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ABSTRACT: The formulation of the microplane model for concrete and development of model M4 in the three
preceding companion papers in this study is here extended to large strains. After giving examples of certain
difficulties with the second Piola-Kirchhoff stress tensor in the modeling of strength and frictional limits on
weak planes within the material, the back-rotated Cauchy (true) tensor is introduced as the stress measure. The
strain tensor conjugate to the back-rotated Cauchy (or Kirchhoff) stress tensor is unsuitable because it is non-
holonomic (i.e., path-dependent) and because its microplane components do not characterize meaningful defor-
mation measures. Therefore Green’s Lagrangian tensor is adopted, even though it is not conjugate. Only for this
strain measure do the microplane components of the strain tensor suffice to characterize the normal stretch and
shear angle on that microplane. Using such nonconjugate strain and stress tensors is admissible because, for
concrete, the elastic parts of strains as well as the total volumetric strains are always small, and because the
algorithm used guarantees the energy dissipation by large inelastic strains to be nonnegative. Examples of
dynamic structural analysis are given.
INTRODUCTION

Under high hydrostatic pressures, quasibrittle materials such
as concretes, rocks, and some composites can undergo very
large strains exceeding 100% while retaining their integrity
(Bažant et al. 1999). Such strains are, for instance, observed
in measurements and numerical simulations of the impact of
missiles into concrete walls and soil or rock masses, in blast
and ground shock effects on hardened protective structures, in
seismic response of highly confined concrete columns, and in
longtime deformation of rock by geological processes. In the
absence of high pressure, very large deformations can be ex-
hibited by concrete that has been reduced to rubble and be-
haves like a soil.

An effective constitutive model for such problems is the
microplane model. Its latest version for concrete, which was
labeled M4 and was presented in the three other companion
papers in this study (Bažant et al. 2000a,b; Caner and Bažant
2000), was confined to small strains. An approximate gener-
alization of the microplane to large strains was given in Bažant
et al. (1996), but was limited to moderately large strains (up
to about 10%). The present study, which develops in detail the
finite-strain formulation broadly outlined at a recent confer-
ence (Bažant 1997), will feature a generalization of the mi-
croplane model to arbitrarily large strains. In closing, examples
of application in dynamic structural analysis will be given.

The problem will be approached with the stipulation that
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the large-strain model be obtainable by a simple generalization
of an existing small-strain microplane model (such as model
M4 presented in the other three parts of this study), without
any refitting of the generalized model to the existing represen-
tative small-strain material test data. Because of this require-
ment, and because of the need to use microplane stress and
strain measures that have a clear physical meaning, use is
made of certain approximations justified for concrete by the
smallness of the elastic parts of strains and of the inelastic
volume changes. In this regard, it may be remarked that Carol
et al. (1998) and Jirásek (1999) conceived rigorous thermo-
dynamics-based finite-strain formulations of the microplane
model that satisfy thermodynamic restrictions exactly, without
any restrictions; however, they would require entire recalibra-
tion of the microplane model by material test data, which
might prove hard because of certain practical difficulties (to
be discussed later) in adopting conjugate stress and strain mea-
sures on the microplanes.

Since the microplane model has been described in the pre-
ceding three papers (Bažant et al. 2000a,b; Caner and Bažant
2000), a review of its basic concepts will not be necessary. All
the definitions and notations will be retained.

MEASURES OF FINITE STRAIN AND STRESS

We will consider a broad class of finite strain measures
called the Doyle-Ericksen tensors [Doyle and Ericksen (1956);
see also Ogden (1984); Bažant and Cedolin (1991)]: for m ≠
0, = (Um 2 I)/m; for m = 0, = ln U, where m =(m) (m)« «
parameter = any real number; U = C = FTF = Cauchy-C;Ï
Green deformation tensor (e.g., Ogden 1984; Bažant and Ce-
dolin 1991). The right-stretch tensor, denoted as U is defined
by the polar decomposition F = RU of the deformation gra-
dient F = x/X, where X and x are the initial and final Car-
tesian coordinates of the material point (Malvern 1969; Ogden
1984; Bažant and Cedolin 1991). (The tensor products such
as RU are singly contracted products; the dot symbol for prod-
uct is omitted.)

The simplest to calculate is Green’s Lagrangian strain tensor
(e.g., Malvern 1969), proposed by Green and using Lagrangian
coordinates:

1 T« = (F F 2 I) (1)
2

Green’s Lagrangian tensor corresponds to m = 2. The case m
= 1 yields the Biot strain tensor, and the case m → 0 yields
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the Hencky (logarithmic) strain tensor (Hencky 1928; Ogden
1984; Bažant and Cedolin 1991; Rice 1993). The stress tensor
S, called conjugate, for which S:d« (where : stands for a dou-
bly contracted product) is the correct work expression, is the
second Piola-Kirchhoff stress tensor. It is related to the Cauchy
(true) stress tensor s as follows:

21 2T 21 TS = F JsF or s = J FSF (2)

with the notation F2T = (F 21)T = (FT )21 (Malvern 1969; Ogden
1984; Bažant and Cedolin 1991).

Two simple examples of an elastic constitutive equation for
isotropic materials in finite strain may be written as

˜ ˜ ˜1: S = Lε d 1 2Gε (3)ij kk ij ij

˜ ˜ ˜2: S = 3Kε d 1 2Gε (4)ij V ij Dij

Here dij = Kronecker delta (unit tensor components); = com-ε̃ij

ponents of finite strain tensor of any type of Cartesian co-«̃
ordinates xi (i = 1, 2, 3); = components of stress tensor SS̃ij

that is conjugate to repetition of coordinate subscripts im-«̃;
plies summation over i = 1, 2, 3; and L, G = elastic constants
analogous to Lamé elastic constant (note that K = L 1 2G/3
= constant that is formally analogous to the bulk modulus but
does not have such physical meaning because, for large strains,
the trace is not the volume change). Furthermore, = ε0˜ ˜ε εkk V

1 = volumetric strain = Green’s Lagrangian normal strain2ε /20

component corresponding to the isotropic (volumetric) stretch
that gives the exact relative volume change; ε0 = (J 2 1)/3 =
linearized (small) volumetric strain; J = det F = Jacobian of
the transformation; and = 2 = components of the˜ ˜ ˜ε ε ε dDij ij V ij

deviatoric strain tensor defining an isochoric deformation«̃D

(i.e., deformation at constant volume) according to the additive
decomposition proposed by Bažant (1996).

The decomposition of the displacement gradient tensor
(transformation tensor) of large deformation into its volumetric
and deviatoric (strictly speaking, isochoric) parts is in general,
multiplicative. It has the form U = FD UV (Flory 1961; Sidoroff
1974; Bell 1985; Simo and Ortiz 1985; Lubliner 1986; Simo
1988) where U = right stretch tensor; UV = volumetric right-
stretch tensor; and FD = deviatoric transformation tensor.

For concrete, as well as many other materials, the volumet-
ric-deviatoric decomposition is simplified by the fact that the
volumetric strain εV is always small (it is about 23% at the
highest pressure tested so far, which was 300,000 psi or 2,069
MPa; Bažant et al. 1986). This is small enough to permit writ-
ing the volumetric-deviatoric split of Green’s Lagrangian
strain approximately as additive (Bažant 1996). In component
form, εij = εDij 1 εVdij, where εV = exact volumetric strain for
the given strain measure. For Green’s Lagrangian strain mea-
sure, εV = ε0 1 For the Biot strain measure (Biot 1965;2ε /2.0

Ogden 1984; Bažant and Cedolin 1991), εV = J 1/3 2 1, in
which case the volume change magnitude could be up to about
8% to permit additive decomposition. The additive decompo-
sition is exact if and only if the strain measure is the Hencky
(logarithmic) strain tensor H, in which case εV = (ln J )/3.

Thus the classical multiplicative decomposition, which is
less convenient for calculations than the additive decomposi-
tion, appears to be inevitable only for materials exhibiting very
large volume changes, such as stiff foams.

DIFFICULTIES WITH PHYSICAL MEANING OF
CONJUGATE STRESS TENSOR

What makes the microplane model conceptually simple, and
more realistic than the classical (macroscopic) constitutive
equations expressed in terms of tensors and their invariants, is
that the normal and shear stress components on the micro-
planes are directly used to describe physical phenomena such
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as friction and strength or yield limit. This approach, however,
makes sense only if the stress components on the microplanes
characterize the true stresses on planes of various orientations
within the material. Let us now examine whether this is the
case for the second Piola-Kirchhoff stress tensor S.

While for elastic deformations only certain combinations of
S and « can arise, for inelastic deformations almost any com-
bination can. As a special case, we consider in this section that
the material rotation is zero (R = I), that the stress and strain
tensors are coaxial, and that Cartesian coordinates xi are placed
in the principal stress directions, as follows:

l , 0, 0 s , 0, 01 1

F = U = 0, l , 0 ; s = 0, s , 0 (5a,b)2 2F G F G
0, 0, l 0, 0, s3 3

where l1, l2, l3 = principal stretches and s1, s2, s3 = principal
Cauchy stresses. Then

s l l /l , 0, 01 2 3 1

S = 0, s l l /l , 0 (6)2 3 1 2F G
0, 0, s l l /l3 1 2 3

The shear component of S on the plane forming angles 457
with coordinate planes (x1, x3) and (x2, x3) is = (S1 2 S2)/S912

2 = [s1(l2l3/l1) 2 s2(l3l1/l2)]/2, while the corresponding
Cauchy stress component is = (s1 2 s2)/2. The normals912

component of S on the octahedral plane is Soct = [s1(l2l3/l1)
1 s2(l3l1/l2) 1 s3(l1l2/l3)]/3, while the normal component
of Cauchy stress on that plane is the mean Cauchy stress soct

= (s1 1 s2 1 s3)/3 = 2p (p = hydrostatic pressure). Another
similar difference could be demonstrated for the magnitudes
of shear stresses on the octahedral plane, which are given by

and where J2 denotes the second de-2J (S)/3 2J (s)/3,2 2Ï Ï
viator invariant of the tensor.

Obviously, for large stretches such as 2 or 1/2, the com-
ponents of the second Piola-Kirchhoff stress tensor can differ
enormously from the corresponding components of the Cau-
chy stress tensor (for the deformations of finite elements in
missile impact simulations, easily by a factor of 2 or more).
Consequently, the limit condition of frictional slip on a certain
plane cannot be formulated in terms of S alone, and neither
can the limit conditions of yield or strength limit, or the law
of strain hardening or strain softening on that plane. Frictional
slip on a certain plane, for example, depends on the true nor-
mal and shear stresses on a section by that plane through the
deformed material, and not directly on the stresses transformed
to a section of the material in its virgin initial state.

Although large elastic deformations are not the concern of
this study, the difficulties with the physical interpretation of
constitutive relations can be instructively manifested by con-
sidering the elastic stress produced by biaxial isochoric defor-
mations without rotation (R = I) defined by principal stretches
l1 = l, l2 = 1/l, l3 = 1, for which the principal Green’s
Lagrangian strains are ε1 = (l2 2 1)/2, ε2 = (l22 2 1)/2, and
ε3 = 0 (and J = 1). Adopting, for instance, the simple stress-
strain relation (4), we have εV = 0, εDij = εij and Sij = 2Gεij.
For the mean stress value of the second Piola-Kirchhoff tensor,
we get Skk/3 = (l 2 l21)2G/3 $ 0. Using (2), we obtain for
the Cauchy stress tensor the mean stress value skk/3 = (l4 2
l2 2 l22 1 l24)G/3 = (l6 2 1)(l2 2 1)l24G/3 $ 0. For l =
1.1 and 2, (4) yields Skk/3 = 0.01215G and 0.75G, respectively,
and skk/3 = 0.03689G and 3.896G. If, instead of (4), we use
the stress-strain relation (3), we get the same result, except
that the foregoing mean stress value must be multiplied by the
ratio 1 1 (3l/2G ). These values of the mean true stress caused
by elastic isochoric deformation are not only nonzero, but
enormous. Even though we do not need to worry about large
elastic strains of materials such as concrete, this example bla-
tantly demonstrates that a constitutive law in terms of the sec-



ond Piola-Kirchhoff stress does not allow a simple control of
hydrostatic pressure, and thus also of pressure sensitivity, in-
ternal friction, and dilatancy of material.

The physical meaning of the microplane stress components
must be clear enough to allow on a particular plane of normal
n simple modeling of (1) friction; (2) yield limit; and (3) strain
softening. As an example, consider that coordinates (x9, x9)1 2

form angle p/4 with (x1, x2) and [ x3. The true friction ratiox93
on the plane normal to in terms of the true (Cauchy) stressesx91
and the second Piola-Kirchhoff stresses are found to be k =

= (s1 2 s2)/(s1 1 s2) and = = 22¯s9 /s9 k S9 /S9 (s l12 11 12 11 1 2

1 Consider, for example, that l3 = 1, l1
2 2 2s l )/(s l s l ).1 1 1 2 1 1

= 1/2, and l2 = 2. Then, for s1 = s2, we get k = 0 and =k̄
15/17; for s1 = 2s2, we get k = 1/3 and = 31/35; and for s2k̄
= 2s1, we get k = ` and = 217/15.k̄

Further, let s0 denote the yield limit for normal stress sN or
SN . On the plane normal to we then have the yield con-x9,1

ditions sN = = (s1 1 s2)/2 and SN = = (s1l2/l1 1s9 S911 11

s2l1/l2)/2. Consider again that l3 = 1, l1 = 1/2, and l2 = 2.
Then for s1 = s2, these yield conditions are sN = s1 = s0 and
SN = (17/8)s1 = s0, and for s1 > 0 and s2 = 0, they are sN =
1/2 = s0 and SN = (1/8)s1 = s0.

Finally, consider strain softening characterized in terms of
Cauchy stress by sN = (lN 2 1)EN /v, where v = damage
variable. Conversely, v = 1 2 (lN 2 1)EN /sN . If sN is replaced
by the second Piola-Kirchhoff stress SN , = 1 2 (lN 2 1)EN/v̄
SN . The stretch = lN in the direction is calculated asl9 x911 1

follows:

1→ 2 2l = n ?F = (l / 2, l / 2); l = (l 1 l ) (7a,b)Ï ÏN 1 2 N 1 2Î2

If we consider s1 = s2, l2 = l1 = = lN = 2, we get forl911

damage in terms of Cauchy stress v = 1 2 EN /s1, and for
damage in terms of second Piola-Kirchhoff stress = 1 2v̄N

2(lN 2 1 = 1 2 8EN /17s1. When v = 1/2,22 21)E /(l l )sN 1 1 1

= 13/17.v̄
In the foregoing examples, replacement of Cauchy stress

with the second Piola-Kirchhoff stress is seen to produce enor-
mous differences. The Cauchy stress, representing the true
stress, must be considered as the correct one. Similar difficul-
ties can be demonstrated for Biot’s stress.

CHOICE OF STRESS TENSOR FOR
MICROPLANE MODEL

The problem of formulating the large-strain constitutive re-
lation of the microplane model for concrete is not the same as
for elastomers such as rubber. For the latter, the problem is
easier because the material is elastic, which means that the
potential energy can be assumed to be a simple function (e.g.,
a low degree polynomial) of the invariants of the finite-strain
tensor. Any finite strain tensor can be used, and no physical
concepts such as the internal friction, yield limit, and pressure
sensitivity are needed in that case; but for inelastic materials,
the situation is very different.

In view of the foregoing examples, it is not surprising that
the previous attempts to develop a reasonably performing
large-strain microplane model in terms of the second Piola-
Kirchhoff stress tensor have met with no success. The same is
true of the stress tensor conjugate to the Biot strain tensor.

The Cauchy (true) stress tensor would give a clear physical
meaning for the microplane stress components, but since this
tensor is not referred to the initial configuration of the material
and is not conjugate to any Lagrangian finite strain tensor, it
cannot be used in a constitutive equation for a material such
as concrete that has a memory of the initial state. This stress
tensor is conjugate to the deformation rate (or velocity strain).

What is then the proper stress tensor to use? It is the Cauchy
(true) stress tensor rotated back to the initial coordinates X
attached to the material:

Ts = R sR (8)

where s = Cauchy stress (true stress) tensor; and R = material
rotation tensor. In the case of no rotation, s coincides with the
Cauchy stress tensor.

Another possible choice could be the back-rotated Kirchhoff
stress tensor, which is obtained by scaling s with the scalar J,
that is, t = RTJsR, where Js = Kirchhoff stress tensor. The
true stresses are easily figured out by dividing the components
of the back-rotated Kirchhoff stress tensor by scalar J. This
tensor has been used by Hoger (1987), Eterovic and Bathe
(1990), and Gabriel and Bathe (1995) for incremental descrip-
tion of plastic materials in large strain.

The back-rotated Cauchy or Kirchhoff stress tensor has the
property that s = s (=Cauchy stress tensor) or t = s/J, re-
spectively, if there is no coordinate rotation (R = I). If there
is nonzero rotation R, the physical meaning of stresses does
not get changed by the rotation; only the component values
get transformed. The hydrostatic pressure, which is important
for pressure-sensitive materials such as concrete, soils, or
rocks, is given by tr s or (tr s)/3J, respectively. This is true
regardless of rotation R because the trace of a tensor is an
invariant. The second invariant of the deviator of s is equal,
regardless of rotation, to the second invariant of tensor s be-
cause any invariant is, by definition, unaffected by rotation.

A constitutive law in terms of the back-rotated Cauchy
stress or back-rotated Kirchhoff stress could, in principle, be
always transformed to a constitutive relation in terms of the
second Piola-Kirchhoff stress. But then the constitutive law
would no longer be expressed in terms of stress and strains on
a single microplane alone.

CHOICE OF FINITE STRAIN TENSOR FOR
MICROPLANE MODEL

It would seem appropriate to choose as the strain measure
the strain tensor that is work-conjugate to the chosen stress
tensor. However, two distinct problems would arise.

The first problem is that the strain tensor conjugate to the
back-rotated Cauchy stress tensor, as well as that conjugate to
the back-rotated Kirchhoff stress tensor, is nonholonomic. In
other words, it depends not only on the current deformation
gradient, but also on the deformation path in which the current
state has been reached. It may be shown (Appendix I) that the
strain tensors e and j conjugate to s and Js, respectively, are
defined incrementally by de = J(U 21dU 1 dUU 21)/2 = J
sym(U21dU) and dj = (U21dU 1 dUU 21)/2 = sym(U 21dU).
If the principal strain axes do not rotate, integration yields the
following expressions, of which the first one, representing the
Hencky (logarithmic) strain tensor, is explicitly integrable and
thus path-independent:

dl /l , 0, 0 ln l , 0, 01 1 1

j = 0, dl /l , 0 = 0, ln l , 0 (9)2 2 2E F G F G
0, 0, dl /l 0, 0, ln l3 3 3

l l dl , 0, 02 3 1

e = 0, l l dl , 0 (10)3 1 2E F G
0, 0, l l l1 2 3

A nonholonomic (path-dependent) strain tensor evaluated
incrementally has recently been adopted by Levitas (1996) for
plastic metals. However, such a strain tensor appears ques-
tionable for materials for which the initial virgin state is an
important reference for defining the constitutive behavior, such
as the fracturing damage in concrete. The path-dependence
destroys memory of the initial virgin state of a material.
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The second problem lies in physical interpretation of the
strain tensor components on various planes. To generalize the
microplane model to finite strain, a definite physical meaning
needs to be attached to the normal and shear strain components
on the microplanes. The following two conditions ought to be
met:

• Condition I. The normal strain component eN on a micro-
plane should uniquely characterize the stretch lN of a ma-
terial line segment whose direction n is initially normal
to the microplane. The component eN should be indepen-
dent of the stretches of the material line segments in other
initial directions.

• Condition II. The shear strain components uNL (or uLN)
should uniquely characterize the change of angle uNM or
uNL between two initially orthogonal line segments of ma-
terial points initially coinciding with unit vectors n and
m, or n and l. These components should be independent
of the stretch in any direction and of the angle change in
planes other than (n, m) or (n, l).

As an example, consider a plane in the material (or a mi-
croplane) whose unit normal n has the components n = (n1,
n2, n3) = 0). First consider the normal strain.(1/ 2, 1/ 2,Ï Ï
For any type of finite strain tensor = = 12˜ ˜ ˜ ˜«, ε n n ε n εN i j ij 1 1

1 = 1 The normal strain component on the2 2˜ ˜ ˜ ˜n ε n ε (ε ε )/2.2 2 3 3 1 2

microplane is, for Green’s Lagrangian strain, εN = ninjεij = (ε1

1 ε2)/2 = 2 2)/4; for the Biot strain, eN = ninjeij =2 2(l 1 l1 2

(e1 1 e2)/2 = (l1 1 l2)/2 2 1; and for the Hencky strain, HN

= ni njHij = (H1 1 H2)/2 = (ln l1 1 ln l2)/2 = ln Thel l .1 2Ï
stretch lN in the direction normal to the microplane is related
to Green’s Lagrangian strain as follows:

1 2ε = (l 2 1) = f (l ) (11)N N N2

[e.g., Malvern (1969), p. 164]. Denoting r = l2/l1 = ratio of
principal stretches, we have l1 = Upon sub-2l 2/(1 1 r ).NÏ
stitution into the foregoing equations, we obtain the following
expressions for the Biot strain and Hencky strain:

1 2e = (1 1 r)l 2 1 = l (1 1 r)/( 2(1 1 r )) 2 1 = g(l , r)ÏN 1 N N2
(12)

2H = ln(l r ) = ln(l 2r/(1 1 r )) = h(l , r) (13)Ï ÏN 1 N N

Now we notice that the expressions (12) and (13) for the Biot
and Hencky normal strain components depend not only on the
stretch lN in the direction normal to the microplane, but also
on the ratio r of the stretches along the axes x1, x2. Thus they
violate the aforementioned condition I.

But is this violation significant? It is. This is seen by eval-
uating (12) and (13) for the following cases, in all of which
εN = 2 1)/2:2(lN

for r = 1: e = l 2 1; H = ln l (14)N N N N

10 11
for r = or : e = 0.9989l 2 1; H = ln(0.9977l )N N N N11 10

(15)

3 4
for r = or : e = 0.9899l 2 1; H = ln(0.9798l )N N N N4 3

(16)

1
for r = or 2: e = 0.9487l 2 1; H = ln(0.8907l )N N N N2

(17)
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1
for r = or 4: e = 0.8575l 2 1; H = ln(0.6860l )N N N N4

(18)

So we must conclude that for normal stretches lN between
0.78 and 1.30, the error in the normal microplane strain caused
by ignoring the stretches in other orientations is about 1% of
that strain for the case of the Biot strain measure and 2% for
the case of the Hencky strain measure. Calculating other ex-
amples, one finds that this magnitude of error is just about the
worst possible. So, in this range of moderately large strains
(considered in Bažant et al. 1996), finite strain measures of all
the common types (um u # 2) are admissible for the microplane.

However, for normal stretches lN varying between 0.25 and
4 (or 0.5 and 2), the variation caused by stretches in other
orientations is about 14% (or 5%) of the normal strain for the
Biot strain measure, and 31% (or 11%) of the normal strain
for the Hencky strain measure. The latter value also applies to
the nonholonomic strain tensor conjugate to the back-rotated
Kirchhoff stress, and a similar value applies to the nonholo-
nomic strain tensors associated with the back-rotated Cauchy
stress. Such variation is unacceptable. Therefore, no strain
measure other than Green’s Lagrangian strain tensor is suitable
for the microplane model at very large strains. Such strains
arise, for example, in finite-element analysis of missile pene-
tration through concrete walls.

It must be emphasized that this is strictly a requirement of
simplicity in the formulation of the microplane constitutive
equation. Of course, one type of strain tensor can always be
transformed to another and its components on the microplanes
evaluated. But for other than Green’s Lagrangian strain mea-
sures, the formulation of the large-strain constitutive law for
one microplane ceases to be independent of the other micro-
planes, which would enormously complicate constitutive mod-
eling.

Second, consider the microplane shear strains lNM and lNL

(with the subscripts referring to orthogonal axes n, m, and l).
They should uniquely characterize the previously defined shear
angles uNL and uNM (thereby satisfying the aforementioned con-
dition II). These angles may be calculated from the microplane
components of Green’s Lagrangian strain tensor:

21/2
(1 1 2ε )(1 1 2ε )N L

u = arctan 2 1 (19)NL S D24εL

the expression for uNM being similar [e.g., Malvern (1969), p.
166]. For large strains, the microplane shear stresses should in
principle be calculated from these shear angles instead of the
shear components of Green’s Lagrangian strain tensor. How-
ever, in the finite strain generalization of model M4, these
expressions are not needed.

In the case of Biot or Hencky finite strain measures, or any
strain measure other than Green’s Lagrangian, the finite shear
angles on a microplane cannot be expressed solely in terms of
the strain components on that microplane. They also depend
on the shear angles on other planes and on the stretches in
other directions, which violates condition II. These violations
are tolerable only for moderately large principal stretches,
roughly within the same range as mentioned before. Again,
the conclusion is that Green’s Lagrangian strain tensor is the
strain measure to use in the microplane model for very large
strains. Only for that tensor do the components on some plane
suffice to define the geometry of deformation on that plane.

The fact that conditions I and II are satisfied only by Green’s
Lagrangian tensor does not come as a surprise if we realize
that the metric of space is quadratic, and this tensor is the only
quadratic tensor. The equilibrium conditions, by contrast, are
linear. This portends problems with conjugacy of the stress
tensor, which we discuss next.



USE OF NONCONJUGATE STRESS-STRAIN PAIRS

Based on the preceding analysis, the microplane model
needs to employ Green’s Lagrangian strain tensor coupled
with either the back-rotated Cauchy stress or the back-rotated
Kirchhoff stress. Of these two, the former is somewhat more
convenient. Obviously, we thus have a nonconjugate stress
strain pair. Is that admissible? In this regard, we need to ex-
amine several problems.

Unique Correspondence to Conjugate
Constitutive Law

We want to use the nonconjugate constitutive law: t = c(«),
where c = a tensorial function. We seek the relation to the
conjugate constitutive law S = f(«), where f = tensorial func-
tion. To this end, we substitute this into (2), that is, into s =
J21FSF T, in which we further substitute F = RU and U =

= U(«). This furnishes s = J 21RU(«)f(«)U(«)RT.I 1 2«Ï
Multiplying by R T from the left and by R from the right, and
substituting R TsR = s, we thus obtain

s = c(«); c(«) = U(«)f(«)U(«) (20a,b)

21 21f(«) = U («)Jc(«)U («) (20c)

Admissibility of the nonconjugate constitutive law s = c(«)
requires that the tensorial function c(«) defining this law be
uniquely related to function f(«) and that this relation not
involve material rotation R. Obviously these conditions are
satisfied. The same can be proven for a constitutive law using
the back-rotated Kirchhoff stress tensor t.

Generally, any finite strain tensor (referred to the initial«̃
configuration) can be combined in the constitutive law with
the back-rotated Kirchhoff stress tensor t. Stress that is con-S̃
jugate to an arbitrary finite strain tensor is defined by the«̃
variational work relation = S:d«, which may be written˜ ˜S:d«
as = S:d«, where = Function F is a˜ ˜ ˜ ˜S:[F(«):d«] F(«) ε/ε.
fourth-order tensor. Consequently (Bažant 1996)

˜ ˜ ˜ ˜S = S:F(ε); F(«) = «/« (21a,b)

Now let us carry out the following transformations:

T T T 21 21s = R sR = R (FSF )RJ = USUJ

21 21 ˜ ˜˜ ˜ ˜ ˜ ˜ ˜ ˜= U[S:F(«)]UJ = U(«)J f(«):F(«)U(«) = c(«) (22)

where and are tensorial functions; = defines the˜˜ ˜ ˜ ˜f c S f(«)
constitutive law in conjugate quantities; and s = defines˜ ˜c(«)
the constitutive law in nonconjugate quantities. Function

is independent of rotation, which is requisite for a func-˜ ˜c(«)
tion defining the constitutive law [actual calculation of the
function is difficult in the case of Hencky’s tensor (Ba-˜F(«)
žant 1998)].

Conjugacy of Micro-Macro Constraints

The algorithm for calculating the stress tensor from the
strain tensor proceeds in the explicit microplane model in three
steps: (1) Calculation of the microplane strain components
εN , εM , and εL from Green’s Lagrangian strain tensor εij based
on the kinematic constraint; (2) calculation of the nonconju-
gate microplane stresses and from εN , εM , and εLŝ , ŝ , ŝN M L

based on the microplane constitutive law; and (3) calculation
of the back-rotated Cauchy stress tensor sij from andŝ , ŝ ,N M

based on the principle of virtual work.ŝL

The virtual work equation implied in the third step involves
the strain tensor e and the microplane strains conjugate to the
Cauchy stress tensor, and it implies a kinematic constraint be-
tween them (that is, the microplane strain components are the
projections of the strain tensor onto the microplane). Thus it
may seem that steps (1) and (3) are based on different kine-
matic constraints. By analogy with finite elements, in which
the displacement interpolation functions used to calculate the
strains in the element must be the same as those implied by
the virtual work in calculating the nodal forces from the
stresses, one might think there is a problem and suspect that
this problem could cause negative energy dissipation, just as
it would in such finite elements.

A similar problem, however, does not arise in the micro-
plane model because there can be only one micro-macro ki-
nematic constraint. If the Green’s Lagrangian microplane
strain components can be obtained by projecting Green’s La-
grangian strain tensor, then, by definition, the microplane
strain component conjugate to the back-rotated Cauchy stress
tensor can be obtained by projecting the tensor e. If the kin-
ematic micro-macro constraint is imposed for one type of
strain measure, then the kinematic constraint automatically
holds for any other type of strain measure.

To further clarify why a similar problem does not arise,
assume that we want to convert microplane strains εN , εM , and
εL into the microplane strains eN , eM , and eL corresponding to
strain tensor e = [eij]. There is no way to convert the strain
components on one microplane alone into the components of
another type of strain tensor (e.g., e) on this microplane. We
must first also know εN , εM , and εL for another (nonparallel)
microplane, and only then do we have enough equations to
invert the tensor projection giving the corresponding Green’s
Lagrangian strain tensor «. We can then convert this tensor
into any other strain tensor, for example, e. The only way to
obtain the components of that other tensor for the microplane
is to project it onto the microplane, that is, apply the kinematic
constraint for that other tensor.

Therefore, it is irrelevant whether or not the micro-macro
virtual work relation (step 3) implies the same conjugate strain
tensor as the strain tensor that is actually used (step 1).

No Dissipation by Elastic Part of Strain

If the elastic strains could be large, as in rubber, a noncon-
jugate elastic stress-strain relation would be inadmissible, for
it could lead to negative energy dissipation. However, in con-
crete as well as most structural materials and geomaterials, the
elastic part of strains is always small. This means that the
elastic part of the finite strain tensor could be replaced by the
linearized (small) strain tensor, for which the elastic stresses
and strains are automatically conjugate and thus cannot dis-
sipate any energy (except for negligible errors of higher order).
So the smallness of the elastic parts of strains saves the non-
conjugate constitutive law from banishment.

Nonnegative Energy Dissipation by Inelastic Strains

In the explicit algorithm of the microplane model, the load-
ing step in the inelastic range consists of two substeps: (1) An
elastic increment dsel going beyond the stress-strain boundary,
followed by (2) an inelastic stress drop ds0 representing a
return to the boundary (Fig. 1) at constant strain. In other
words, ds = dsel 2 ds0. This return is made at constant strain.
Although our chosen strain measure is Green’s Lagrangian, all
the other strain measures are constant during the return, too,
as already pointed out. Therefore, the strain tensor conjugate
to the back-rotated Cauchy stress is constant during the in-
elastic stress drop (return to the stress-strain boundary), and
so ds0 represents a stress drop happening also at constant con-
jugate strain. The sign of ds0 is always the same as the sign
of s, and so the total energy dissipation for one microplane is
JOURNAL OF ENGINEERING MECHANICS / SEPTEMBER 2000 / 975



FIG. 1. Elastic Stress Increment beyond Boundary Followed
by Inelastic Stress Drop to Boundary

¯dW = (s dε0 1 s dε0 1 s dε0)d N N M M L LE
ds0 ds0 ds0N M L= s 1 s 1 s $ 0N M LE S DC C CN T T (23)

where CN and CT are the elastic constants on the microplane
level.

CONVENIENT STRAIN MEASURES AND MEMORY OF
INITIAL STATE

For data fitting, it is convenient if the normal strain has a
range of (2`, `) and if the compression is symmetric to ten-
sion in the sense that the strain for stretch 1/l equals minus
the strain for stretch l. Green’s Lagrangian strain, however,
has the range (20.5, `), and it does not possess the compres-
sion-tension symmetry. For the normal microplane strain, both
these properties can be attained by redefining it as

1
g = ln(1 1 2ε ) (24)N N2

Likewise, the shear angle uNM or uNL, with its range (2p/2,
p/2), is not too convenient for setting up the microplane stress-
strain relations. Instead of (19), it is preferable to define the
microplane shear strain as

21/2
1 (1 1 2ε )(1 1 2ε )N L

g = tan u = 2 4 (25)NL NL S D22 εL

with a similar expression for gNM . This gives the shear strain
measure the range (2`, `).

In finite-strain generalization of model M4, however, the
nonlinear parts of shear strains play no role because the fric-
tional boundary of model M4 is independent of the shear
strains or shear angles, and the elastic shear strains in concrete
are always small. Therefore, the finite shear strains or finite
shear angles (19) and (25) need not be calculated in model
M4.

The expressions for the boundary curves in the microplane
stress-strain space are total stress-strain relations that preserve
memory of the initial (virgin) state of material. This memory
constitutes a significant difference from the incremental plastic
formulations for large deformations of metals, which have
been handled by the incremental rate-based or updated La-
grangian formulations (McMeeking and Rice 1975; Bathe
1982; Bell 1985; Lubliner 1986; Gabriel and Bathe 1995; Hib-
bitt et al. 1995).

Despite memory, however, the present material model is not
hyperelastic, for two reasons—first, for unloading, the micro-
plane response is different (elastic, with the initial or degraded
stiffness); and second, even for the case of monotonic loading
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FIG. 2. Measured and Calculated Depth of Penetration into
Halfspace of Normal Strength Concrete, Normalized by Projec-
tile Diameter, versus Impact Velocity (m/s)

on the macroscale, unloading may (and usually does) arise on
some of the microplanes. There exists a vast number of dif-
ferent combinations of loading and unloading on different
microplanes. Thus, the macroscopic response is generally
path-dependent. The memory of the initial state exists only on
each individual microplane, but not on the macroscale, that is,
not on the continuum level of response.

FINITE-ELEMENT SIMULATIONS OF
STRUCTURAL RESPONSE

To close the present series of four papers in this issue on
the microplane model, it is now appropriate to present some
examples of structural analysis. Model M4, generalized for
rate effects and finite strain (Bažant et al. 2000b; Caner and
Bažant 2000), has provided excellent results in finite-element
simulations of experiments of two kinds: (1) The penetration
of projectiles into concrete walls, with or without perforation
of the wall; and (2) explosive ground shock. In the latter, large
strains requiring finite-strain modeling were not reached, and
the calculated deflections were almost exact. In the former,
which require finite-strain simulation, the improved model pre-
dicted the deformations and fracturing of the perforated rein-
forced concrete wall quite accurately, yet the exit velocity of
the missile was too high. The main reason for this discrepancy
was that the model used in these simulations did not include
the energy-dissipating rate effects modeled in the companion
paper by Bažant et al. (2000a). The simulations, which were
conducted at the Department of Defense Major Shared Re-
source Center at the Waterways Experiment Station (WES),
utilize the explicit finite-element code (hydrocode) EPIC
(Johnson et al. 1995), in which the finite-strain version of
model M4 has been implemented.

In the first kind of experiments, Johnson and Cook’s (1983)
material strength models were used for the steel case and the
filler. Slide lines were introduced between the explosive filler
and the steel case of the projectile, and also between the pro-
jectile and the concrete target.

In one experiment of the first kind, reported by Forrestal et
al. (1994), a projectile consisting of a hollow steel case and
an inert explosive filler impacted orthogonally a concrete
block large enough to be regarded as a halfspace, and pene-
trated deep into the block. The experiment was simulated with
a 2D axisymmetric finite-element model, which included ap-
proximately 3,400 nodes and 6,700 continuum elements. Each



FIG. 3. Simulation with Finite-Element Code EPIC of Perfora-
tion of Concrete Wall

2D axisymmetric EPIC simulation required approximately
11.7 hours of CPU time on the Cray C90.

The simulation results are shown in Fig. 2, where the depth
of penetration, normalized by the projectile diameter (i.e., the
caliber), is plotted as a function of the impact velocity. The
numerical simulations, made for three different impact veloc-
ities, agree with the experiments well. Because a significant
portion of a deep penetration event occurs in the so-called
‘‘tunneling’’ mode, such good agreement could not have been
achieved if the microplane model did not closely replicate the
high-pressure ductile response of concrete.

In another experiment of the first kind, a thin concrete slab
was perforated by a hollow steel projectile, impacting orthog-
onally to the slab. A 2D axisymmetric finite-strain finite-ele-
ment model that comprised approximately 1,300 nodes and
2,500 continuum elements was used. To minimize the number
of elements, their size was increased with the distance from
the centerline of the impacting projectile. The so-called
‘‘soaker’’ elements (infinite elements) were used along the
sides of the target so as to simulate energy radiations and thus
avoid modeling the entire width of the target. Each simulation
with EPIC required approximately 3.9 hours of CPU time on
the Cray C90.

To demonstrate some of the results achieved, Fig. 3 shows
the deformation of the target wall at the exit of the missile.
The evidence of the formation of impact and exit craters, as
represented by contours of the effective plastic strain of( J2Ï
the inelastic part of the strain tensor), is particularly note-
worthy (the classical concrete constitutive models based on
plasticity, even with strain softening, have been proven inca-
pable of simulating these craters). The final damage of the
target wall predicted with the finite-strain microplane model is
consistent with that observed after the experiments. These fa-
vorable results are attributed to the capability of the micro-
plane model to simulate the low-pressure brittle behavior of
FIG. 4. Finite-Element Mesh for Reinforced Concrete Struc-
ture Buried in Soil

concrete (Cargile et al. 1993; Adley et al. 1996). Due to the
effect of free surfaces in this type of experiment, the target
behaves predominantly as a brittle softening material, much
like concrete in an unconfined uniaxial compression test.

The present computations were carried out before complet-
ing the generalization of the microplane model M4 for the
material rate effects of fracturing and creep, presented in the
companion paper by Bažant et al. (2000a). The dissipation
associated with the loading rate was simply modeled in the
EPIC program by artificial viscous damping dependent on the
nodal velocities. Such an approach, however, cannot properly
distinguish between the extremely high strain rates at the con-
crete-projectile interface and the much lower strain rates at
points remote from the interface, nor capture the differences
in the strain rate effects between compression and tension or
among different triaxial loading paths. Introducing these ef-
fects into the finite-strain microplane model is expected to im-
prove its predictive capability.

Since the microplane model exhibits strain softening, some
form of a nonlocal or crack-band model would in principle be
appropriate. However, the problems of spurious mesh sensitiv-
ity caused by strain softening [Bažant (1976); see also Bažant
and Cedolin (1991), and Bažant and Planas (1998), discussed
in Part I of this study] have been found practically negligible
thanks to the extremely short duration of the impact or explo-
sion events, the presence of viscosity effects (damping), and
the very large inertia forces that dominate the response and
delay localization beyond the duration of the event.

In an experiment of the second kind, a reduced-scale buried
reinforced concrete structure was subjected to a ground shock
caused by the detonation of a 1.84 kg sphere of C-4 explosive
in the sand backfill above the roof (Fig. 4) (Akers et al. 1997;
Philips et al. 1999). The objective of the 3D finite-strain sim-
ulation with the concrete microplane model was to predict the
dynamic interaction of the structure with the soil medium, and
especially the response of the roof slab. The mesh used in the
numerical simulation (Fig. 4) included five zones: (1) The
finely meshed concrete structure; (2) the finely meshed layer
of soil backfill surrounding the structure; (3) the coarser
meshed soil backfill behind the layer; (4) the chanber wall of
the blast load generator; and (5) a cavity of radius 25 cm in
the soil backfill. The reinforcing steel in the structure was
modeled with bar elements using the Johnson-Cook material
strength model. The fracture of these elements was simulated
using Johnson and Cook’s (1985) fracture model. The soil
backfill was simulated using the hybrid elastic-plastic (HEP)
model for sand implemented in EPIC at WES. The time his-
tory of the radial stress components at the points on the inner
surface of the spherical cavity was prescribed. The values to
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FIG. 5. Measured and Calculated Profile of Maximum Deflec-
tion of Roof Slab Obtained with Finite-Element Mesh in Fig. 4

be prescribed were determined in advance by conducting a 1D
spherical shock calculation within the range of 0.25 m.

A 3D mesh involving 250,000 nodes, 230,000 brick ele-
ments, and 23,000 bar elements was used in these simulations
(Fig. 4). Approximately 40,000 of the brick elements involved
the finite-strain generalization of the microplane model. The
calculation of the maximum deflections of the roof slab (Fig.
5) required approximately 160 CPU hours on the Cray C90.

The HEP soil model (Zimmerman et al. 1987; Akers and
Adley 1995; Akers et al. 1995) was specifically designed for
calculating ground shock from conventional weapons. The
model accurately replicates the complex shear-strain behavior
of ductile geologic materials and can be fit to typical WES
laboratory test data. The laboratory calibrations of the model
have been validated by a number of scaled explosive field
tests. The HEP model uses constant Poisson ratio values for
loading and unloading and involves a complex pressure-vol-
ume algorithm that employs an exponential pressure-depen-
dent shear failure surface with a complex pressure-volume al-
gorithm. This surface, which relates the pressure and the
second invariant of the stress deviator, was fit to quasistatic
laboratory data for triaxial compression failure. The HEP
model also features a modified Tillotson equation of state
(EOS) to calculate the energy-dependent pressure-volume re-
sponse of materials. The EOS decomposes the pressure into
two components: the first represents the energy-independent
total hydrostatic response of the solids, air, and pore water in
the soil, while the second represents an energy-dependent pres-
sure term. An energy-independent hysteretic EOS is used to
calculate the dependence of the volume compression on the
pressure for both loading and unloading in the positive (com-
pressive) and negative (tensile) pressure ranges. This energy-
independent EOS is nonhysteretic after the voids close, the
state of void closure being determined by the fitting process.

Comparisons with measurements showed that the calculated
stresses and velocities in the soil backfill were identical at
output stations located beyond the influence of the structure
and at various equivalent ranges from the explosive charge.
The calculated interface stresses at the center of the roof slab
of the structure indicated that, up to the time of 2 ms, the
loading was dominated by shock wave propagation and con-
trolled by the relative impedances and wave speeds in the
sand, concrete, and air. A very good agreement was obtained
between the calculated peak particle velocities and the corre-
sponding free-field ground shock data. The roof slab suffered
only moderate damage during the experiment. The final de-
flection profiles of the roof slab measured after the experiment
across two perpendicular vertical cross sections of the structure
are compared with the calculated profile in Fig. 5. The agree-
ment with the predictions based on the microplane model is
excellent.
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Although EPIC is highly optimized for the CRAY vector
machines, the microplane model has not yet been optimized
for any specific computing platform. Therefore the aforemen-
tioned CPU time of 160 hours on the Cray C90 doubtless
greatly exceeds the achievable time. Most of the CPU time
used in explicit dynamic finite-element simulations is gener-
ally required for elemental computations, unless there are nu-
merous complex sliding interfaces.

Consequently, optimization of the subroutines used to im-
plement the microplane model and its finite-strain generali-
zation would likely reduce the overall CPU time significantly.
It is expected that the basic optimization of these subroutines
for the CRAY C90 vector machine could easily reduce the
CPU time required by the microplane model by a factor of
two to four, and aggressive optimization for either vector or
parallel computing platforms could lead to an even better per-
formance. Furthermore, since the present microplane compu-
tation used Stroud’s (1971) 28-point optimal Gaussian formula
for integration over a unit hemisphere, a further reduction
could be achieved by replacing it with Bažant and Oh’s (1986)
21-point formula, which has just been found nearly as accu-
rate.

The results make it already clear that the availability of
high-power large computers and workstations has made the
microplane constitutive model viable even for complex 3D
problems.

CONCLUSIONS

1. For the formulation of the microplane model as well as
other sophisticated finite-strain constitutive relations for
frictional (pressure-sensitive) materials such as concretes,
soils, rocks and some composites, it is convenient to use
a stress tensor referred to the initial configuration that
has a clear physical meaning, such that the stress com-
ponents on any plane give in a simple way the true (Cau-
chy) normal and shear stresses on that plane, and that
the hydrostatic pressure is easily controlled. Only then is
it easy to model friction, yield or strength limit, and hard-
ening or softening on that plane. The stress tensor re-
ferred to the initial configuration that satisfies these con-
ditions is the back-rotated Cauchy stress tensor, which
has been adopted in this study. Another, only slightly less
convenient, would be the back-rotated Kirchhoff stress
tensor.

2. The strain tensors conjugate to the back-rotated Cauchy
and Kirchhoff stress tensors are nonholonomic, that is,
their values depend on the strain path. This property
makes them unsuitable for quasibrittle materials such as
concrete that have a memory of their initial state.

3. For the sake of simplicity and clarity, it is desirable that
the strain tensor components on one microplane suffice
to fully characterize the stretch (relative change of
length) of a material line segment initially normal to that
microplane and the true shear angle on that microplane
(change of the angle between the initial normal and the
microplane). This condition is satisfied only by Green’s
Lagrangian finite-strain tensor. For any other strain ten-
sor, the aforementioned stretch and shear angle on one
microplane depend also on the strain tensor components
or planes of other orientation, which would greatly com-
plicate the formulation of a microplane constitutive
model.

4. Consequently, it is best to base the finite-strain micro-
plane model on Green’s Lagrangian strain tensor and the
back-rotated Cauchy stress tensor, even though they are
not conjugated by work. Transformation of the consti-
tutive relation to conjugate strain and stress tensors (e.g.,
Green’s Lagrangian strain tensor and the second Piola-



Kirchhoff stress tensor) is of course generally possible,
but the resulting complexity would defeat the purpose of
microplane approach—the conceptual simplicity and in-
tuitive clarity.

5. The adoption of nonconjugate strain and stress tensors
for a microplane model of concrete is admissible because
the following four conditions are satisfied: (1) The
adopted nonconjugate constitutive law on the microplane
level is in unique correspondence to a certain conjugate
constitutive law on the macrolevel. (2) The micro-macro
kinematic constraint of the microplane model imposed in
terms of one type of strain tensor implies that the kine-
matic constraint holds also for any other finite-strain ten-
sor. (3) The elastic parts of strains are always small,
which ensures the energy dissipation caused by elastic
deformations formulated in terms of the nonconjugate
stress and strain tensors to be negligible. (4) The drops
of inelastic stress to the boundary surface, which are
made in the numerical algorithm at constant strain, al-
ways dissipate energy (i.e., a negative energy dissipation
is ruled out).

6. Because the volume changes of concrete can never be
large, the split of strains and stresses into their volumet-
ric and deviatoric components can be considered as ad-
ditive if the volumetric and deviatoric strain definitions
from Bažant (1996) are employed. This greatly simplifies
the finite-strain generalization of the microplane model.

7. Extended to the rate effect and finite strain, model M4
gives realistic predictions in vectorized explicit finite-el-
ement simulations of missile impact and ground shock
on concrete structures.

APPENDIX I. STRAIN TENSORS CONJUGATE TO
ROTATED CAUCHY AND KIRCHHOFF STRESS
TENSORS

The strain tensor e conjugate to the back-rotated Cauchy
stress tensor s (8) may be defined by the following variational
equation stating the equivalence of the virtual work per unit
initial volume of the material: de:s = d«:S, where « = Green’s
Lagrangian strain tensor and S = second Piola-Kirchhoff stress
tensor. Substituting (8) and (2) for s and S, we have de:
RTJsR = d«:F21sF2T. Introducing the polar decomposition of
the deformation gradient, F = RU, denoting Y = U21 and Z =
RTsR (and noting that F21 = U21RT, F 2T = RU 21), we get
de:Z = d«:YZYJ or deijZij = dεklYkiYjlZijJ. This equation must
be satisfied for any Zij. This is possible if and only if deij =
YjldεlkYkiJ. Noting that « = (U 2 2 I )/2 and d« = d(UU)/2, and
changing variation d to differential d, we thus conclude that
the strain tensor e that is conjugate to the back-rotated Cauchy
stress is defined incrementally as follows (Bažant 1997):

J21 21 21 21de = U d«U J = U (dUU 1 UdU )U (26a)
2

J 21 21 21de = (U dU 1 dUU ) = J sym(U dU ) (26b)
2

The strain increment de can also be expressed in terms of
the current deformation rate tensor D, which has the compo-
nents Dij = (vi, j 1 vj,i)/2 = sym(vi, j), where vi = ẋi = velocity
vector of material point. To relate D to F, we note that the
rate of work of Cauchy stress per current volume J must be
equal to the rate the second Piola-Kirchhoff stress S per unit
initial volume, that is, Js:D = The superior dot denotes˙S:«.
the time rate. Substituting S = F 21JsF2T, we get the varia-
tional equation s:D = or, in coordinate notation,21 2T ˙F sF :«
SjkDjk = or = 0, where Q = F 21,˙ ˙Q S Q ε S (D 2 Q ε Q )ij jk lk il jk jk ij il lk

with components Qij. This equation must be satisfied for any
Sjk. This is possible if and only if the expression in the paren-
theses vanishes, that is, Djk = or D = It2T 21˙ ˙Q ε Q F «F .ij il lk

follows that de = RTDRJdt, where t = time. For no rotation,
de = DJdt.

Consider now the special case of deformation history during
which the principal axes of U do not rotate against the mate-
rial, as is typical of most types of laboratory tests. We may
now place the coordinate axes xi in the principal directions.
Then U is diagonal, with the diagonal components represent-
ing the principal stretches lI (I = 1, 2, 3). Eq. (26) yields de1

= = l2l3 dl1, and permutated expressions for de2 and2Jdε /l2 1

de3, which provides the matrix expression (10). The result in
(10), of course, could have been obtained directly from the
virtual work relation in principal coordinates, (I sIdjI =
(I SIdεI . For nonrotating principal axes, SI = and dεI =2s /lI 1

lIdlI . In a similar manner, starting from the virtual work re-
lation dj:t = d«:S, one can show that dj = RT DRdt. For
nonrotating principal strain axes, dj = Ddt, which yields the
matrix expression (9).

To check how pronounced the path dependence of j may
be, consider two loading paths leading to the same final state
l11 = 1 1 e, l12 = e, with all the other components of the
stretch tensor remaining constant. Path I represents propor-
tional (radial) loading. For path II, l11 is first increased to the
value 1 1 e while all the other stretch tensor components
remain constant, and then l12 is increased to the value e while
no other stretch tensor component increases. For these two
paths, it is easy to integrate (26) exactly, by closed-form ex-
pressions. The maximum principal values jI and jII of j for
the coinciding final states of paths I and II have been calcu-
lated (Bažant 1997). For e = 0.001, 0.01, 0.1, 0.25, 0.5, 1, 2,
and 4, the percentage deviations of jII from jI have been ob-
tained as 20.028, 20.276, 22.67, 26.40, 212.37, 225.9,
286.0, and 289.1%, respectively. These results show that, for
maximum stretches up to about 10%, the deviation of j from
the Hencky (logarithmic) strain is negligible, but not for larger
stretches. The path-dependence of e is about equally strong.
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žant’s 60th birthday, G. Pijaudier-Cabot, Z. Bittnar, and B. Gérard, eds.,
Hermès Science Publications, Paris, 57–78.

Johnson, G. R., and Cook, W. H. (1983). ‘‘A constitutive model and data
for metals subjected to large strains, high strain rates, and high tem-
peratures.’’ Proc., 7th Int. Symp. on Ballistics, The Hague, The Neth-
erlands.

Johnson, G. R., and Cook, W. H. (1985). ‘‘Fracture characteristics of three
metals subjected to various strains, strain rates, temperatures and pres-
sures.’’ Engrg. Fracture Mech., 21.

Johnson, G. R., Stryk, R. A., and Holmquist, T. J. (1995). User instruc-
tions for the 1995 version of the EPIC Research Code, Alliant Tech-
systems, Hopkins, Minn.

Levitas, V. I. (1996). Large deformation of materials with complex rhe-
ological properties at normal and high pressure, Nova Science Pub-
lishers, New York.

Lubliner, J. (1986). ‘‘Normality rules in large-deformation plasticity.’’
Mech. of Mat., 5, 29–34.

Malvern, L. E. (1969). Introduction to the mechanics of a continuous
medium, Prentice-Hall, Englewood Cliffs, N.J.

McMeeking, R. M., and Rice, J. R. (1975). ‘‘Finite-element formulations
for problems of large elasto-plastic deformation.’’ Int. J. Solids and
Struct., 11, 601–616.

Ogden, R. W. (1984). Non-linear elastic deformations, Ellis Horwood,
Ltd., Chichester, U.K. and Wiley, Chichester, U.K.

Philips, B. R., Windham, J. E., Woodson, S. C., and Rickman, D. D.
(1999). ‘‘Results of small-scale structure-medium interaction experi-
ments.’’ Tech. Rep., U.S. Army Engineer Waterways Experiment Sta-
tion, Vicksburg, Miss., in preparation.

Rice, J. R. (1993). ‘‘Mechanics of solids.’’ Encyclopaedia Britannica,
15th ed., Vol. 23, 737–747 and 773.
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