
ularly marked due to creep of the material in the frac
ture process zone, as well as in the entire structure. 
Studies by Shah and Chandra,l Wittmann and Zaitsev, 2 

Liu et al., 3 and others have suggested that fracture is 
affected by creep . Yet a detailed investigation of this 
effect has not been conducted. Substantial studies 
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(Mindess and Shah4) have been carried out under very 
high (dynamic) rates of loading, in which the maxi
mum load is reached under 1 s. Since the creep effect 
in this range is weak, a comprehensive understanding of 
rate effects can be obtained without accounting for 
creep. However, for slower rates, the contribution of 
creep becomes significant. Fracture, with rates that 
correspond to reaching maximum load within any
where between an hour and several years, is of great 
interest for predicting the long-term cracking and fail
ure of many types of concrete structures. For example, 
as is now widely accepted, the failure of dams should 
be analyzed according to fracture mechanics, but cer
tain types of fracture in dams develop gradually over a 
period of many years. Without any test data, one can
not but speculate about the effective fracture proper
ties to be used under such slow rates. 

This paper presents the results of fracture tests of 
concrete at various loading rates in the static range, 

. with the time to peak load ranging from 1 s to 2.5 days, 
and the results of complementary tests of load relaxa
tion in fracture specimens. (A preliminary report was 
made earlier at two conferences. 5

.
6

) The size effect 
method, combined with the assumption of a quasi-elas
tic effective modulus representation of concrete creep, 
is used to determine the fracture energy, fracture 
toughness, effective length of the process zone, and ef
fective crack-tip opening displacement at various load
ing rates. 

REVIEW OF RATE PROCESSES IN CONCRETE 
FRACTURE 

The significance of rate effects may be illustrated by 
comparing the results of two tests on identical three-
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Fig. 1 - Three-point bend fracture specimen 

point bend (3PB) fracture specimens (see Fig. 1: b = 38 
mm, d = 76 mm, f: = 37 MPa, age = 150 da.ys) , at 
very different crack mouth opening displacement 
(CMOD) rates. The peak load of one specimen was 
reached in 1.2 s, and that of the other in about 20,000 
s (5.6 hr). The load versus CMOD and load-versus
load-line displacement curves are shown in Fig. 2(a) 
and (b). The peak load of the faster test is more than 
25 percent higher than that of the slower test. A similar 
increase in the failure stress or "strength" has been ob
served previously in the static range by several investi
gators. 7 A similar trend exists under dynamic or impact 
10adingY 

Comparison of the post-peak response is also very 
interesting. While the load-CMOD plots [Fig. 2(a)] for 
both specimens are quite similar, the load-displacement 
plots [Fig. 2(b)] differ significantly. For the faster test, 
the load-displacement curve descends steeply, whereas 
in the slower test the drop is gradual and closer to duc
tile behavior. This difference can be attributed to creep 
in the bulk of the specimen, since the load-line dis
placement reflects the cumulative response of the entire 
specimen, whereas CMOD is affected primarily by the 
deformations of the crack and the fracture process 
zone. It is therefore important that the effect of creep 
outside the process zone be separated from the rate 
process producing fracture. It also appears that 
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Fig. 2 - Rate effects on (a) load-CMOD response and 
(b) load-deflection response 

CMOD-controlled tests are more relevant for studying 
fracture properties than deflection-controlled tests. 

It has been suggested that the cause for the increase 
in concrete strength under fast loading is the change in 
crack path with rate. At very high (dynamic) loading 
rates, it has been observed (e.g., from compressive im
pact tests of Hughes and Watson lO

) that cracks tend to 
be less tortuous, and often pass through the aggregates 
instead of following the aggregate-mortar interfaces. 
Since aggregates, in normal concrete, are stronger than 
both the mortar and the interfaces, a. crack passing 
through the aggregates will encounter a higher resis
tance than one following the interfaces. To investigate 
whether this change in mechanism occurs in the static 
regime, the fractured surfaces of two 3PB specimens 
(see Fig. 1: b = 38 mm, d = 76 mm, age = 45 days) 
- one with time to peak load tp = 0.5 s (and peak load 
= 4000 N), and the other with tp = 30,000 s (and peak 
load = 2340 N) - were studied. It can be seen, from 
Fig. 3, that a few more aggregates were fractured in the 
faster case than in the slower, but no significant change 
in the fracture mechanism is apparent. 

The straightening of the crack path could also have 
an opposite effect - strength decrease due to the 
higher stress intensity of planar cracks. Crack bridging 
and deflection by the aggregates increase the overall 
fracture resistance. To check for difference in tortuos-
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30,000 s 

ity, the fractured areas of the specimens mentioned 
previously were approximately determined. After com
plete fracture, the cracked surfaces were covered with 
2.4-mm (0.094-in.) wide tape, and the crack area was 
calculated from the length of the tape used. Although 
this method is not very accurate, it seems to suffice for 
the present purpose. The crack area for the faster frac
ture was 2900 mm2 (4.5 in. 2

) and for the slower one, 
3000 mm2 (4.7 in. 2). (The crack-plane areas were 2420 
mm" (3.75 in.2) for both.) This difference is insignifi
cant. Therefore, it seems that the same mechanisms 
dominate fracture in this range. (A similar observation 
was made from tests of certain ceramics by Suresh et 
al. II; they showed that fracture initiation in alumina 
was predominantly intergranular for both dynamic and 
static rates.) 

Several micro mechanical processes could give rise to 
rate effects, as, for example, the presence of moisture 
at the crack tip. As is well known, wet surfaces require 
less energy to form than dry surfaces, i.e., the fracture 
energy decreases in the presence of moisture. Water 
corrosion and disjoining pressure mechanisms that 
weaken the bonds at the fracture front may also be in
volved. 12 Such effects could explain the lowering of 
fracture energy and strength in rock l3 and concrete. 14 

The detrimental effect of moisture is more significant at 
slower rates and tends to increase the crack velocity. It 
has even been suggested that the water in concrete is the 
primary source of rate effects. 9,ls 

Creep dominates the response of cracked as well as 
uncracked concrete under slow and sustained loading. 
It may considerably decrease the strength and the ef
fective modulus as loading rate becomes slower. The 
effects of creep on fracture, however, may be compli
cated. '2 One effect may be a decrease in fracture resis
tance, and another effect may be relaxation at the crack 
tip, which removes part of the stress concentration. 
However, the second effect would also reduce the ex
tent of micro crack initiation ahead of a propagating 
crack. '6 ,17 Since the microcracked zone causes crack 
blunting or toughening, a smaller zone implies more 
brittle fracture. 
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Table 1 - Fracture test data 
Specimen CMOD Time to Age at 

depth, rate, peak I p , loading, 
Series mm mmls sec days 

Fast 38 1.1 x 10 .. 2 0.9 1 28 
8.4 x 10-' 2.2 28 

f: = 36,6 MPa l.lx 10- 2 1.5 28 
w = 1.3 percent 

76 1.4 x 10- 2 1.3 28 
1.4 x 10- 2 2.2 28 
1.4 x 10- 2 1.3 28 

152 2,1 x 10- 2 1.3 28 
2.1 x 10- 2 1.1 28 
2.1 x 10- 2 1.1 28 

Usual 38 1.8 x 10-' 595 28 
1.8 x 10-' 595 28 

f: = 36.5 MPa 2.4 x 10-' 570 28 
w = 6.1 percent 

76 5.3 x 10-' 460 28 
3,6 x 10-' 520 28 
4.3 x 10-' 505 28 

152 7.1 x 10-' 495 28 
7.1 x 10-' 360 28 
7.1 x 10-' 420 28 

Slow 38 7.1 x 10-' 10,350 40 
7.1 x 10-' 17,100 38 

f: = 37.2 MPa 7,1 x 10-' 13,500 39 
w = 5.5 percent 

76 1.0 x 10- 6 10,625 46 
9.4 x 10-' 17,550 42 
1.1 x 10- 6 11,900 30 

152 1.4 x 10- 6 15.300 32 
1.4 x 10 6 14,850 38 
1.7 x 10- 6 14,6001 31 

Very slow 38 3.8 x 10-' 266,500 120 

f: = 36.9 MPa 76 7.4 x 10-' 255,500 108 
w = 4.4 percent 152 1.3 x 10-' 236,000 90 
.I' = 28-day compressive strength of 76 x 152-mm cylinders. 
w = coefficient of variation of f:. 
1 MPa = 145.04 psi; 1 N = 0.2248 lb. 

Peak 
load, 

N 

2225 
1800 
1890 

3625 
3960 
3025 

6180 
5940 
5425 

1825 
1780 
1645 

3070 
2800 
2760 

5025 
4225 
4200 

2315 
1935 
2180 

3580 
3515 
3180 

4270 
4180 

: 5295 

2135 

[3180 

14580 

Even at dynamic strain rates, it is not clear whether 
a slower rate causes more or less brittleness. Assuming 
the behavior to be analogous to that of a plastic mate
rial with coalescing voids, Reinhardt 'S proposed that 
when the crack velocity is comparable in magnitude to 
the wave speed near the crack tip, the fracture process 
zone becomes larger than usual. To a certain extent, 
this hypothesis is supported by tests. Impact tests show 
more distributed cracking and more fragmentation at 
higher strain rates.9,19 These results further imply that 
faster fracture is more ductile, since it dissipates more 
energy in a larger zone. 20 On the other hand, since the 
nonlinearity of the prepeak load-deformation relation
ship decreases with an increase in loading rate, several 
investigators have argued that fracture becomes more 
brittle. 21 That argument applies only when the nonli
nearity is primarily due to the fracture process, and the 
effects of time-dependent phenomena outside the frac
ture zone are negligible. It is also possible that differ
ent trends could exist due to a change in fracture mech
anisms, for example, fracture through or around ag
gregates and inertia effects. Reversals suggesting such 
explanations have been documented for failure strainl2 

and fracture parameters. 22 The present study is limited 
to static rates, and, therefore, will not attempt to an
swer these questions for fracture in the dynamic range. 

ACI Materials Journal I September-October 1992 



~.-----~------------------------'------

-z -
"0

3000 

o 
o 

2000 

l00c 

(0) Fast 

~ d= I 52mm, CUOO rolo=2.1.-2mm/ .. " 
~ d=76mm, CUOD rale=1.44-2mm! •• c 
~. d-.38mm. CUOD raI •• 1.I.-2mm/IO" 

O+-____ ,a~g._=_2_~Ta~~--_.----_r----~----,r_--~ 

3000 

"0 
0 2000 
o 

1000 

o • time (sec) 

-----
Fig. 4 -- Typica//oad-CMOD curves (e - n means x 10-") 

TEST SPECIMENS 
Three-point (single-edge notched) bending specimens 

(Fig. 1) were used with concrete of cement:sand: 
gravel:water ratio 1 :2:2:0.6, Type I cement, crushed 
limestone gravel (maximum grain size = 13 mm), and 
standard No.2 sand (maximum grain size = 5 mm). 
The beams were cast with the notch face at the bottom. 
The thickness of the specimens was 38 mm (1.5 in.), 
and the notch length was ~ of the beam depth. The 
notches, cut with a diamond band saw, were 1.8 mm 
(0.07 in.) wide. All the specimens were cured under wa
ter until testing, and had their surfaces sealed with sili
conized acrylic latex during testing to prevent loss of 
moisture. The fracture tests were conducted under 
CMOD control in a 89-kN (20-kip) load frame with a 
load cell operating in the 8.9-kN (2000-lb) range. Com
panion cylinders of 76-mm (3-in.) diameter and 152-
mm (6-in.) length were used to determine the compres
sive strength/: 28 days after casting. The cylinders were 
capped with a sulfur compound, and tested in a 534-kN 
(l20-kip) load frame under stroke control such that 
failure occurred in about 10 min. 

SIZE EFFECT TESTS AT VARIOUS CMOD RATES 
Four series of tests, each with specimens that were 

geometrically similar in two dimensions and of three 
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sizes [d = 38, 76, and 152 mm (1.5, 3, and 6 in.)], were 
conducted. The measured peak loads and other details 
are listed in Table 1. The typical measured load-CMOD 
curves are presented in Fig. 4. The CMOD rates were 
chosen to give almost the same tp for all the sizes in 
each series (Table 1). The range of CMOD rates, or tp , 

exceeds five orders of magnitude (1:105
). 

In choosing the loading rates at different sizes, one 
must realize that the same displacement rate used for 
specimens of different sizes will result in different rates 
of deformation of the fracture process zone. Assuming 
linear viscoelastic behavior through the whole volume 
or Jhe, ~p~ciIl)en~ one co.uld calculate the ~oad-point dis
plaCeCioot -lates that.· give the same rate K/ of the stress 
intensity factor K/ for specimens of different sizes (this 
is achieved for dPldt = .Jd x const.). But due to non
linear behavior and the presence of a large fracture 
process zone, this does not achieve the same rates of 
deformation of the fracture process zone, which is the 
condition for which the results for large and small 
specimens can be legitimately compared. To calculate 
the CMOD rates that meet this condition, one would 
need a priori a good mathematical model for the rate 
effect in fracture. But such a model is unavailable. 
Among various simple possibilities, the condition of 
equal rates of deformation of the fracture process zone 
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is probably best achieved by rates that give approxi
mately the same time tp to peak load. This conditon at 
the same time insures that the relative creep deforma
tions outside the process zone at time tp are about the 
same - another conditon desired for comparability of 
different sizes. The rates to achieve equal tp were se
lected on the basis of prior experimentation, and the 
condition of equal tp has of course been achieved only 
approximately. The corresponding CMOD rates for 
various specimen sizes were not equal, but they were of 
the same order of magnitude (Table 1). However, once 
the test results are translated into a mathematical 
model, the loading rate selection should in the future be 
done by calculations. 

The purpose of using specimens of different sizes was 
to apply the size effect method for determining frac
ture parameters. The method is based on the size effect 
law,23 which in its simplest form reads (Fig. 5) 

Bfu 
aN = J1+I3' (3 (1) 

where aN = Pj bd = nominal strength (maximum 
nominal stress), P u = peak (maximum) load, d = 

characteristic dimension of specimen (here, chosen as 
the specimen depth), b = thickness, (3 = brittleness 
number, Bfu and do are the parameters of the model, 
and fu is some estimate of the material strength. When 
the size is very small, i.e., (3 ~ 1, aN is not significantly 
affected by size, and the behavior is then governed by 

strength limit (or allowable stress) criteria. This implies 
that energy is dissipated during failure in a relatively 
large region. When (3 is large, {3 ~ 1, the behavior fol
lows linear elastic fracture mechanics (LEFM), and aN 

ex II Jd. In this case, energy is dissipated in a region of 
infinitesimal size at the crack tip. The transition zone 
(taken as 0.1 < (3 < 10), in which the test results usu
ally lie, is the nonlinear fracture regime . 

Eq. (1) has been extensively verified for the fracture 
of concrete and extended to determine fracture param
eters and material brittleness. 2

'.
25 The method has also 

been used to determine the change in fracture proper
ties with temperature l4 and strength. 26 However, all the 
tests have so far been conducted at conventional load
ing rates, i.e., with tp between 5 and 10 min. Applica
bility of the method at various rates is to be experimen
tally validated. For Eq. (1) to apply, specimens of each 
size should attain the peak load in about the same time, 
for reasons already explained (differences up to 50 per
cent are probably not serious, but differences in orders 
of magnitude certainly would be). The reason is that, 
for all sizes, the fracture process zone should be de
formed at about the same rate, and the relative creep 
deformations outside the process zone should be about 
the same. 

To determine the size effect parameters in Eq. (1) 
from aN-data, this study used nonlinear regression 
analysis in which the sum of the squared errors in aN is 
minimized. The optimized values of Bfu and do, ob
tained by means of the Marquardt-Levenberg algo
rithm (available in standard computer libraries), are 
listed in Table 2 for each series of tests. The curves in 
Fig. 6 are the optimum fits of the data points by Eq. 
(1). The coefficients of variation of the deviations of a,V 
from the fits are also given. The results demonstrate 
that the size effect is significant at all the rates used, 
and that Eq. (1) fits the data reasonably well through 
the entire time range. 

The applicability of Eq. (1) might be questioned, 
since its theoretical derivation assumes the behavior 
outside the process zone to be elastic. There are, nev
ertheless, two justifications: 1) according to the double 
power creep law, 27 the ratio of creep strain to the true 
instantaneous strain, at 28 days, is about 0.9 for tp = 8 
min (the usual static test), about 0.4 for tp = 1 s, and 
about 1.9 for tp = 2.5 days. If elastic analysis is ac
ceptable for the ratio 0.9, it should also be acceptable 
in the range 0.4 through 1.9, provided, of course, the 
duration of the loading is the same for all the sizes; 2) 

Table 2 - Material fracture parameters 
Average 

K,o Eef/' 
I 

GI , 0", Average age, B!" do, c!, 
Series tp ' sec days MPa MPa w MPa,jffim mm OPa N/m mm 

Fast 1.4 28 1.60 102.5 0.10 39.5 17.2 36.0 43.4 0.0146 
Usual 500 28 1.68 41.3 0.06 26.3 6.9 28.6 24.1 0.0077 
Slow 13,650 38 2.94 l3.3 0.09 26.1 2.2 24.1 28.4 0.0052 
Very 253,000 106 3.47 8.5 0.01 24.6 1.4 22.4 26.9 0.0042 
slow 

w = coefficient of variation of the devIatlOns of the fit from test data. 
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Fig. 6 - Optimum size effect curves for the test data 

due to linearity of creep and the rapidly decaying na
ture of the creep curve of concrete (for stresses up to 
about half the strength), quasi-elastic analysis based on 
the effective modulus is a reasonable approximation to 
the viscoelastic solution. 27 

SHIFT IN BRITTLENESS 
Since the test results for all the rates agree reasona

bly well with the size effect law, they can be combined 
into one plot, as in Fig. 7. Such a combined plot was 
used previously to show the increase in the brittleness 
of concrete with increasing strength. 26 This clarifies the 
effect of rate on the brittleness number. In each series 
there are three sets of data. In each set, the most brittle 
(largest {3) are the largest specimens, and the least brit
tle are the smallest. Now, the interesting aspect is that 
there is a significant shift of the data sets toward the 
right (toward LEFM, i.e., ideal brittle failure) as tp in
creases. This means that fracture becomes more brittle 
as the loading becomes slower; i.e., the intensity of the 
crack-tip shielding mechanism decreases as the loading 
rate becomes slower. The damage and energy dissipa
tion are more distributed for higher rates. It should be 
emphasized, however, that even though the present 
quasi-elastic approximation approaches LEFM for very 
slow loading rates, consideration of creep in the analy
sis of structural response becomes more important. 
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This result is similar to that of Bazant and Prat,'4 
who applied the size effect method to tests of fracture 
specimens at different temperatures. From their data it 
can be seen that the brittleness of concrete increases 
with temperature. The effect of time on fracture is 
analogous to the effect of high temperature, since a 
higher temperature means higher creep. This similarity 
reinforces the present conclusion. 

Another extrapolation of the effect of creep on brit
tleness could be made to the failure of early-strength 
concrete. Since creep mechanisms are more dominant at 
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Table 3 - Fracture parameters corrected for 28 
days 

Series E'ff' GPa K 1" MParmm 

Fast 36.0 39.5 
Usual 28.6 26.3 
Slow 22.9 25.3 
Very 18.2 22.7 
slow 

cJ' mm 

17.2 
6.9 
2.2 
1.3 

Cf • N/m 

43.4 
24.1 
28.1 
28.2 

13'1' mm 

0.0146 
0.0077 
0.0052 
0.0047 

younger ages, one could infer from this study that 
fracture is more brittle in concrete at earlier ages. The 
data of Wong and Miller28 on fracture tests at different 
ages (tp = 5 to 10 min) support this inference. 

FRACTURE PARAMETERS OBTAINED BY THE 
SIZE EFFECT METHOD 

The steepness of post-peak load-deflection curves, or 
the amount of distributed cracking in unnotched speci
mens, have previously been interpreted as indicators of 
material brittleness. Though valid in certain cases, such 
indicators are not size-independent and general meas
ures. Rather, objective measures must be based on 
fracture mechanics. In the present study, the size of the 
fracture process zone is taken as the measure of brittle
ness; a material with a smaller process zone is more 
brittle. The structural brittleness, on the other hand, 
may be generally characterized by the brittleness num
ber {3 = Eq. (1). Another important fracture parameter 
is the fracture toughness; higher fracture toughness im
plies higher resistance against failure. These quantities 
are also necessary for nonlinear fracture mechanics 
analysis of concrete structures. 

Since specimen size and shape could have a strong 
effect on the measurements of fracture parameters, ex
trapolation to an infinitely large size has been proposed 
for obtaining unambiguous values. 29 It has also been 
shown that parameters obtained in this manner are 
practically independent of specimen geometry.2. Based 
on the infinite size extrapolation of Eq. (1), simple ex
pressions for fracture energy Gf , fracture toughness Kin 
effective length of the fracture process zone cf ' and ef
fective critical crack-tip opening displacement O,'f have 
been derived25.29,3o (see also RILEM recommendation3l ) 

Gf = ~ (BIYdo15{cio) EI (2) 

Kle = BIu.Jdo15(ao) (3) 

do15(ao) 
C ----
f - gl (ao) 

(4) 

_ 8KIC~ 
oef - EI 271" (5) 

where function g(a) is the nondimensionalized energy 
release rate defined by the LEFM relation G = p2g(a)/ 
EI b 2d, G = the actual energy release rate, P = load, 
a = (crack length)/d = relative crack length, a o = ao/ 
d, ao = notch or traction-free crack length, EI = E for 
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plane stress, EI = EI(1 - v2
) for plane strain, E = 

Young's modulus, v = Poisson's ratio, and gl (a) = 

dg(a)/ da. The function g(a) can be obtained from 
handbooks32 or from LEFM analysis. 

Parameter cf lumps together the effect of all the 
toughening mechanisms in concrete, including the de
flection and bridging of the crack by aggregates, and 
microcracking ahead of the crack tip. Note also that the 
crack tip is defined here as the point where the trac
tion-free crack ends. 

For the present specimen geometry, finite element 
analysis provided the values g(ao) = 5.927 and gl (ao) 
= 35.24. The values of BIu and do obtained earlier (Ta
ble 2) can then be used in Eq. (3) and (4) to calculate 
Kle and cf ; see Table 2. (Note that the calculated values 
of Kle and cf can have coefficients of variation up to 0.3 
and 0.5, respectively.) 

In view of the preceding comments,. the validity of 
Eq. (2) through (5) may be extended to linear viscoelas
tic creep, which occurs in most of the specimens except 
in (and very near) the fracture process zone. This is 
done by replacing E with the effective modulus Eeff (in
verse ~f the compliance function) corresponding to load 
duration tp. To determine Eeff the BP model for the 
prediction of concrete creep27,33 was used. Only the ba
sic creep was considered, since the specimens were 
sealed to prevent moisture loss. In applying the BP 
model, the asymptotic modulus was modified such that 
the effective modulus for the loading time of 10 min 
would coincide with the ACI code formula E = 
4735.g:, in MPa (or E = 57,000.g:, in psi). The E
values for the various test series are listed in Table 2. 
Using the effective moduli in Eq. (2) and (5), the values 
of Gf and oef are computed and listed in Table 2. 

Since two series of tests were conducted at ages other 
than the standard 28 days, the fracture parameters ob
tained from them should be corrected before compari
sons are made. The following formulas were used for 
this purpose: Ii = 0.50 .g: (ACI); I: (t) = I: (28) t/(4 
+ 0,85t) (ACI); and Gj 0: (2.72 + 3.1031,' )1,/2dolEefJ 
(Reference 34), where Ii is the tensile strength; I:, 1,1, 
and E are in MPa; do is the maximum aggregate size in 
mm; Gf is in N/mm; t is the age in days; and Eeff is ob
tained from the BP model, as before. It was also as
sumed that the parameter BIu varies linearly with 1,1 . 
(Possible errors in these formulas cannot be important, 
since the corrections are small.) The adjusted 28-day 
values of all the parameters are listed in Table 3. 

DISCUSSION OF TRENDS OBSERVED IN 
CONSTAN~RATETESTS 

From Table 3, it is clear that the fracture toughness 
K tends to decrease with increase in tp. This agrees Ie 

with the well-known reduction in concrete strength as 
the loading rate becomes slower. The trend agrees with 
those obtained by other methods for mortar and ce
ment paste. 35 

A new result from the present tests is the significant 
decrease in the fracture process zone cj as the loading 
rates decrease. This implies that the material brittIe-

ACI Materials Journal I September-October 1992 



ness, and consequently the brittleness of structural 
failure, increases due to creep. The decrease in cf is 
probably due to the relaxation of the high stresses in 
the material ahead of the crack tip, causing the stress 
drop to be more concentrated. The trend can be ap
proximately described by the formula [see Fig. 8(a)] 

(6) 

where to is the reference value of time to peak and Co is 
the corresponding value of cf ; n = 0.22; and for to = 

600 s (about the conventional testing time), Co = 5.04 
mm. 

Along with K/c and cf , oe f is found to also decrease 
for slower loading. This trend agrees with that ob
served by Wittmann et al.,22 who, however, concluded 
that for very slow loading, the trend reverses. The trend 
may also be different in the dynamic range. 21 

The variation of the fracture toughness of mortar 
and cement paste with loading rate has been described 
by means of a power function35 K/c = Kovm, where Ko 
and m are parameters determined experimentally, and 
v is the rate of change of deflection, crack length, or 
stress. Similarly, the present test results have been fit
ted [Fig. 8(b)] by the equation 

(7) 

where v == oe/tp, Vo is the chosen reference deformation 
rate, and Ko = K 1c for v = vo. From the present data, 
m = 0.041, and for Vo = 5 X 10- 5 mm/s, Ko = 30.4 
MPa.jmm. ' 

For loading rates faster than the usual static test, the 
fracture energy Gf has previously been found to in
crease significantly with an increase in rate. 8

•
36 How

ever, at low rates, this trend is not obvious from the 
present results. This may be because Gf is strongly af
fected by the decrease in the effective modulus due to 
creep. Wittmann et alY proposed that fracture energy 
increases under very slow loading due to the influence 
of creep. The present variation tends to agree with their 
conclusion, but the scatter of the present results for Gf 

is too high to draw a firm conclusion. If linear elastic 
fracture mechanics were applicable, then one could use 
the relation Gf = KV E to determine that the scatter is 
due to E, but the relation of Gf and Klc is more compli
cated. 

RELAXATION TESTS OF UNNOTCHED BEAMS 
To determine the creep or relaxation behavior of the 

concrete used, four unnotched beams, with b = 38 mm 
(1.5 in.), d = 76 mm (3 in.), and span = 191 mm (7.5 
in.), were tested under three-point loading. A trans
ducer (LVDT of 0.127-mm range) fixed on the beams 
measured the deformation over a gage length of 25.4 
mm (1 in.) centered along the tension face. A com
puter-based data acquisition system monitored the load 
and deformation. Test details are listed in Table 4. Us-
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Fig. 8 - Effect of time to peak load on (a) fracture 
process zone size and (b) fracture toughness 

Table 4 - Details of relaxation tests of 
unnotched beams 

Specimen Age, days 

UI 34 
U2 39 
U3 31 
U4 30 

P, = load at which relaxation started. 
Approximate peak load = 5600 N at 35 days. 
Strain rate during loading = 3.6 x 10 ·'/sec. 
f: = 28.1 MPa (4076 psi); coefficient of variation = 0.023. 

P" 
N 

990 
3420 
3760 
4580 

ing the beam theory, the maximum bending stress and 
strain were calculated as a function of time. The initial 
load PI was applied at a rate of maximum strain equal 
to 3.6 x 1O- 4/s, which corresponds to the time to peak 
tp == 1 s. After time t l , at which the desired PI was 
reached, the deformation was held constant, and the 
specimen was allowed to relax the load. The tests were 
conducted with different PI-values. The measured re
laxation curves of maximum bending stress a versus 
elapsed time (t - t l ) are shown in Fig. 9(a). It so hap
pened after that some time the tests could not be con
trolled, since the transducer started to slip; only the 
data for the duration of proper control are shown. 

The relaxation is strongest in Specimen U4, which 
had the highest PI-value. It appears that U4 is in the 
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nonlinear creep range where relative creep is stress-de
pendent. This is the case if an initial maximum bending 
stress greater than about 60 percent of the strength is 
imposed. At lower stresses; the relative creep or relax
ation is generally linear, i.e., independent of stress.27 

CREEP PROPERTIES OF CONCRETE 
To interpret the relaxation tests of fracture speci

mens (discussed later), one must first know the relaxa
tion properties of the concrete outside the process zone, 
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characterized by the relaxation function R (t, t ,), where 
t = current time and t, = age at the start of relaxa
tion. The appropriate expression for R (t, f ,) may be de
duced from the compliance function J (t,t ,) for creep. 
The log-double power lawJ7 for the creep of concrete 
gives a good approximation: R (t, t ,) == 1/ J (t, f,), Here, 
J (f,t ,) = Eo' (l + 0 and ~ = a ln[l + b(t - t ,)"], 

where Eo, a, b, and n = empirical constants. For rela
tively short-term relaxation (hours rather than years), ~ 
is small. Then 11 (l + 0 == 1 - ( This leads to the 
approximation 

where 0' = current bending stress, Eo = strain during 
relaxation, and Eo = instantaneous modulus, i.e., 
modulus for extremely fast load application. This 
modulus is typically 1.5 to 2 times larger than the con
ventional elastic modulus E that corresponds to the in
itial slope of the stress-strain diagram in a typical static 
test (the reason is that loads of several minutes dura
tion suffice to produce considerable creep).J8 

The relaxation tests that were in the linear range (U 1, 
U2, U3) were fitted with Eq. (8) using nonlinear optim
ization with the Marquardt-Levenberg algorithm. The 
parameters obtained were n = 0.36, a = 0.063, and b 
= 1.52, with t and t, in sec. Fig. 9(b) shows the fit and 
the data sets. The coefficient of variation was w = 

0.053. The average Eo was 54,000 MPa (7.83 x 106 psi), 
with coefficient of variation 0.1. 

For the nonlinear (high-stress) range of relaxation, 
the values for Specimen U4 [see Fig. 9(c)] were Eo = 

56,000 MPa (8.12 x 106 psi), n = 0.69, a = 0.056, and 
b = 5.91, with w = 0.019. 

RELAXATION TESTS OF FRACTURE 
SPECIMENS 

To gain further insight into the rate effect, time-de
pendent tests of a different type are desirable. Creep 
tests are not feasible in the post-peak stage, since the 
load cannot be held constant. But load relaxation tests 
are possible, as the deformation (e.g., CMOD in frac
ture tests) can be held constant. In this study, two se
ries of relaxation tests were conducted on 3PB fracture 
specimens (Fig. 1) with d = 76 mm (3 in.). In the first 
series, the beams were loaded at several CMOD rates 
into the post-peak stage and relaxation was initiated at 
about 80 percent of the peak load. In the second series 
(described later), the same CMOD rate was used for all 
specimens but relaxation was initiated at different 
loads. 

The beams NA1, NA2, NA3, and NA4 (first series) 
were loaded at constant CMOD rates [see Fig. IO(a) 
and Table 5, where Pmax = peak load), until a load P, 
(== 0.8 Pma:.) was reached at time t ,. Subsequently, the 
CMOD was held constant, and the relaxation of load 
with elapsed time t - t, was then recorded. The meas
ured curves of load versus elapsed time are shown in 
Fig. lOeb). It is obvious that nOI only the maximum 
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Table 5 - Details of fracture relaxation tests 

f:, Age, CMOD rate,· 
Specimen MPa days mm/sec 

NAI' 136 8.5 x IO- J 

NA2' 33.7 138 8.5 x IO- J 

NA3' 140 8.5 x 10-' 
NA4' 136 8.5 x 10- 5 

NBI' 38 
NB2' 37 
NB3' 35.2 50 8.5 x 10·' NB4' 36 
NB5' 51 
NB6' 43 

'Loading rate before relaxation. 
'Relaxation initiated in post-peak stage. 
'Relaxation initiated near peak load. 
'Relaxation initiated in prepeak stage. 
I MPa = 145.04 psi. 

Pm~' N P" N 

3690 3370 
3670 3050 
3290 2530 
2710 2250 

3600 3460 
3870 3680 
3810 2130 
3880 1620 
3430 3430 
- 2390 

load but also the relaxation is strongly influenced by 
the loading rate_ Initially, the rate of relaxation is 
higher for specimens that are loaded faster, but the fi
nal slopes are almost the same regardless of the rate of 
initial loading. This was expected for two reasons: 1) 
according to the hereditary aspect of linear viscoelas
ticity, the initial stress relaxation is higher for a speci
men loaded faster, as indicated by the superposition 
integral over the past stress history;27 and 2) when a 
specimen is loaded at a higher rate, there is more dam
age (larger fracture process zone), and higher stresses 
near the crack tip. After some time, the delayed linear 
viscoelastic effect of the early loading history becomes 
negligible, and the stresses in the process zone relax to 
about the same values. Therefore, the relaxation rate 
eventually becomes the same for all specimens_ 

For the load relaxation after time t l , the expression 
for linear stress relaxation [Eq. (8)] may be used as 

P(t)IPI = 1 - A In[I + B(t - tf] (9) 

but the values of the empirical parameters A, B, and N 
are expected to differ from a, b, and n. For short times 
t - t l , this equation can be approximated by P(t)1 PI = 

1 - AB(t - tl)N, and for long times t - t l, by P(t)1 PI 
= (1 - A InB) - AN 1 n(t- t l). Thus, the product 
AN represents the final slope of the plot P(t)1 J\ versus 
I n(t - t l ), and Parameter B engenders a horizontal shift 
representing acceleration or retardation. 

The data of Specimens NAI, NA2, NA3, and NA4 
were fitted with Eq. (9) by optimizing P(t)1 PI [see Fig. 
lO(c)]. In the fitting, the final slope (Parameters A and 
N) was taken to be the same for all four specimens, 
while B varied. The trends are modeled reasonably well. 
The parameters and the coefficient of variation w of the 
fit are listed in Table 6. 

The effects of load and loading stage on relaxation 
were investigated in the second test series. Six speci
mens were tested: four in the post-peak stage, one near 
the peak, and one in the prepeak stage [see Table Sand 
Fig. l1(a) and (b)]. (Note that Specimen NBS, loaded 
until the estimated peak was reached, could lie in either 
the prepeak or post-peak stage.) The CMOD rate be
fore relaxation was 8.S x 1O~3 mm/s for all these spec
imens. The load relaxation plots are shown in Fig. 
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Table 6 - Parameters of relaxation function 
Specimen A B N w 

NAI, NA2 0.032 23.8 0.875 
NA3 0.032 2.25 0.875 0.020 
NA4 0.032 0.335 0.875 

NBI, NB2, 0.036 23.8 0.864 0.032 
NB3, NB4 
NB5 0.034 23.8 0.770 0.018 
NB6 0.034 9.42 0.683 0.008 
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ll(c). One interesting result is that the relaxation in the 
post-peak state appears unaffected by the load P, at 
which the relaxation begins. In other words, irrespec
tive of where relaxation is initiated after the peak, P(t)/ 
P, is the same. 

The data of Specimens NBl, NB2, NB3, and NB4 
(post-peak state) were fitted by Eq. (9) with B = 23.8, 
which was the value obtained for the same CMOD rate 
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when Specimens NAI and NA2 of the first series were 
fitted [see Tables 5 and 6, and Fig. 12(a)]. The values 
obtained for N and A are about the same. The data for 
relaxation near the peak (NB5) and in the prepeak stage 
(NB6) were also fitted with Eq. (9). For NB5, due to 
lack of sufficient data, the value B = 23.8 (from post
peak fits) was used. The fits are shown in Fig. 12(b), 
and the parameters in Table 6. For comparison, the fits 
of the post-peak data [from Fig. 12(a)] and linear re
laxation [unnotched beams from Fig. 9(b)] are also 
shown. 

It is important to note that the relative relaxation in 
the post-peak regime is significantly greater than linear 
relative relaxation. The difference between these two 
relaxations must be entirely attributed to time-depend
ent behavior of the fracture process zone. 

The responses at the peak and in the prepeak stage lie 
between the post-peak and linear responses. The basic 
finding is that, in the time range of these tests, relaxa
tion coincides with the linear behavior at low initial 
loads before the peak, later increases as the initial load 
increases towards the peak and, most importantly, re
mains constant through the post-peak range. Also, 
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there seems to be an acceleration in relaxation with in
crease of initial load before the peak. This is similar to 
the acceleration due to increase in the loading rate [see 
Fig. lO(c)], and can be explained similarly. To under
stand these results, it can be hypothesized that the 
process zone size increases monotonically with the load 
in the prepeak range, but propagates without much 
change in size during the post-peak stage (until it gets 
too close to the end of the ligament); see References 5, 
6, 30, and also 39. The delayed linear viscoelastic effect 
in the post-peak range does not change if the initial 
loading rate remains the same. Thus, a dependence of 
the load relaxation on the damage or process zone size 
can explain the observed trends. 

It appears that when a large crack is present in a 
concrete specimen or structure, the effects of creep are 
much more significant than without such a crack. Vice 
versa, creep decreases the load-carrying capacity of the 
cracked structure considerably. Thus, the interaction of 
creep and fracture is very important for calculating the 
response, and eventually for determining the servicea
bility of structures. This is crucial because long-term 
creep deformations in concrete structures are consider
ably larger than the instantaneous deformations. 

CONCLUSIONS 
1. The size effect law proposed by Bazant agrees with 

concrete fracture test results over a wide range of load
ing rates, with times to peak ranging from 1 s to 
250,000 s. 

2. The test results also show that a decrease of load
ing rate in this range causes a shift to the right in the 
size effect plot, i.e., toward higher brittleness and lin
ear elastic fracture mechanics behavior. 

3. The fracture toughness, effective length of the 
fracture process zone, and effective critical crack-tip 
opening decrease with an increase in the time to peak 
load. These material fracture parameters were obtained 
through the size effect method by quasi-elastic analysis 
based on the effective modulus for creep. An explana
tion for the decrease in process zone size might be the 
relaxation of high stresses in the fracture process zone. 

4. For the fracture specimen type and time range 
studied, there is strong load relaxation at constant 
CMOD in the post-peak regime. The post-peak relaxa
tion is about 1.7 times stronger than that of unnotched 
specimens. This significant difference may be attrib
uted to 1) additional creep in the fracture process zone, 
and 2) time-dependent crack growth. 

5. The load-relaxation curves tend to a straight line 
in the logarithm of the elapsed time. 

6. There is a strong interaction between fracture and 
creep in concrete, which is very important for both 
failure and serviceability analyses of structures. Analy
sis of long-term fracture propagation in concrete must 
take this interaction into account. 
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