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Abstract. The paper deals with the problem of initiation of thermal or shrinkage cracks from the surface of a 
half plane. Linear elastic fracture behavior is assumed. The initial spacing and initial stable eqUilibrium length 
of parallel equidistant cracks emanating from the surface is determined from three conditions formulated in a 
preceding study of penetration of sea ice plate: (1) The stress at the surface reaches a given strength limit. (2) After 
the initial cracks form, the energy release rate equals it~ ~iven critical value. (3) The finite energy release due to 
the initial crack jump equals the energy needed to form the crack (according to the given fracture energy of the 
material or fracture toughness). The problem is reduced to a singular integral equation which is solved numerically 
by Erdogan's method. The results of analysis appear to be compatible with the experimental evidence on thermal 
cracking in glass, and appear to give also reasonable predictions for thermal cracking on top of sea ice plates and 
shrinkage cracking in concrete. 

1. Introduction 

In the field of fracture mechanics, attention is usually focused on the problem of how cracks 
develop in structures that already have them. All brittle materials, of course, contain micro
cracks to begin with. However, these microcracks cannot be taken into account on the basis 
of linear elastic fracture mechanics because the critical fracture energy for the microcracks is 
different from that for the macrocracks, which are of interest here. The effect of the micro
cracks is embedded in the value of the strength limit of the material. The linear elastic fracture 
mechanics contains only one material failure characteristic - the fracture energy (or fracture 
toughness) of the material, and because the stress intensity factor for the limit of a zero crack 
length is zero, the initial macroscopic cracks cannot be described by the theory. To remedy, 
linear elastic fracture mechanics must obviously be supplemented by strength criterion. 

Formation of initial macroscopic cracks from a smooth surface is important for many 
applications. For instance, in large blocks of concrete, large periodic cracks can appear 
suddenly due to drying. In the case of reinforced concrete beams, cracks of a certain spacing 
form at the tensile face when the applied had becomes large enough [6]. In drying lake 
beds and mud flats, cracks with a honeycomb pattern emerge after some period of drying. 
Similar cracks, whose observations allow geologists to deduce some characteristics of volcanic 
process, appear in cooling lava flows [10]. When a floating sea ice plate is subjected to a vertical 
load, star-shaped cracks of finite length radiate suddenly from the loaded area when the applied 
load reaches a certain level. Spacing of thermal cracks produced in hot rock by circulation 
of cold water is important for the hot dry rock geothermal energy scheme [4]. In all these 
situations, cracks of macroscopic sizes form at a smooth surface. Since there is no initial crack 
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or notch at the surface, these problems cannot be analyzed by a straightforward application of 
the linear elastic fracture mechanics. 

The phenomena of crack formation are often complicated by the randomness of material 
inhomogeneity. The initial cracks rarely appear in a regular and systematic way. In the case 
of large concrete blocks, the cracks are never straight and the spacing between these cracks is 
hardly uniform. In the case of a drying lake bed, the crack pattern is not exactly hexagonal and 
includes also pentagons and heptagons. However, the hexagon is the most common shape, and 
the sizes of these hexagons are almost uniform. In the case of penetration of a sea ice plate, 
it is found that the total number of radial cracks varies from experiment to experiment, but 
generally larger punch sizes produce more radial cracks [7]. Despite the randomness, there 
must nevertheless be deterministic laws governing the mean behavior. We will rigorously 
analyze the idealized two-dimensional problem of cooling of a perfectly homogeneous half
plane, in which we expect the initial cracks to be straight and their spacing and length, 
uniform. 

Li and Bazant [11] discussed the problem of crack initiation for the case of vertical 
penetration of a floating sea ice place. Since the penetration load depends on the number of 
radial cracks, it is essential to understand how the number of cracks is determined. Three basic 
conditions governing the penetration of the initial cracks in the ice penetration problem were 
proposed. In this paper, these three conditions, which involve the consideration of strength, 
will be applied to study the initiation of parallel cracks from the surface of an elastic half-plane 
under the action of initial strains. The initial strains can be caused by a drop of temperature 
or by drying shrinkage of the material. Because the nature of the applied loads as well as 
the geometry differ from the sea ice penetration problem, the theory will need to be restated 
and modified. The analysis will reveal some interesting new features of the crack initiation 
problem. The solution will be applied to the cooling cracks in glass, cooling cracks on top of 
a floating sea ice plate, and drying shrinkage cracks in concrete. 

2. Conditions governing crack initiation from smooth surface 

The phenomenon of crack initiation involves transition between two states: One is the initial 
eqUilibrium state in which there are no cracks. The other is the first state of stable eqUilibrium 
at which the cracks have formed and have come to a stop but are simultaneously in a critical 
condition from which they can propagate further in a stable equilibrium manner if the applied 
load is increased. Between these two states, the cracks are unstable and grow dynamically. 
The reason that the transition is dynamic is that the energy release rate as a function of crack 
length begins increasing from zero, while at the same time the energy consumption rate is 
constant and nonzero (because we are treating the problem according to linear elastic fracture 
mechanics, supplemented by the strength criterion). This is what causes the initial instability 
of crack growth. In this study we are interested only in the two equilibrium states and the basic 
laws governing them. Because the material is considered to be elastic, the response is path 
independent, and so the dynamic transition between these two states need not be analyzed in 
order to solve the crack spacing problem. 

The first condition governing the crack initiation is a stress condition: The tensile stress 
caused by cooling or drying before the cracking must reach the tensile strength of the material 
at least at one point. For any load below this level the material simply can not start to break. 

The second condition is that the final state, as we have defined it, satisfies the Griffith law, 
that is, the energy release rate must be equal to its critical value (called fracture energy). If 
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Fig. I. (a) Geometry definition of crack systems; (b) Unit strip of width b; (c) Initial strain profile. 

the energy release rate were above the critical value, then the cracks already formed would 
be unstable and would not stop at the final state. On the other hand, if the energy release rate 
were below the critical value, then the cracks would have had to stop earlier and that state 
would not represent the final state of the initial dynamic process. 

The third condition is provided by the law of energy conservation, which requires the 
potential energy of the structure released due to crack jump to be fully converted into the 
surface energy of the newly formed cracks. Note that the Griffith law (the second condition) 
is also a statement of energy which is however applied to an infinitesimal crack extension and 
is represented by a differentiation of the potential energy, whereas the third condition is an 
energy conservation condition for a finite crack jump and is expressed by a finite difference 
in potential energy. 

Consider now an elastic half-plane of unit thickness that occupies the region y ~ 0 
(Fig. Ia) and is under plane stress. The material is homogeneous and isotropic. The half-plane 
is subjected to initial strain Ex = EoJ(yJ d) which may be caused by cooling or drying of the 
surface; f is a given function and d is the penetration depth of cooling or drying. The initial 
stress is ax = EEx = EoEf(yJd). The general shape of function f(yJd) is shown in Fig.Ic 
and its precise definition will be given later. We assume that the initially formed cracks are of 
equal length a and have a uniform spacing b. Thus we may concentrate on one cell of width b 
as shown in Fig. I b. The three conditions of crack initiation can simply be written as 

ax(x,O)~ft; G(a,d;b)=Gj; U(O,d;b)-U(a,d;b)=aGj, (1) 

where within the cell of width b, U = strain energy, ft = tensile strength of the material; 
G j = fracture energy of the material. For simplicity, we use here for the stress condition 
the equality a x = it. and postpone consideration of the case of inequality. In the following 
derivation, we will make use of Irwin's formula for the energy release rate in terms of the 
stress intensity factor 

G = _ dU = /(2, 

da E 
(2) 
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where J( = mode I stress intensity factor at the crack tip and E = Young's modulus of the 
elastic material. With this relation and based on the third condition, we can express the strain 
energy change as 

U(O,d;b)- U(a,d;b) = ~ fa J(2 da. 
E io (3) 

Furthermore, by combining the second and third conditions and rearranging, we can cast the 
three basic conditions as: 

ax = It; J(2 = EG j; aJ(2 = loa J(2 da. (4) 

Since all the equations refer only to a unit cell of width b (which is equal to crack spacing), 
the second condition of crack initiation furnishes a relation between the ratios alb and d/b. 
In this way, the solution of the crack initiation problem yields J( as a function of alb and 
d/ b for the given initial strain profile. In other words, there is a one-to-one correspondence 
between crack spacing b and the loading depth d. Once the penetration depth d is given, the 
crack spacing b and the initial crack length a can also be determined. We will come back to 
this point later. 

3. Mathematical formulation and numerical method 

Since all these quantities are complicated functions of the geometrical configuration and the 
loading profile, the solution must be numerical. The following method can be used. 

The problem is first decomposed into two separate problems. The first is the structure 
without cracks with the initial (or residual) stresses applied. The second is the structure 
without initial stress, but with cracks and crack surface tractions that are equal in magnitude 
to the initial stresses but opposite in direction. The solution is obtained by the superposition 
of these two problems. Since there is no stress intensity factor in the first problem, we can, 
therefore, study only the second problem. The initial strain profile may be considered either 
an error function (which is the exact solution of the linear diffusion problem) or a parabolic 
function (which is an often used approximation). These functions are 

2 JAY 2 fey) = 1 - Vi e-U du or fey) = (1 - y)2, (5) 

The problem of a half space weakened by equidistant parallel surface cracks has been 
studied by Bazant, Ohtsubo and Aoh [3][5] using the finite element method, by Nemat
Nasser, Keer and Parihar [12] using numerical solution of integral equation based on the 
continuous dislocation representation of cracks, and by Nied [14] using the displacement 
jump as the basic unknown. The problem was also reviewed in BaZant and Cedolin's book [2] 
(Chapter 12). The stresses for one normal surface crack in a half space were given by Keer 
and Chantaramungkom [9]. Nemat-Nasser, Keer and Parihar [12] modified their expression 
to obtain the stresses for an array of equidistant cracks at the surface. When all the cracks are 
of equal length, as assumed here, the equation can be simplified. The condition that the stress 
at the surface would reach the tensile strength may be written as 

ax(O, y) = ia 

D(t) f get, nb, y) dt = - fey/d), 
o n=-oo 

(6) 
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where D( t) is the density function of the Burger's vectors of edge dislocation multiplied by 
E /411". The kernel function 9 can be expressed as 

2(y + t) (y + 3t)[(y + t? - x2] 
9(t,x,y) = (y+t)2+x2 - [(y+t)2+ x2J2 

4ty(y + t)[(y + t)2 - 3x2] (y - t)[(y - t? + 3x2] 
+ [(y + t)2 + x2J3 - [(y - t)2 + x2J2 

Since 9 is an even function of x, the series in (6) may be written as 

00 00 

L 9(t, nb, y) = 9(t, 0, y) + 2 L 9(t, nb, y). 
n=-oo n=1 

Using the following two formulae (by Gradshteyn and Ryzhik, [8] pp. 23 and 36) 

00 1 1 L 2 2 = -2 [11" x coth 11" x-I], 
n=1 X + n 2x 

the infinite series can be summed into a finite expression: 

4tY1l"3 2 Y + t y + t 1 
+--csch 1I"--coth1l"-- +--

b3 b b y - t 

x 1- 211"--coth1l"-- + 11" -- csch 11"--[ 
y-t y-t 2(y_t)2 2 y-tj 

b b b b . 

It is further convenient to represent the kernel function in the following form 

00 11" (1I"t 1I"Y) 
g(t, 0, y) + 2 L g(t, nb, y) = [;91 b' b ' 

n=l 

where the function 91 can be written as 

1 
91 (t, y) = -- + 2 coth(y + t) - (y + 3t) csch2(y + t) 

t-y 

1 
+ 4ty csch2(y + t) coth(y + t) + -

y-t 

x [1 - 2(y - t) coth(y - t) + (y - t)2 csch2(y - t)]. 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 
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Because function D (t) is singular at the crack tip, it is now convenient to introduce a new 
unknown function C ( t) 

( 

2 ) 1/2 
D(t) = 2 a 2 C(t) 

a - t 
(14) 

which is a smooth function. Equation (6) is thus transformed into the following equivalent 
integral equation for the unknown function C ( t) 

0< y < a. (15) 

Once the unknown function is solved, the stress intensity factor can be calculated as 

(16) 

Since the first term of the expression of function gl is 1/(t - y), (15) is actually a Cauchy's 
singular integral equation. To solve it numerically, we first introduce in the interval (0, a) new 
variables 

s = t/a, x = y/a, C(as) = B(s). (17) 

Now the singular integral equation (15) can be written in the form 

(18) 

Next, (15) is extended into the interval ( -1, 1) by an even continuation: 

B( -s) = B( s) 0 < s < 1. (19) 

In this way, (15) can be equivalently expressed as 

(20) 

A very accurate numerical solution can be obtained by Gauss-Chebyshev quadrature and the 
collocation technique as described by Erdogan et al. (e.g. [16] where n is replaced here by 
2n + 1), which converts the singular integral equation into a discrete form as 

_ff(aXj) =! 2~1 7r B( .\7ra (!7raSi ! 7raXj) 
t d 2 6 2n + 1 St J b gl b ' b 

_~ 7r B( .)7ra (7rasi 7raXj) - 6 2n + 1 St b gl b' b ,j = 1,2, ... , n, (21) 
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where n is the number of integration points. The unknown point coordinate 8i and the 
collocation point coordinate x j are defined as 

( 
2i - 1 ) 

8i = cos 4n + 27r , (22) 

Such a system of linear equations can be easily solved, for example, by the method of triangular 
factorization. Once we know B, we can calculate the stress intensity factor J( in the form of 
the dimensionless stress intensity factor N as 

N = J( = _ 7ry'{iiC(a) = _~ fa B(1). 
ftV27rb ft\l27rb ft V 2b 

(23) 

Note that the numerical solution does not yield directly B( 1). The closest data point on which 
the unknown function is defined is 81 = cos(71)(4n + 2)). In theory, an extrapolation, for 
instance a quadratic extrapolation, is needed to find B( 1). However, when n is large enough 
(for instance, n = 50), the difference between B( 1) and B( 81) is in the third of fourth digit, 
and thus is negligible. 

The stress intensity factor, either in the form of J( or the dimensionless form N, is obviously 
a function of alb and dlb as well as the initial strain profile f(Yld). Our purpose in the next 
section will be to find the relation between these geometric characteristics. 

In terms of the dimensionless stress intensity factor N, we can rewrite the last equation in 
(4) as 

(24) 

Note that this equation is purely geometric, that is, it is independent of the material properties. 
From this equation, we can establish a relationship, which turns out to be one-to-one, between 
alb and dlb. Furthermore, let 

(25) 

This frequently used material characteristic, which will be called the material length, is 
an important quantity in the analysis. All the lengths characterizing the geometry will be 
normalized with respect to 10. The second equation of (4) can now be converted to the form 

2 (a d\ 10 1 
N b'b) = 27rb = 27rb*' 

(26) 

where b* = b 110 is the dimensionless crack spacing. Also, the dimensionless crack length and 
loading depth can be defined as 

(27) 

In the calculations, the ratio d/b is given as an input. Then, using (24) we can solve for a/b. 
After a/b and d/b are known, the value of b* is determined from (26). The dimensionless 
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Fig. 2. (a) Crack spacing ver;.,s load depth; (b) Initial crack length versus load depth. 

quantities a* and d* can be determined using (27). In this way, the problem can be solved 
efficiently. 

4. Analysis of numerical results 

Figure 2 shows the relation between a* and d*, as well as between b* and d*. The solid curve 
shows the error function and the dashed curve the parabolic function. As can be seen from 
Fig. 2, the difference in the final results between these two profiles is not significant. Thus, 
all the following analysis refers to the parabolic profile only. As the dimensionless loading 
depth d* increases, the spacing b*, starting from a very large value (which is actually infinite), 
decreases monotonically. However, the initial crack length first decreases. After it reaches 
its minimum value, it increases with d* towards infinity. Such a behavior must reflect the 
requirement of energy balance. The crack driving force is controlled by the loading depth d* . 
For small d* there is only a small amount of energy available, and so the crack spacing must 
be very sparse, b* must be very large and the crack length a* must be very small. On the other 
hand, a larger d* provides a larger amount of energy, and therefore a smaller crack spacing. 
Because the rate of decrease of b* is initially dramatic, the energy available for each crack 
must be reduced. That is why the crack length must initially decrease with the loading depth. 
After the rate of decrease of b* becomes less dramatic, the energy availability for each crack 
catches up, and then the crack length a* begins to increase monotonically with d*. 

For very large d*, the crack length a* is also very large. Therefore, for the crack tip, the free 
surface at y = 0 is no longer important. In addition, when the loading depth increases without 
bounds, the initial strain distribution becomes uniform. The problem is thus transformed into 
an array of semi-infinite vertical cracks terminating at a common horizontal line subjected to a 
uniform pressure it acting horizontally at infinity. The stress intensity factor for this problem 
can be solved analytically using Fonrier transformation [15], and the result is 

J( = in/fi. (28) 

Substituting this solution into the second equation of (4), we obtain the theoretical result for 
the lower limit of crack spacing b* = 2. Such a limit serves as a check for our numerical 
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calculation. Specifying a large value of d / b, we can solve for b*, which is found to be always 
larger, but very close to 2. For example, when d* = 100, b* = 2.267; when d* = 104 , 

b* = 2.026. When d* = 105, b* = 2.013. 
The other limit corresponds to a small d* value when the spacing is infinitely large. Since 

the interaction between the cracks can be neglected, the problem can be transformed into a 
single crack in an elastic half-plane. The numerical method described in the previous section 
can certainly be modified to solve for the stress intensity factor for this configuration, but we 
prefer to use a simpler and more explicit approach. According to [15], the stress intensity 
factor can be expressed as 

J( = 2ft r F(y/a) f(~) dy, 
Fa io VI - (y/a)2 d 

(29) 

where F( x) = 1.3 - 0.3x5/ 4 . This formula has an error less than 0.5 percent. Inserting this 
equation into the second and the third conditions of crack initiation, we can transform these 
two equations into the dimensionless forms as 

2 11" 
8<I> (8) = 4d;' (30) 

where 8 = a/dis a dimensionless variable, and the functions <I> and "\]i are defined as 

<I>(8) = rl 

~f(8t)dt, io 1 - t 2 
"\]i(8) = t t<I>2(t)dt. 

JO 
(31 ) 

To achieve adequate precision, Gauss-Chebyshev quadrature must be employed to calculate 
the function <I>. Combining the two equations in (30), we obtain an equation for determining 
the ratio a/d. Then, through either of the equations in (30), we can determine the value of 
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d*. This value of d* is found to be approximately 2.281, and the corresponding crack length 
a* = 1.411 (when the initial strain profile is taken as a parabolic function). This result is also 
used as another check on our numerical calculations. The difference between the values just 
calculated and the extreme values of our previous numerical results is less than 0.4 percent. 

The function s<I>2( s) and ITJ( s)1 s is plotted in Fig. 3. Note that, away from the origin, there 
is only one point at which these two curves intersect. Such a point happens to be the maximum 
point of function ITJ ( s ) I s, which is the dimensionless form of the total energy released due to 
the crack formation. This property can easily be verified by the definition (30) of these two 
functions. The ratio s = aid = 0.6186 is such that the total energy released is maximized 
among all the other ratios. As a result, the penetration depth is minimized. 

One is naturally led to the question: what will happen when the maximum tensile stress 
exceeds the tensile strength of the material while the penetration depth d* is still much less 
than the minimum value 2.281 ? Such a situation can happen, for instance, when the half plane 
represents a very hot object, the surface of which is suddenly brought into contact with a very 
cold medium. The surface stress quickly rises to Eex(TJ - To) (where ex is the coefficient 
of thermal expansion and TJ - To is the temperature difference), but the penetration depth 
is initially very small because there is not enough time fo" the conduction of heat into the 
material. 

According to this theory, when d* is smaller than the lower limit value, there will not be 
enough stored energy available to create a crack, even though the stress level is already high 
enough to break the material. As a result, there will be densely distributed cracking which 
does not localize into cracks of macroscopic sizes. To avoid the trouble of smeared damage 
analysis, we assume that such behavior is approximately equivalent to the present analysis in 
which the maximum tensile stress can exceed the tensile strength, i.e. 

(32) 

When the stress condition is changed, the energy balance laws are also changed accordingly. 
In fact, the altered system will be the same as in (30), except that the dimensionless loading 
depth d* must be replaced with )..2d*. As a result, the critical ratio aid is the same and the 
minimum penetration depth becomes 2.281 I).. 2, which is still finite, although smaller than the 
original minimum depth. 

5. Experimental evidence 

The present theory appears to be compatible with the existing experimental evidence. In 
Geyer's experiment [17], a glass plate uniformly heated to about 200°C was put into contact 
with dry ice (at -78°C). Seconds after contact, a few cracks suddenly shot up in a dynamic 
manner. Since the paper did not report what kind of glass was used in the test, we assume 
that it was soda-lime glass. For this kind of glass, the tensile strength is typically 70 MPa 
[1]. The typical standard deviation of the tensile strength of glass is about 20 percent. The 
Young's modulus reported in the paper is E = 69 GPa. The thermal expansion coefficient is 
8.5 x 1O-6o C. The initial tensile stress .;aused by the temperature difference is calculated to 
be 160 MPa, which is larger than the tensile strength. If the fracture energy G f is taken as 
3.6 N/m, as reported in the paper, the material length 10 is about 0.05 mm. With such a small 
reference length, only the part of the solution for small d* and large b* is relevant to this 
experiment. 
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It is observed that cracks do not form immediately after the hot glass gets in contact with 
dry ice. Rather, a few seconds are usually needed. This can be explained by our theory: 
the penetration depth needs to reach a certain length (a process that takes time) before the 
cracks can form. The average spacing is about 1 to 2 cm, which is sufficiently large for b* 
to be regarded as infinity. In this experiment, the maximum stress is larger than the tensile 
strength (,X is about 2). An over-stressed plate can be highly unstable, since any disturbance 
supplying energy (such as kinetic energy) can make the energy sufficient for crack formation. 
If this occurs, the crack could form suddenly and in a dynamic manner. For dynamic crack 
growth another possible cause is the fact that the tensile strength of the glass decreases with 
an increase of temperature. Although the fracture energy also decreases with temperature, 
its rate of decrease is not as significant as that of the tensile strength. In the case of Geyer's 
test, the cold side of the glass plate is much stronger, therefore requires a higher level of 
stress to break the glass. However, once the cracks are formed and enter the zone of higher 
temperature, where the glass is less tough, then there is a surplus of crack driving force (that 
is, energy release rate). Such a surplus of driving force would certainly cause cracks to grow 
in a dynamic way. 

6. Further considerations 

It should be emphasized that the relation plotted in Fig. 2 between the penetration depth d* and 
the crack spacing b* (as well as the initial crack length a*) does not apply for the subsequent 
crack evolution. Rather, each point in Fig. 2 represents an event of crack formation. After 
the cracks are formed, the dominant crack spacing is governed by the stability of the crack 
system and the bifurcation of solution. This has been discussed in detail in [3] [5] [2] and [12] 
[13]. 

Consider now the selection of d*. Imagining that both the maximum value of the initial 
strain and the loading depth grow with time, one should take the loading depth at the moment 
when the maximum strain reaches the tensile strength. It is this loading depth that determines 
the initial crack spacing and the initial crack length. However, if the loading depth is still 
smaller than the minimum value, then the critical penetration depth will be the depth that first 
satisfies the relation d* = 2.281/,X2. 

Nemat-Nasser et al. [12] gave an estimate of the lower limit of crack spacing, which is, 
using our notation, in the form of b* > 11 (,X 2 J( 0); J( 0 is an empirical coefficient depending 
on the initial strain loading profile, the ratio al d and parameter () representing the fraction of 
strain energy to be used in creating new crack surfaces. However, neither al d nor () can be 
determined in their analysis, as is admitted by Nemat-Nasser et al. [13]. In Geyer's paper, this 
factor is taken as 0.1. Therefore, their estimate of lower limit is 5 times larger than here. 

Bazant et al. [5] gave a similar estimate. Their value of al d was 1.5 or more, which is 
also larger than our result aid = 0.62 (see Fig. 3). Further experimental studies are needed to 
verify these theoretical predictions. 

According to the present analysis, the crack spacing has a lower bound, which is d* = 2. 
For quasibrittle materials, the concept of fracture energy can no longer be uniquely defined, 
and different methods of fracture energy calibration suit different purposes. For concrete, 
the fracture energy obtained by the work-of-fracture method [18] is a measure of the energy 
required to tear apart a unit area of the material, which is usually 2 to 3 times larger than that 
obtained by the methods based on maximum-load measurements. It is the value obtained by 
the work-of-fracture method that should be employed in the calculation of the material length 
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10. More detailed discussion will be published elsewhere. For nonnal concrete, 10 is in the 
range of 15-30cm. Thus, in massive concrete blocks, the average surface crack spacing due 
to shrinkage is predicted to be no less than 30-60 cm. 

For small scale fracture of sea ice, 10 can be taken in the range of 5-lOcm; therefore, the 
average surface crack spacing due to temperature change in very thick sea ice plates should 
not be expected to be less than I0--20cm. 

According to the present type of theory, the length of the initial cracks in a finite body 
would have to depend also on the characteristic dimension (or size) of the structure, e.g. the 
thickness of a sea ice plate. Therefore, the crack initiation is a source of size effect. This has 
already been documented for the problem of initiation of radial cracks during the penetration 
of sea ice plate [11]. 

A comment on the limitation of the present theory is in order. Short enough cracks in 
all materials exhibit the so-called R-curve behavior which requires the use of some fonn of 
nonlinear fracture mechanics. The energy release rate of a very short crack (before reaching 
its final stage) is very small. Accordingly, our analysis implies the assumption that the crack 
will make a jump even though G < G f \\ hen crack length is very short. However, considering 
R-curve behavior, we realize that the initial crack growth may need less energy than G f. Thus, 
the incremental energy balance equation could always be satisfied. These questions cannot be 
decided at present because the R-curve behavior has so far been documented only for short 
cracks starting from a notch, but not for cracks from a smooth surface. For those, the R-curve 
could be very different. 

The most severe assumption probably is that of simultaneous occurrence of all the cracks. 
In real materials, the strength varies from point to point, and so cracks will start where the 
material is the weakest. Such cracks might not lose their stability due to R-curve behavior. 
As a result, more cracks could emerge. When the growing system of these small cracks loses 
its stability, only some of these small cracks, most likely those of longer lengths, will jump 
forward to their final stable positions. The assumption of our analysis could be approached 
if the material is very unifonn, so the initial cracking is forced to occur nearly at the same 
time. 

In this perspective, we realize that the true behavior of cracks at initiation is more complex 
than described in the fonn of the three conditions introduced in this paper. The possibility of 
an initial stable stage has been ignored, and so has been the perturbation due to the random 
inhomogeneity of the material. In addition, the nonlinear behavior described by damage 
mechanics is not taken into account, either. Consequently, the predictions of the present 
analysis are only approximations. However, the present analysis captures the basic aspects of 
the problem according to fracture mechanics and the stability point of view. 

7. Conclusions 

1. The initial spacing and initial stable eqUilibrium length of parallel equidistant cracks 
emanating from the surface of a half space can be detennined from three conditions: (l) The 
stress at the surface reaches a given strength limit. (2) After the initial cracks fonn, the energy 
release rate equals its given critical value. (3) The finite energy release due to the initial crack 
jump equals the energy needed to fonn the crack (according to the given fracture energy of 
the material or fracture toughness). 

2. The problem can be solved if the stress intensity factor as a function of the loading 
depth, the crack length and the crack spacing is known. The stress intensity factor can be 
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solved from a Cauchy integral equation. For the limiting cases of infinite initial crack length 
and of infinite large crack spacing, the correct limiting values are approached, which provides 
a check for the accuracy of the numerical solutions. 

3. The results of analysis are compatible with the available experimental evidence on 
thermal cracks in glass. They also seem to agree with the experience for thermal cracks in sea 
ice and drying shrinkage cracks in concrete. However, further experimental verifications are 
needed. 
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