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ABSTRACT: The basic creep of concrete is the time-dependent strain caused by a sus
tained stress in absence of moisture movements. It is the strain observed on sealed 
specimens. Similar to other properties of concrete, it is dependent on the age of concrete. 
as a consequence of long-time chemical reactions associated with the hydration of cement. 
This paper formulates the solidification theory with a continuous retardation spectrum. 
and shows how this spectrum can be readily and unambiguously identified from arbitrary 
measured creep curves and how it then can be easily converted to a discrete spectrum 
for numerical purposes. The identification of the continuous spectrum is based on Tschoegl's 
work on viscoelasticity of polymers. Attention is limited to basic creep. 

The basic creep of concrete is the time-dependent strain caused by a sustained stress in absence 
of moisture movements. It is the strain observed on sealed specimens. Similar to other properties 
of concrete, it is dependent on the age of concrete, as a consequence of long-time chemical 
reactions associated with the hydration of cement. 

The aging aspect of basic creep of concrete can be mathematically handled by two different 
approaches (Mathematical 1988): (1) The classical, direct approach which treats the material 
parameters involved in the creep model as empirical functions of age (Bazant and Wu 1974a.b); 
(2) the recently proposed approach called the solidification theory (Bazant and Prasannan 
1989a,b), in which the material parameters for creep are considered to be age-independent but 
the volume fraction of the age-independent material increases with age. Only the latter approach 
has a solid foundation from the viewpoint of chemical thermodynamics. It also has an important 
practical advantage, namely, the characterization of creep by a nonaging model, which is much 
simpler. The aging in the solidification theory is introduced separately by means of a variation 
of the volume fraction of the solidifying viscoelastic material constituent. 

In the formulation of solidification theory. there are two separate problems. The first is how 
to describe the variation of the volume fraction of the solidified nonaging material constituent. 
The second is how to characterize non aging creep for the purposes of large-scale numerical 
analysis and correlate this characterization to the physics of the problem. Such a correlation is 
possible only if the creep of the non aging constituent is described in a rate-type form consisting 
of first-order differential equations. 

Such a rate-type form can be based on the Kelvin chain or the Maxwell chain. The Kelvin 
chain is a rheologic model composed of a series coupling of many Kelvin units. each of which 
consists of a parallel coupling of a spring and a dash pot. The Maxwell chain is a rheologic model 
composed of a parallel coupling of many Maxwell units, each of which consists of a series 
coupling of a spring and a dashpot. Roscoe (1950) proved that the Kelvin and Maxwell chains 
can each describe any given linear viscoelastic behavior with any desired accuracy. This means 
that there is no need for considering other more complicated rheologic models. and provides a 
justification for assuming one of the two basic rheologic models. Kelvin chain is more convenient 
because its parameters can be more easily identified from creep tests. The Maxwell chain 
parameters can be more easily identified from relaxation tests, but these are harder to carry 
out. 

In the original formulation of the solidification theory (Bazant and Prasannan 1989a.b). the 
creep of the nonaging constituent is described by a Kelvin chain with a finite number N of Kelvin 
units. Each Kelvin unit number fL is characterized by its spring modulus E". and retardation 
time T". = T]".IE"., where T]". = dashpot viscosity. The plot of liE". versus T". (fL = I. .... N), 
which is in viscoelasticity called the retardation spectrum, fully characterizes the material creep 
properties. For a finite number N of Kelvin units, as used in all the previous studies of concrete 
creep, the spectrum is discrete (because the T".-values are distributed along the time axis dis
cretely). However, as is well known from classical (nonaging) viscoelasticity. identification of 
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a broad discrete spectrum from test data is an ill-posed problem because different retardation 
times can give almost equally good fits of the measured creep curves. Thus, the discrete retar
dation times must be chosen, although with some restrictions (Mathematical 1988). The arbi
trariness of the choice of retardation times is disturbing. Moreover, a simple method to determine 
the retardation spectrum has been available only for creep curves in the form of the power law, 
log-law, or log-power law (BaZant and Prasannan 1989b). 

The purpose of the present paper, whose basic results were summarized at a recent conference 
(Bazant and Xi 1993), is to formulate the solidification theory with a continuous retardation 
spectrum, and show how this spectrum can be readily and unambiguously identified from ar
bitrary measured creep curves and how it then can be easily converted to a discrete spectrum 
for numerical purposes. The identification of the continuous spectrum will be based on Tschoegl's 
(1971. 1989) work on viscoelasticity of polymers. Attention will be limited to basic creep. The 
additional creep due to drying may be determined in the manner described elsewhere [e.g. 
Mathematical (1988)]. 

GENERALIZED KELVIN CHAIN MODEL FOR NONAGING BASIC CREEP 

The linear viscoelastic behavior may be completely characterized by the compliance function 
J(t, t'), representing the strain f at age t of concrete caused by a uniaxial sustained (constant) 
stress (T = 1 applied at age t'. The response for any stress history (T(t) then follows by the 
principle of superposition. For three-dimensional behavior one would generally need a similar 
compliance function for shear strain, but for concrete this is not needed because the Poisson's 
ratio for basic creep happens to be approximately constant and equal to its instantaneous (elastic) 
value (about 0.18). Denoting as lIEo = q] = instantaneous elastic strain caused by (T = I, one 
may write 

J(t, t') = q, + qt, t') (I) 

where C(t, t') = creep compliance function. After lengthy studies (Mathematical 1988) it tran
spired that the creep description is the simplest if q] is taken as the deformation corresponding 
to extremely fast loading, shorter than about lO-y s, which of course cannot be directly measured 
but must be obtained by asymptotically extrapolating the measured creep curve in the logarithmic 
time scale to -YO. The advantage of doing this is that q] (or Eo, called the asymptotic modulus) 
can be considered as age-independent because in log-time scale the short-time creep curve (stress 
duration 10- 4 s to 1 hr) happens to be a smooth (leftward) extension of the long-time creep 
curve (Mathematical 1988). The normal static elastic modulus, which agrees quite well with the 
value recommended for design purposes, is then obtained as E(t) = lU(t + ~, t), where ~ = 
0.1 day. This expression also gives a good description of the age dependence of E(t). The 
dynamic modulus is obtained for ~ = lO-x s. 

For the nonaging Kelvin chain model with N Kelvin units, the creep compliance function C(t, 
t') is given by the Dirichlet series 

N 

C(~) = L. AI<[1 - e <iT.]; 
1-1-0--1 

. h 1 
Wit A =-

I" EI< 
(2) 

where ~ = t - t'; t = time (age of concrete); t' = time (age) at the moment of loading and 
E". = elastic moduli of Kelvin units. In (1), the retardation times T I< can be chosen but the 
choice must satisfy certain well-known restrictions [e.g. Mathematical (1988)]. The values of AI<' 
which characterize the strain increment during the time leg corresponding to T"., have to be 
determined by optimum fitting of the measured creep curves. 

In the previous studies, certain semiempirical formulas have been derived to evaluate A". from 
the available creep response curves (Bazant and Prasannan 1989a,b). Those formulas have been 
calibrated by nonlinear curve-fitting of computer results, and their validity was restricted to the 
log-power law. In general, when a slightly different creep law is required, those formulas are 
not valid. Another problem of those formulas is that, although a certain set of the optimized 
A values may suffice to accurately describe the given creep behavior, this set is not unique, 
d:pending on the choice of values T w To deal with general creep laws and to avoid the afore
mentioned weak points including the nonuniqueness, an effective approach is to introduce the 
continuous Kelvin chain model with infinitely many Kelvin units and retardation times spaced 
infinitely closely, for which A". becomes a continuous retardation spectrum. Such a spectrum 
may be evaluated by a certain method developed in the theory of viscoelasticity (Tschoegl 1989). 
Then the discrete spectrum A"., which is required for computer analysis, can be obtained simply 
by discretizing the known continuous retardation spectrum. 

CONTINUOUS RETARDATION SPECTRUM AND INVERSE 
TRANSFORMATION METHOD 

Eq. (1) may be approximated in a continuous form 
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(3a) 

Setting L*(T) L(T)h, we have 

C(O = f'l L(T)(1 - e b) d (In T) (3b) 

where L(T) is called the continuous retardation spectrum. It has the same meaning in the 
logarithmic time scale as AI'- in the actual time scale. Many studies have been undertaken to 
deduce L(T) from the known compliance function of the material (Gross 1953; Eirich 1958; 
Aklonis 1983; Fredrickson 1964; Ferry 1980; Gittus 1975; Christensen 1982; Tschoegl 1971, 
1989). We will adopt a very efficient general method developed by Tschoegl (1971, 1989). 

Using (3), and setting T = 111; with d(ln T) = -d(ln 1;), we get 

C(~) = J'l L(~ I)(J - e ,<)~ I d~; C(~) = JX L(~ Ig I d~ - JX ~ ILa I)e 'l d~ (4,5) 
() () () 

Then, denoting 

(6a) 

we have 

C(O = - t(O + f(O) (6b) 

[( 0 = Laplace transform of the function 1; - I L( 1; - I); and ~ = transform variable. 
Now the important point is that the transform can be inverted by Widder's (1971) inversion 

formula, which is based on an asymptotic method. The inversion operator is 

f~.((f(OJ = (_k~)k (~r I I flk) (0 (7) 

with the property 

lim Fq(f(OJ = lim [(_~)k (~)k+lf(k) (~)J = ~ IL(~ I) 
k_x k .x k. ~ ~ 

(8) 

where i(k) = kth derivative of function f. Noting that [(0) is a constant, we have (k 2': 1): 

( - h)k 
L( T) = -lim Clk )(h) 

k~'" (k - I)! 
(9) 

The approximate spectrum of order k is obtained by using a finite value of k (k 2': I). The 
compliance data are entered through (6), and then derivative Ck(kT) yields L(T). But experi
mental data generally exhibit random scatter which does not allow taking higher derivatives 
except perhaps the second derivative. Therefore, certain methods have been developed to modify 
the creep data to allow taking higher-order derivatives (Akloni 1983; Ferry 1980). Instead of 
numerical differentiation of the test data, one must differentiate a smooth continuous compliance 
function, which matches the experimental data well enough. 

At this point, the problem that remains is what kind of compliance function should be chosen. 
For concrete, the basic features that are exhibited by most sets of data [e.g. Mathematical (1988) I 
are that the short-term creep follows the power curve while the long-term creep follows the 
logarithmic curve. This means that the log-power law is a simple yet reasonable representation 
of the compliance function for concrete. 

Nevertheless, the more complex functional expression in the solidification theory (Bazant and 
Prasannan 1989a) gives a better representation. The expressions and its derivatives are involved, 
but the derivatives can be evaluated numerically from finite-difference expressions. 

EXAMPLE OF APPLICATION TO NONAGING LOG-POWER CREEP LAW 

A simple expression for the creep compliance C(/, t'), which leads to a good approximation 
of the creep test data (Bazant and Prasannan 1989a) is the log-power law 

C(O = q2 In [1 + (;'},J ( 10) 

with parameters q2' At), and n. The dimension q2 as well as q( is MPa - ( (i.e., the same as liE, 
where E = elastic modulus). Empirically, At) = I day can be used for most concrete. The values 
of q2 as well as q( has been expressed as empirical functions of concrete strength and composition 
(Bazant and Kim 1991). 
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According to (6) and (10) 

fm = q, lnO + ~,,) - J.~. L(~ I)~ I d~ 
() 

(11) 

For k = 3, (9) yields the approximation 

L(T) _ [-2n 2(3T)''' '[n - 1 - (3T)"lJ (3T)' q 
- [I + (3T)"1' 2' 

+ [n(1l - 2)(3T)" '[/1 - 1 - (3T)"] - n'(3T)2" 'J (3T)' 
f1 + (3T)"1' 2 q2 (12) 

This is the approximate retardation spectrum of order 3, which appears to suffice for practical 
purposes. According to the data fitting in Bazant and Prasannan (1989b), n is a small constant. 
In the case of small n. the terms with 11' in (12) may be neglected without significant loss of 
accuracy. Combining this with some other simplifications of (12). a simple approximation to 
the retardation spectrum can be obtained 

(3T)" 
L(T) = q,n( 1- It ) 1 + (3T)" 

For very large T, the spectrum L( T) approaches a constant. 

(13) 

For simple practical problems, (13) is preferable because of its simple form. For computational 
analysis, such as finite-element analysis, or when n is large (n > 0.45), (12) ought to be used. 

For the purpose of numerical computation, one can subdivide In T into time intervals ~(In T,J 
= In 10 ~(In T ,J and thus approximate the integral in (3b) by the finite sum 

N N 

C(~) = 2: L(T...)[I - e -<!Telln lO~(log T,J or C(~) = 2: A,JI - e </Tel (14a,b) 
j.l= I j.l I 

where 

( 15) 

where L(T,J is given by (12) or (13); and ~(Iog T,J = time interval between two adjacent Kelvin 
units in the logarithmic scale. Computational experience shows that intervals ~(Iog T,J = log 10 
= 1 give sufficiently smooth creep curves (compliance function), while greater separations of 

T ... give creep curves of a bumpy appearance. 

COMPARISON WITH PREVIOUS FORMULATION 

E 

t 
In 
c:: 
0 
1il 

i 
a:: 

0.3 

02 

0.1 

Comparisons with some previous formulations are shown in Figs. 1-3, in which time is in 
days, and the value of q2 is taken as 1, which makes J and A ... dimensionless (this is possible 
because J as well as A ... is proportional to Q2)' Fig. 1 compares the previous formulae of Bazant 
and Prasannan (1989a, 1989b) with the simplified continuous spectrum obtained from (13). It 
can be seen that the discrete spectrum is not unique, but depends upon the different chosen 
values of T ... [in Fig. 1 only the retardation time for the second Kelvin unit, T2, is shown, others 
are spaced with intervals ~(Iog T ... ) = log 10 = 1]. All of the discrete spectrum values are 
located close to the continuous spectrum. Fig. 2 compares In(1 + ~,,) with (14) and (15), in 
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FIG. 1. Comparison of Retardation Spectra FIG. 2. Comparison of Compliance F.unctions 
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FIG. 4. Retardation Spectra with Various n 

which L(T) is approximated by the continuous spectrum (12). It can be seen that the compliance 
functions obtained from the continuous spectrum agree with the log-power curve very well, 
which proves that the approximation of order 3 is accurate enough. Fig. 3 shows the compliance 
functions obtained from the simplified continuous spectrum (13). It is clear that, for small n, 
(13) is also accurate enough. 

Another advantageous feature of the continuous retardation spectrum is that some physical 
characteristics of creep can be obtained merely by comparison of the intensity of the spectrum 
within a certain retardation time range. For instance, Fig. 4 shows the retardation spectra for 
various values of n. The curve for n = 0.04 shows that the creep intensity (value of retardation 
spectrum) can be considered almost uniform within the time range of 10- 5 to 105 days. By 
checking the compliance function in Fig. 2 (curve with n = 0.04), it is seen that the creep indeed 
proceeds smoothly. However, the curve with n = 0.2 in Fig. 4 shows a relatively strong intensity 
in the time range of 101 to 1010 days. This means that a significant part of the total creep will 
be delayed to the long-time range, and that the creep in the short-time range will be relatively 
small. By checking the compliance curve for n = 0.2 in Fig. 2, there is indeed a sharp increase 
of creep in the long-time range. So, in addition to computational advantages, the continuous 
retardation spectrum also reflects the creep intensity in various time ranges. 

Once the retardation spectrum has been determined, an exact numerical transformation from 
the retardation spectrum to the relaxation spectrum can be made easily [see Gross (1953)]. Thus 
the time behavior of relaxation can be analyzed in a similar manner. In this regard it may be 
noted that a recent reformulation of the solidification theory revealed some advantages of the 
relaxation spectrum (Carol and Bazant 1993). 

AMALGAMATION WITH SOLIDIFICATION THEORY FOR AGING AND 
RATE-TYPE FORMULATION 

For the sake of completion of our formulation, we will briefly indicate how the foregoing 
formulation is combined with the solidification theory for basic creep, which was presented and 
justified in detail in Bazant and Prasannan (1989a,b). This theory assumes that the aging property 
of basic creep is caused by the processes of hydration and polymerization of cement (the hydration 
is also manifested by the increase of strength with age). Concrete is divided into three parts: 
the liquid part, which cannot bear load; and two load-bearing parts exhibiting viscous flow and 
viscoelastic deformation. Thus, the total creep strain is composed of two terms, the viscous flow 
strain, Ef, and the viscoelastic strain, E ". 

The key feature of the theory is that the aging aspect of basic creep of concrete is considered 
to be due to the growth of the volume fraction vet) (Fig. 5) of the effective load-bearing portion 
of solidified matter (i.e. hydrated cement), representing both the increase of the volume fraction 
of hydrated cement and the increase of the load-bearing solid fraction caused by formation of 
further bonds (or polymerization of calcium silicate hydrates). The advantage is that, in this 
theory, the properties of the load-bearing matter are age independent. Thus, the conventional 
viscoelastic (and viscoplastic) theories, as well as thermodynamic relations, can be applied. The 
creep strain rate corresponding to the viscoelastic solid part, EV

, can be expressed as the product 
of the age-independent strain rate of solid, 'Y, and the increase of the volume fraction vet) of 
the solid (Bazant and Prasannan 1989a,b) 
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FIG. 5. Solidification Theory and Kelvin Chain Model 

Ev(t) = F[u(t)] 'Y 
v (t) 

(16) 

where function F[u(t)] is introduced to reflect nonlinear behavior at high stress (at low stress, 
F[u(t)] = 1). 

In this formulation, all of the procedures just developed for nonaging basic creep are applicable 
to the viscoelastic microstrain, 'Y. In the one-dimensional case, we may apply (14) at constant 
stress u 

N 

'Y = u 2: A,Jl - e -<ITe) (17) 
"- I 

In analogy to (16), we have for the flow term 

. I( ) _ F[u(t)] () 
£ t - q, vet) u t ( 18) 

where q} = an empirical coefficient, which depends on the composition of concrete, same as 
does q2 in (10). 

Numerical computation, normally based on the finite-element method, proceeds in small time 
steps At = 1;+1 - l; (i = 1,2, ... ) and in an incremental form, which we give for the general 
case of three dimensions. We can always assume that, for a sufficiently short time step At, the 
stresses change linearly with t. Then, solving the differential equations for each Kelvin unit, we 
get (Bazant and Prasannan 1989b) 

(19) 

where Dc = ED; and 

E = [F(U I , I II") i ~J I 

Vlt-I:; f.l. I EM 
_1 __ (_1_)'" + a .. 
VI t Ie " t Ie 

(20,21u,b) 

F( ) - 1 + (3;,. . h P. - (UI"'II2) d - (P. )'" 
a1.it ]12 - ~' wit ""'1,.- - f:. an w - P u (22) 

Here Ay = At IT ; AE, = column matrix of strain increments of basic creep; Au, AE = column 
matricesfLof stress ~nd strain increments; D = square elasticity matrix divided by the conventional 
elastic modulus of concrete; t: = standard 28-day cylinder strength (in psi); AE:' = column 
matrix of inelastic strain increments; and subscript i + 112 refers to the midstep values, In (20), 
EfL = I1A", and AfL is given by (15), In (21), m,. = 0.5, ex,. = I (Bazant and Prasannan 1989b). 
In (22), U!.i is the maximum principal stress at time step i; for low stress level, F(u!.,) = I. The 
matrix of inelastic strain increments, At:', can be computed as AE:~ = AE ;/' + AE ~("' in which 

".. (A'Y"" q, d) AEc = F(Uli+IIZ) -- + -- (J", At 
vi + 1/2 '/ t 1/2 

(23, 24) 

N ((J"" ') A'Y"" = 2: -'- - 'Y~i (l - e - "'e) 
",~I 3G", 

(25, 26) 
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where E" = E,.J3( 1 - 2v); G .. = E,.J2(1 + v); u;', <T;' = volumetric and deviatoric stress components 
at time step i, respectively; v = Poisson's ratio, which is assumed to be constant for basic creep; 
'Y~, and 'Y~i = volumetric and deviatoric strain components for the fLth Kelvin unit at time step i, 
respectively; and 'Y~i and 'Y~i = internal variables, whose latest values need to be stored for each 
integration point of each finite element and each output point; 'Y ~i and 'Y~i can be evaluated on the 
basis of the information from the end of the previous time step 

(27) 

(2R) 

Subscript i + 112 refers to the midstep in log-time, i.e. ti+ 112 =' I" + [(ti - 1,,)(ld , - t,,)]','2, 
where t" = time of first loading. 

Eq. (19) reduces the solution of the basic creep problem to a sequence of elastic solutions 
with initial strains. In the case of high stress level, nonlinearity due to F[u 1 requires iterations 
of each time step to achieve good accuracy (BaZant and Chern 1985a,b, 1987). 

Note that, in the present model, instantaneous deformation is not included but can be con
sidered by adding additional term 11 E'h where E" is the asymptotic instantaneous elastic modulus. 

The present model for basic creep, complemented by models for shrinkage, stress-induced 
shrinkage and drying creep, has been implemented in a nonlinear finite-element program and 
verified by comparisons with test results (Bazant and Xi 1994). 

1. Despite the aging of concrete, it is possible and advantageous to use a continuous 
retardation spectrum for the Kelvin chain model in the solidification theory. This spec
trum can be determined by the asymptotic transformation method, which is applicable 
for any creep law. By this method, a unique retardation spectrum can be obtained from 
the given compliance function. 

2. Application to the log-power creep law reveals that for concrete the asymptotic retar
dation spectrum of order 3 is sufficiently accurate in practice. For small values of the 
time exponent, n, which are typical of concrete, the spectrum can be simplified and still 
describe the compliance function satisfactorily. 

3. Based on the continuous retardation spectrum, the intensity of Kelvin units correspond
ing to the discrete retardation times chosen for numerical purposes can be determined, 
and then the time dependence of the nonaging creep component can be calculated. 
Furthermore, by discretization of the continuous retardation spectrum, a rate-type for
mulation for concrete creep can be obtained and combined with the solidification theory 
for aging. This yields a complete model for basic creep. 
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