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ABSTRACT: The new microplane model developed in the preceding companion paper is calibrated and verified 
by comparison with test data. A new approximate method is proposed for data delocalization, i.e., decontami
nation of laboratory test data afflicted by localization of strain-softening damage and size effect. This method, 
applicable more generally to any type of constitutive model, is based on the series-coupling model and on the 
size-effect law proposed by BliZant. An effective and simplified method of material parameter identification, 
exploiting affinity transformations of stress-strain curves, is also given. Only five parameters need to be adjusted 
if a complete set of uniaxial, biaxial, and triaxial test data is available, and two of them can be determined 
separately in advance from the volumetric compression curve. If the data are limited, fewer parameters need to 
be adjusted. The parameters are formulated in such a manner that two of them represent scaling by affinity 
transformation. Normally only these two parameters need to be adjusted, which can be done by simple closed
form formulas. The new model allows good fit of all the basic types of uniaxial, biaxial, and triaxial test data 
for concrete. 

INTRODUCTION 

Following the general theoretical formulation in the preced
ing paper (BaZant et al. 1996), we will calibrate and verify the 
new microplane model by fitting the most relevant test data 
from the literature. To do that properly, we will attempt to 
decontaminate the data afflicted by localization of damage 
within the gauge length. 

DELOCALIZATION OF TEST DATA AND MATERIAL 
IDENTIFICATION 

So far it has been general practice to identify the postpeak 
stress-strain relation from test data ignoring the fact that the 
deformation of the specimen within the gauge length often 
becomes nonuniform, due to localization of cracking damage. 
The fact that damage must localize, except in the smallest 
possible specimens, had become theoretically clear during the 
mid-1970s (BaZant (1976); also see the review in BaZant and 
Cedolin (1991)]. The localization was systematically docu
mented for uniaxial compression by van Mier (1984, 1986) 
and for uniaxial tension by Peters son (1981). However, be
cause the general problem of identification of material param
eters in presence of strain-softening localization (Ortiz 1987) 
is tremendously complex, the contamination of test data by 
localization has typically been ignored. At the present state of 
knowledge, however, this is no longer acceptable. The data 
must be decontaminated and delocalized. An approximate pro
cedure to do that, applicable to any type of constitutive model, 
was briefly outlined at a recent conference (BaZant et al. 1994) 
and will now be developed in detail. 
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The delocalization cannot, and need not, be done with a 
high degree of accuracy and sophistication. In the identifica
tion of the present model, the test data from laboratory spec
imens have been analyzed taking into account the strain lo
calization in an approximate manner, briefly outlined in a 
recent conference paper (BaZant et al. 1994). The idea is to 
exploit two simple approximate concepts: (1) localization in 
the series-coupling model (BaZant 1976); and (2) the effect 
that energy release due to localization within the cross section 
of specimen has on the maximum load, as described by the 
size-effect law proposed by BaZant (1984). 

The strain as commonly observed is the average strain £ on 
a gauge length L. According to the series coupling model (Ba
zant and Cedolin 1991, section 13.2). L£ = lEe + (L - I)Eu. 
in which L = gauge length on which the deformation is mea
sured; I = length (or width) of the strain-softening zone (mea
sured in the same direction as L; Fig. l(a); Ee = actual strain 
in the strain-softening cracking zone [Fig. 1(b)] that needs to 
be determined; and Eu = strain in the rest of the specimen. 
which undergoes unloading from the peak stress point [Fig. 
l(b)]. Although in Fig. l(a) the zone of strain-softening lo
calization is pictured at the left end, the formula is the same 
if this zone lies anywhere within the gauge length L. The un
loading strain is Eu = Ep - (O'p - O')/E. where E = Young's 
modulus; and Ep and O'p = strain and stress at the peak of the 
stress-strain curve for the given type of loading. So 
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FIG. 1. Filtering of Straln-Softenlng Localization and Size Ef
fect from Laboratory Test Data 
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for £ > Ep: Ec = -T £ - L ~ I (Ep _ rJ'p; a) (1) 

The strain that the constitutive model for damage should 
predict is the strain E in the localization zone. But this strain 
is difficult to measure, for three reasons: The size of the lo
calization zone is small, which reduces the accuracy of strain 
measurements; the location of the localization zone is uncer
tain, and so one does not know where to place the gauge; and 
the deformation of the localization zone is quite random, while 
the constitutive model predicts the statistical mean of many 
random realizations (determining this mean requires taking 
measurements on many specimens). 

To correct the given test data according to (1), one must 
obviously know the value of the localization length I. It is 
impossible to determine this length from the reports on the 
uniaxial, biaxial, and triaxial tests of concrete found in the 
literature. However, a reasonable estimate can be made by ex
perience from other studies; I ..,. 3da , where da = maximum 
size of the aggregate in concrete (for high-strength concretes, 
I is likely smaller, perhaps as small as I = da). 

According to the available uniaxial test results, extending 
only the length of the specimen does not appear to have a 
systematic effect on the measured peak load or strength; how
ever, changing the cross-section size D does. This type of size 
effect is not describable by the series coupling model. Rather, 
the response is a complex mixture of series and parallel cou
plings of the strain-softening localization zone and the un
loading zone. Such behavior is better looked- at in a different 
way-through the energy release. 

A localized zone of cracking damage causes energy to be 
released not only from the damage zone itself but also from 
the adjacent zone that is getting unloaded. This is graphically 
illustrated in Fig. l(c), where the energy is released not only 
from the damage-localization zone (i.e., the cracking band), 
but also from the adjacent shaded zones, which may be ap
proximately assumed as triangular. This consideration shows 
that in a larger specimen that is geometrically similar and con
tains a geometrically similar crack, the energy-release rate for 
the same applied average stress is higher. But the energy con
sumption at the front of the propagating crack band per unit 
extension of the band is the same, being a material property. 
Therefore, the applied stress in the larger specimen must be 
smaller, so that the energy-release rate be equal to the energy
consumption rate. This approximate consideration yields the 
size-effect law (BaZant 1984): up = rJ'o[1 + (DlDo)r l12

, in 
which rJ'N = nominal strength of the material = average stress 
in the cross section at the peak load; D = characteristic di
mension, which may be taken as the cross-section dimension; 
and Do and Uo = empirical constants depending on material 
properties, specimen shape, and type of loading. The term rJ'o 
theoretically represents the strength for D ~ 0, which is a 
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limiting value that is usually approached only for extrapola
tions to specimen size less than da, which has no physical 
meaning. 

We need to refer the strength values to a certain represen
tative volume of the material that is approximately equal to 
the size of the localization zone, that is, size Dl - I [Fig. l(d)]. 
For this representative size we have E = Ec + (u - u)IE. Thus, 
the corrected peak stress (strength) may be approximately de
termined as 

1 + (DIDo) 

1 + (liDo) 
(2a,b) 

where Up = actually measured average stress in the cross sec
tion at the peak load. 

The size effect obviously modifies not only the strength, but 
all the stress values. We may consider that, due to a change 
of size from D to Dh the stress-strain curve is approximately 
transformed as shown by arrows in Fig. 1 (b). This type of 
transformation, considered as affinity scaling in the direction 
of arrows with respect to the strain axis, does not change the 
initial elastic modulus E. Thus, all the measured average 
stresses in the cross section, (j, need to be transformed as u = 
Clp{j. The corresponding strains change by the horizontal pro
jections of the arrows in Fig. 1(b), and so they are E = Ec + 
(u - {j)IE. Therefore 

(3a,b) 

in which E and rJ' = corrected strains and stresses for the rep
resentative volume of the material to be described by the mi
croplane model. The value of Ec is calculated from (1). The 
actually measured average stresses and strains, as reported in 
the literature, are (j and £. 

The transformations of measured data are explained in Fig. 
l(b). The average stresses and strains as measured yield the 
stress-strain diagram 0123. According to the series coupling 
model, this diagram needs to be transformed to 0145. Accord
ing to the energy-release effect described by size-effect law, 
this diagram needs to be further transformed to 0675. This 
then represents the correct stress-strain diagram to be repre
sented by the constitutive model. A general point 2 on the 
softening diagram, having coordinates £ and {j, is first trans
formed according to the series coupling model to point 4 hav
ing coordinates Ec and {j, and this point is then transformed 
according to the size-effect law to point 7, having coordinates 
E and u to be used in the constitutive model. The geometrical 
meaning of the affin~ transformation according to the hori
zontal arrows is that 84/82 = LII, and the geometrical meaning 
of the second affi!!!!y transformation according to the inclined 
arrows is that 96/91 = 37/34 = Clp-

Further questions need to be discussed with respect to the 
lateral strains and to triaxial deformations. Fig. 2 shows sche
matically the actual postpeak damage in uniaxially compressed 
and uniaxially tensioned specimens. For tension, the length (or 
width) of the localization zone (width) in normal concretes is 
approximately I = 3da, where da = maximum aggregate size. 
For high-strength concrete it is narrower, perhaps I = da. In 
compression, the length of the localization zone, consisting of 
bands of axial splitting cracks and shear bands, is larger and 
probably may be taken as I = D, where D = width of the cross 
section. As for the measurements of lateral strains in these 
tests, it is assumed they are made in the localization zone, and 
in that case no corrections to those strains are needed (if lateral 
strains were measured outside the localization zone, then such 
measurements would be irrelevant to postpeak behavior). Be
cause the volumetric strains are determined from the lateral 
strains, no correction is applied to these as well. When non-
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similar specimens of different lengths and the same cross sec
tion are used in uniaxial tests [e.g., van Mier (1984, 1986)), 
the size effect on the maximum stress is approximately zero, 
as indicated by these tests, and so the correction according to 
the size-effect law is not applied. This correction should be 
based on the dimension of the cross section, not on the length 
of the specimen when dissimilar specimens are considered. In 
shear tests carried out as torsion tests, the localization is one
dimensional, similar to uniaxial tension, and thus the shear 
strain and shear stress are treated in the same way, with the 
same corrections. 

CALIBRATION AND COMPARISON WITH CLASSICAL 
TEST DATA 

The present model has been calibrated and compared to the 
typical test data available in the literature. They included (I) 
Uniaxial compression tests by van Mier (1984. 1986; Fig. 3). 
for different specimen lengths and with lateral strains and vol
ume changes measured, and by Hognestad (1955; Fig. 4); (2) 
uniaxial direct tension tests by Petersson (1981; Fig. 5); (3) 
uniaxial strain compression tests of BaZant et al. [1986; Fig. 
6(a)); (4) hydrostatic compression tests by Green and Swanson 
[1973; Fig. 6(b)]; (5) standard triaxial compression tests (hy
drostatic loading followed by increase of one principal stress) 
by Balmer (1949; Fig. 7); (6) tests of shear-compression fail
ure envelopes under torsion by Bresler and Pister (1958) and 
Goode and Helmy [1967; Fig. 8(a)); (7) tests of biaxial failure 
envelope by Kupfer et al. [1969; Fig. 8(b)]; (8) failure enve
lopes from triaxial tests in octahedral plane ('IT-projection) by 
Launay and Gachon (1971; Fig. 9); and (9) uniaxial cyclic 
compression tests of Sinha et al. (1964; Fig. 10). 

As seen from the figures, the comparisons are quite good. 
In Fig. 3 it should be noted that the uniaxial compression 
stress-strain diagrams are well represented for three specimens 
lengths, I = 5, 10. and 20 cm [it was already shown that the 
series coupling describes well the length effect in these tests; 
see BaZant and Cedolin (1991), section 13.2]. Fig. 6(a) serves 
as the basis for calibrating the volumetric stress-strain bound
ary, and a good fit is seen to be achieved for these enormous 
compressive stresses (up to 300 ksi or 2,070 MPa). Fig. 8(b) 
shows that the ratio of uniaxial and biaxial compression 
strengths found in these tests can be modeled. Fig. 7 shows 
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that the large effect of the confining pressure in standard tri
axial tests can also be captured. In Fig. 9, note that the model 
predicts well the shape of the failure envelopes, which is non
circular and nonhexagonal, corresponding to rounded irregular 
hexagons squashed from three sides. In Fig. 10, note that the 
subsequent stress peaks in cycles reaching into the softening 
range are modeled quite correctly, as are the initial unloading 
slopes. Significant differences, however, appear at the bottom 
of the cyclic loops, which is due to the fact that the unloading 
modulus is in the present model kept constant (a refinement 
would be possible, by changing the constant unloading slope 
on the microplane level to a gradually decreasing slope, of 

2581 JOURNAL OF ENGINEERING MECHANICS 1 MARCH 1996 

course with some loss of simplicity), It should also be noted 
that the loading in these tests was quite slow and much of the 
curvature may have been due to relaxation caused by creep. 

It must be emphasized that all the solid curves plotted in 
the figures are the curves that are predicted by the microplane 
model. The dotted curves in Fig. 3 are those after correction 
according to the series-coupling model. The dashed curves in 
Fig. 5 are those after correction according to the size-effect 
law, and the dotted curves are those after a further correction 
according to the series-coupling model. 

The vertex effect is given in Fig. 11. 

PREDICTIONS FOR DIFFERENT TYPES OF TESTS OF 
SAME CONCRETE 

The test results to which the model has so far been com
pared have been obtained on different concretes, which means 
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that different material parameters can be used, A more severe 
check is a comparison with a set of many different types of 
tests of the same concrete. To obtain such a set, various special 
triaxial compression tests under nonproportional stress-strain 
paths have been conducted at the U.S. Army Engineers Wa
terways Experiment Station (WES); see Figs. 12-15. Al
though the strains were not so large that the finite strain theory 
would be required, they were large enough to make the dif
ference between the Cauchy (or true) stresses S/j and the nom
inal stresses T/j appreciable. The stresses plotted in the figures 
are T/j (which are also called the engineering stresses, and are 
for these tests approximately equal to the first Piola-Kirchhoff 
stresses). The tests have been made on right circular cylinders 
of initial height ho = 10,16 cm and initial radius ro = 2.54 cm. 
The strain field in the cylinders can be assumed to remain 
uniform. Let TI and T2 = axial and lateral (or radial) nominal 
normal stresses (representing the principal stresses); el = (h -
ho)/ho, e2 = eJ = (r - ro)/ro = axial and lateral engineering 
strains (or Biot finite strains); h and r = height and radius of 
the deformed cylinder; and el = UI,I and e2 = U2.2, where "I 
and U2 = axial and lateral displacements. Obviously, TI = SI 
(1 + e2? and T2 = S2 (1 + el)(1 + e2)' The test results are 
plotted in terms of the nominal principal stress difference and 
the nominal mean stress (-pressure p), expressed as 

-p = (1/3)(T1 +2T2) = (1/3)[SI(1 + e2i + 2S2(l + el)(l + e2)] 

(5) 
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The data evaluation program provides S/}, but here we prefer 
to plot T/}. 

The data from these tests were delocalized as described in 
(1)-(3). The triaxial compression test with confining pressure 
20 MPa was delocalized using the values Do = I = D = 5.08 
cm, L = 10.16 cm, O"p = 146 MPa, and Ep = 1.45%. Since Do 
= I = D, in effect, only the series-coupling model was consid
ered for delocalization while the correction due to the size 
effect was assumed to be negligible. The softening portion of 
the unconfined compression test was discarded because its ac
curacy was suspect, and thus it was not necessary to delocalize 
that test. 

The concrete used in these tests had standard cylindrical 
compression strength f~ = 46 MPa (6,700 psi), unit weight 
2,349 kglm3 (146.5 Ib/fe), and contained 264.2 kglm3 (445 Ibl 
yd3

) of Type I portland cement. The mix ratio (by weight) was 
cement: fly ash: coarse aggregate (river run gravel-chert, 
maximum size 9.5 mm or 3/8 in.) : fine aggregate (river run 
sand, maximum size 6.35 mm or 0.25 in.) : water = 1 : 0.211 : 
3.930: 3.184 : 0.553; also 2,940 cm3 of water-reducing admix
ture per cubic meter (76 fluid oz. per cubic yard) were used. 
The concrete was cured for 28 days prior to testing (cured wet 
for the first 7 days). The microplane model parameters for this 
concrete, calibrated by optimal fitting of the standard triaxial 
test data in Fig. 12, are: E = 25,000 MPa, k\ = 150 X to-6

, 

k2 = 0.6, k3 = 0.18, Iv. = 26, and k, = 73, while all the remaining 
parameters are the same as indicated before. Better fits of these 
and further data from WES could be obtained if parameter c, 
was changed from 6 to about 1. 

Based on the aforementioned parameter values, predictions 
are calculated for the nonstandard triaxial tests in Figs. 13-
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15. The confining stress (pressure) that was kept constant dur
ing the triaxial tests and is indicated in the figure was the 
Cauchy (true) stress (and not the nominal stress). Fig. 12(a) 
shows calibration of the microplane models by fitting the tri
axial compression test data for several different confining pres
sures that have been achieved with the present microplane 
model. As seen, the agreement is close over a wide range of 
confining pressures. Fig. 12(b) shows further calibration by 
fitting the hydrostatic compression data. The agreement 
achieved is excellent for the loading portion of the stress-strain 
curve; however, the unloading and reloading behaviors of the 
concrete are not modeled accurately. The reason is that the 
present version of microplane model assumes the initial mod
ulus for unloading and reloading to be equal to the initial bulk 
modulus, whereas in reality it strongly depends on the volu
metric strain. 

Fig. 13 presents a comparison of the model prediction with 
the results of a uniaxial-strain confined compression test. The 
agreement is good, although no effort to fit the data optimally 
has been made. Figs. 14-15 show comparisons of the model 
predictions with tests for three complex strain paths. The path 
in Fig. 14 consists of a uniaxial-strain loading followed by a 
constant axial-strain unloading. The unloading leads to a de
crease of pressure, which causes the state point to contact the 
failure surface and then ride down on it, thereby defining it. 
Fig. 14(a) reveals that the failure surface predicted by the mi
croplane model is similar, both qUalitatively and quantitatively, 
to the actual failure surface. As seen in Fig. 14(b), the agree
ment between the predicted and measured axial stress-strain 
curves for that test is also quite good. 

Fig. 15 gives the results for a path with a constant strain 
ratio e/e2 = -0.2, for both loading and unloading. As one can 
see, this path causes the current state point to ride up along 
the failure surface during loading. Fig. 15(a) reveals that the 
failure surface predicted by the microplane model closely 
agrees with the surface observed in the laboratory. As shown 
in Fig. 15(b), the axial stress-strain curve is qualitatively cor
rect although the magnitudes of the predicted stresses are a 
little bit low. 

Given that the curves in Figs. 13-15 are not optimized fits 
but predictions, the comparisons are quite satisfactory. They 
confirm the predictive capability of the model. 

VERTEX EFFECTS 

There is another important property that is exhibited by the 
microplane model, and not, for example, by macroscopic plas
ticity models. For a nonproportional path with an abrupt 
change of direction such that the load increment in the 0"1} 

space is directed parallel to the current yield surface, the re
sponse of a plasticity model is perfectly elastic, unless this 
change of direction happens at a comer of the yield surface. 
But in reality, for all materials, this response is softer, in fact 
much softer, than elastic. It is as if a corner or vertex of the 
yield surface traveled with the state point along the path. 

This effect, called the vertex effect [see, e.g., section to.7 
in Bafant and Cedolin (1991)], is automatically described by 
the microplane model, but is next to impossible to model with 
the usual plastic or plastic-fracturing models. It can be de
scribed only by models with many simultaneous yield sur
faces, which are prohibitively difficult in the 0"1} space. The 
microplane model is in effect equivalent to a set of many si
multaneous yield surfaces, one for each microplane component 
(although these surfaces are described in the space of micro
plane stress components rather than in the 0"1} space). This is 
one important advantage of the microplane approach. It is, for 
example, important for obtaining the correct incremental stiff
ness for the case when a de12-increment (segment 12 in Fig. 
11) is superimposed on a large strain E~l (segment 01) in the 



inelastic range. Segment 03 in Fig. 11 is the predicted response 
according to all classical macroscopic models with yield sur
faces, which is elastic, and segment 04 is the prediction of 
microplane model, which is often much softer than elastic (i.e., 
dcrlidE12 < 2G, where G = elastic shear modulus). 

Fig. 11 shows the incremental stiffness 04 calculated for the 
case for the present reference parameters and e?1 = 0.005. In
deed, the slope 04 is almost 115 of the slope 03 which would 
be predicted by plasticity with a simple yield surface. 

NONLOCAL GENERALIZATION 

Finally it must be emphasized that strain softening can be 
modeled only if the microplane model is combined with a 
nonlocal concept. As recently shown (BaZant 1994a), the non
locality is a necessary consequence of microcrack interactions 
and is a property that is separate from the stress-strain relation. 

The microplane model, or for that matter any constitutive 
model for damage, gives a prescription how to calculate the 
stress tensor cr as some tensor-valued function f of the strain 
tensor E. SO, cr = fee). The most robust method of structural 
analysis is to base the solution of a loading step on the incre
mental elastic stress-strain relation with inelastic strain involv
ing the initial elastic moduli tensor E 

acr = E:aE - as; as = E:(Ene ... - Eold) - f(Ene ... ) + f(Eold) 
(6a,b) 

in which subscripts "old" and "new" refer to the values of 
the variables at the beginning and end of the loading step; and 
S = inelastic stress tensor due to nonlinear behavior. In static 
implicit analysis (iterative initial stiffness method), as is up
dated in each load step by iterations. In the first iteration, E.ow 

and EOld are estimated on the basis of the solution of the pre
vious load step. 

There are various types of nonlocal approach. In the isotro
pic scalar nonlocal approach (Pijaudier-Cabot and BaZant 
1987), which was applied to the previous microplane model 
by Bazant and Ozbolt (1990, 1992) and Ozbplt and BaZant 
(1994), the elastic parts of stress increments are calculated 
locally. The inelastic parts of the increments of S must be 
calculated nonlocally. This is accomplished by first determin
ing. at each integration point of each finite element, the spatial 
weighted ave~e (or nonlocal) strains (E), and then calculat
ing nonlocal .:1S from these, i.e. 

au = E:ae - as (7a) 

~ = E:«Eo1d) - (enew» - f«E.,..,» + f«Eold» (7b) 

in which (> denotes the operation of spatial weighted aver
aging. approximated by a sum over the integration points of 
nearby finite elements. The only modification required in a 
local finite-element program is to insert the spatial averaging 
subroutine just after as is evaluated. 

There exists a better, more recent, nonlocal model, which is 
directly derived from crack interactions (BaZant 1994a) but is 
more complicated. This model has been combined with the 
previous microplane model (01bolt and BaZant 1994) and 
could be similarly combined with the present one. 

CONCLUSIONS 

1. The response of a quasi-brittle material such as concrete 
can be characterized on the microplane level as elastic 
within certain stress-strain boundaries that can never be 
exceeded. The response must follow the boundary, which 
describes strain softening. The advantage of this new 
concept is that each boundary can be defined as a func
tion of different variables (strain components) than the 

other boundaries and the elastic behavior. This feature is 
useful and necessary for the description of tensile strain 
softening. 

2. Although separately the elastic behavior and the move
ment along the boundaries are path independent, the total 
response is path dependent as a consequence of different 
possible combinations of elastic loading or unloading 
and strain softening. 

3. The new idea of stress-strain boundaries makes it pos
sible to obtain an excellent representation of nonlinear 
triaxial behavior of concrete with strain softening. The 
constitutive model can have an explicit form, in which 
the stresses are calculated from the strains. The new 
model is simpler than the previous microplane model. 
Use of the boundaries also allows an easy description of 
the response at unloading and cyclic loading. 

4. For compressive behavior, the stress-strain boundaries 
must be formulated separately for volumetric and devia
toric components. For tensile behavior. the boundary 
must be prescribed in terms of the total normal strain, 
even though the tensile elastic response is described sep
arately for the deviatoric and volumetric components. 
This eliminates a problem with excessive lateral strains 
that developed at very large tensile strains in the previous 
microplane formulation. For shear, the boundary can be 
defined simply as a linear frictional yield condition with 
cohesion. 

5. Identification of the material parameters from test data is 
made easy by introduction of several parameters that ef
fect affinity transformations of the stress-strain curves. 

6. A simplified method to delocalize the data, i.e., make 
correction to eliminate localization of strain softening 
and size effect due to energy release in the evaluation of 
laboratory test data, is proposed. The method is made 
simple by using the series coupling model for localiza
tion and the size-effect law. Such an approach to delo
calization and material identification yields a stress-strain 
relation that describes approximately the behavior of a 
small representative volume of the material rather than 
the average behavior of the test specimens. 

7. Generalization to moderately large finite strain is the eas
iest if the Lagrangian (or Green's) strain is adopted as 
the finite strain measure. Instead of considering other 
choices of finite strain measure, it is easier (and equiv
alent) to modify the tail of the microplane constitutive 
relations. The constitutive relations for the microplane 
are selected so that concrete at large strains, reduced to 
rubble. behaves approximately as a granular material. 
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