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Walter P. Murphy Professor of Civil
Engineering and Materials Science,

Northwestern University,
Evanston, IL 60208

e-mail: z-bazant@northwestern.edu
Fellow ASME

Scaling of Sea Ice Fracture—Part
II: Horizontal Load From Moving
Ice
Continuing the analysis of fracture size effect in Part I, which was focused on the m
mum force in vertical penetration of ice, Part II tackles the problem maximum force
can be applied by a moving ice plate on an obstacle presented by a fixed structure.
on an asymptotic approach, approximate solutions for are obtained for the size effe
ice thickness, effective structure diameter and, in the case of a finite ice floe, the size
floe. @DOI: 10.1115/1.1429933#
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1 Introduction
After analyzing in Part I the vertical penetration problem, w

will examine in the present Part II another fundamental probl
of large-scale fracture of sea ice—the maximum forceP that can
be exerted by a moving ice plate of thicknessh on an obstacle
presented by a fixed structure of effective diameterd ~imagined as
a cylinder!. Similar simplifications will be made and the approa
of asymptotic matching will again be followed. All the definitio
and notations from Part I will be retained. Several possi
mechanisms of breakup will be considered.

Stress analysis and fracture of floating ice plates subjected
horizontal load has been studied by Ashton, Atkins, Goldstein
Osipenko, Lavrov, Palmer et al., Ponter and Slepyan, and ot
~@1–7#!. These investigators used dimensional analysis to de
mine the scaling laws of linear elastic fracture mechanics~LEFM!
and of strength theory. They did not consider cohesive frac
and did not attempt to bridge these two theories to describe
size effect transition from one to the other. Characterizing t
transition is the main objective of what follows.

For the horizontal load, it is convenient to define the nomi
strength as the average stress on the cross-section areahd of the
structure facing the moving ice plate, i.e.,

sN5P/hd. (1)

2 Global Failure due to Buckling of Ice Plate
Cylindrical buckling, in which the deflection surface is a tran

lationary surface, can occur only if the ice plate is moving aga
a very long wall (d→`). In this case the plate behaves as a be
on elastic foundation, which is a one-dimensional problem,
the critical compressive normal force per unit width of the plate
known to be~e.g.,@8#! Ncr5k0ArD where coefficientk0 depends
on the boundary conditions. Its minimum value occurs for a se
infinite plate with a straight infinite free edge and isk051.

If the obstacle, such as the legs of an oil drilling platform, h
a finite dimensiond in the transverse direction, the buckling mod
is two-dimensional and more complicated. In any case, howe
dimensional analysis~@9,10#! suffices to determine the form of th
buckling formula and the scaling~@3,7#!.

There are five variables in the problem,Pcr , E8, r, h, d, and
the solution must have the formF(Pcr ,E8,r,h,d)50, whereE8
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5E/(12n2); and Pcr is the critical force exerted by the resistin
structure on the moving ice plate~Fig. 1~a!!. There are, however
only two independent physical dimensions in the problem, nam
the length and the force. Therefore, according to Buckingham’P
theorem of dimensional analysis~@9–11#!, the solution must be
expressible in terms of 522, i.e., 3 dimensionless parameter
They may be taken asPcr /E8hd, ArD/E8h andd/h. Because the
buckling is linearly elastic,Pcr /E8hd must be proportional to
ArE8/E8h andd/h. Denoting

sNcr
5Pcr /hd (2)

which represents the nominal buckling strength~or the average
critical stress applied by the face of the resisting structures on
moving ice plate!, and noting thatD5E8h3/12 with E85E/(1
2n2), we conclude that the buckling solution must have the fo

sNcr
5k~d/h!ArE8Ah (3)

wherek is a dimensionless parameter depending on the rela
diameter of the structure,d/h, as well as on the boundary cond
tions. Ford/h→` ~i.e., an infinite wall!, this must reduce@8# to
the critical stress for an infinite beam on elastic foundation loa
at the free end~vertically sliding end!. Therefore,k(0)/A1251 or
k(0)52), which represents the smallest possible value ofk for
anyd/h. This fact becomes obvious by imagining a strip of wid
d in the direction of movement to be separated from the rest of
ice plate; for that stripk051 ~if the ice in contact with the struc-
ture is free to slide vertically, Fig. 1~a!!, and re-attaching the res
of the plate cannot but increase the critical load.

An interesting property of~3! is that, for geometrically by simi-
lar structures~constantd/h!, sNcr

increases, rather than decreas
with ice thicknessh. So there is areversesize effect. Conse-
quently, the buckling of the ice plate can be the mechanism
failure only when the plate is sufficiently thin. The reason for t
reverse size effect is that the buckling wavelength~the distance
between the inflexion points of the deflection profile!, which is
Lcr5p(D/r)1/4 ~as follows from dimensional analysis, or from
nondimensionalization of the differential equation of plate buc
ling!, is not proportional toh; rather

Lcr /h}h21/4, (4)

i.e., Lcr decreases withh. This contrasts with the structural buck
ling problems of columns, frames, and plates, in whichLcr is
proportional to the structure size.~Despite the analogy betwee
axisymmetric buckling of an axially compressed cylindrical sh
and a floating ice, no size effect occurs for the shell becau
unlike rw , the equivalent foundation modulus of the shell sca
with h.!
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3 Global Failure due to Radial Cleavage Fracture
Another failure mechanism consists of a long radial cleav

crack in the ice plate, propagating against the direction of
movement~Fig. 1~b,c!!. The resistance of the plate against bei
cleaved causes the ice to exert on the structure a pair of trans
force resultantsF and a pair of tangential forcesT in the direction
of movement;T5F tanw wherew may be regarded as the frictio
angle. ForcesT have no effect on the stress intensity factorKI at
the crack tip.

First we will consider the asymptotic case of a a structure of a
very large sized producing a crack of a very long lengtha ~Fig.
1~b,c!!. LEFM must apply in this asymptotic case. To determinea,
we need to calculate the crack openingd caused byF. Consider-
ing the ice plate as infinite, we have~@12,13#!

KI5
F

h
A 2

pa
. (5)

The energy release rate is

G5
1

h F]P*

]a G
F

5
1

h

]

]a F1

2
C~a!F2G5

F2

2h

dC~a!

da
(6)

whereC(a) is the load-point compliance of forcesF. Upon using
~5! and Irwin’s relation~@14#!, we have at the same time

G5
KI

2

E
5

2F2

pEh2a
. (7)

Equating~6! and ~7!, we thus get

Fig. 1 „a… Buckling of ice plate pushing horizontally against a
fixed structure, „b,c,d … radial cleavage crack, and „e – g … diverg-
ing V-cracks
20 Õ Vol. 69, JANUARY 2002
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dC~a!

da
5

4

pEha
. (8)

This expression may now be integrated froma5d/2 ~the surface
of the structure, considered as circular, Fig. 1~b,c!! to a ~note that
integration froma50 would give infiniteC but would be mean-
ingless becausea cannot be less thand!. In this manner, we obtain
C(a), and from it the opening deflectiond :

d5C~a!F5
4F

pEh
lnS 2a

d D . (9)

If the radial cleavage fracture were the only mode of ice bre
ing, we would haved5d. However, as will be discussed late
there is likely to be at least some amount of local crushing at,
ahead, of the structure. Consequently, the relative displacem
between the two flanks of the crack is no doubt less thand. We
denote it asxd wherex is a coefficient less than 1. Upon settin
d5xd, ~9! yields

a5
d

2
expS pEhxd

4F D . (10)

~note thata/d is not constant but increases withd; hence, the
fracture modes are not geometrically similar, and so the LE
power scaling cannot be expected to apply!. Substituting~10! into
~5! and settingKI5Kc5AEGf ~Irwin’s relation, Kc5fracture
toughness of ice!, we obtain

2F

hApEGfd
5expS pEhxd

8F D . (11)

The pair of forcesF is related to loadP on the structure~P
52T, Fig. 1~c!! by a friction law, which may be written as

P52F tanw. (12)

where w is the friction angle. SubstitutingF5P/2 tanw and P
5sNhd into ~11!, we obtain, after rearrangements,

d

dc
5

1

t2 e1/t, t5
sN

hc
(13)

in which t is the dimensionless nominal strength, anddc andsc
are constants defined as

dc5
4Gf

px2E
, sc5

p

2
xE tanw. (14)

Equation ~13!, plotted in Fig. 2, represents the law of radi
cleavage size effect in an inverted form. The small-s
asymptotic behavior is the LEFM scaling for similar structur
with similar cracks:

for d!dc : sN'Adc /d. (15)

The plot of ~13! in Fig. 2 shows that the size effect is gettin
progressively weaker with increasing structure diameterd ~al-
though no horizontal asymptote is approached by the curve!. The
reason for this is that the crack is dissimilar, i.e., the ratio,a/d, of
crack length to structure diameter is not the same for differ
sizes but increases according to~10! with the structure size.~In
designing ocean platforms, it is nevertheless always adva
geous, with respect to the radial cleavage mechanism, to u
smaller number of larger legs, which has of course been in
itively followed in practice.!

So far our radial cleavage crack analysis has been base
LEFM. In other words, the length 2cf of the cohesive zone at th
tip of the radial cleavage crack was considered negligible co
pared toa. Let us now consider the opposite asymptotic case o
very small structure diameterd and a very short cracka such that
a!cf . In that asymptotic case, the crack faces up tox5a05a
2d/2 are subjected to uniform cohesive tractionsf t8 . Noting that
the stress intensity factor for a semi-infinite crack in an infin
Transactions of the ASME
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space caused by a pair of unit concentrated force acting on
crack faces at distancex from the crack tip isKI5(A2p/x)/h
~@12#!, we find thatKI caused by uniform tractionsf t8 is

KI f
52E

0

a2d/2A 2

px
f t8dx52 f t8A8a

p
. (16)

The stress intensity factor due to concentrated reactionF at dis-
tance a from the cohesive crack tip is, according to~5!, KIF
5(F/h)A2/pa. It is necessary that the total stress intensity fac
KIt5KIF1KI f

50. From this condition and the friction relatio
~12!, it follows that

P54ah ft8 tanw. (17)

To calculate the deflectiond f due to cohesive stressesf t8 , one
could use Green’s function. However, this leads to a complica
integral. Since a high accuracy is not needed, we prefer an
proximate calculation. To this end, we imagine the cohesive cr
lengthx to grow from 0 toa05a2d/2 while constant tractionsf t8
act along the entire crack length in front of the structure~and work
on the growing opening!. In view of ~16! and Irwin’s relation, the
total energy released during the imagined growth of this crac

P* 5E
0

a0 KI
2

E
dx5E

0

a0 1

E S f t8A8x

p D 2

dx5
4 f t8

2a0
2

pE
(18)

which is a function off t8 representing the complementary energ
According to Castigliano’s theorem, differentiation ofP* with
respect to the total cohesive forcea0h ft8 provides the displace
ment parameter on which the cohesive stressf t8 works, which is
the average crack-opening displacementv̄ f over the lengtha0 of
application off t8 ;

v̄ f5
1

a0h

]P*

] f t8
5

8 f t8a0

pEh
. (19)

Since we avoided Green’s function, we now need to approxim
the relationship betweenv̄ f and opening displacementv f at the
center of the structure,x5a ~Fig. 1~c!!. We may assume that th

Fig. 2 Size effect associated with radial cleavage fracture
„solid curve—LEFM solution, dashed curve—cohesive crack
solution …
Journal of Applied Mechanics
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face of the opened crack is approximately straight, which i
simplification widely used in materials science. Under that
sumption,v f5k f v̄ fa/a0 , wherekaf52 if the crack face remains
straight. Then, from~19!,

v f5
8 f t8

pE
k fa. (20)

The opening displacement 2vF due to the pair of concentrate
forces F has already been calculated in~9!; 2vF
5(4F/pEh)ln(2a/d). Compatibility of transverse displacemen
at the center of structure (x5a) requires that

2vF22v f5x. (21)

Substituting the foregoing expressions forvF andv f , and setting
F5P/2 tanw5sNhd/2 tanw, one obtains, after rearrangemen
the equation

lnS sN

2 f t8 tanw D 5k f1
pEx tanw

2sN
. (22)

This is a transcendental equation whose solutionsN5sN
0 , repre-

sents the average pressure applied on the area of the stru
facing the moving ice. Sinced andh do not appear in this equa
tion, the sN

0 value is a constant, represented in Fig. 2 by t
horizontal line. So, as expected, there is asymptotically no s
effect if d→`.

To obtain the approximated law of the size effect for the int
mediate sizes, the small-size and large-size asymptotic beha
must be suitably matched. Similar to many previous approxim
tions of quasi-brittle size effect~@13,14#!, the asymptotic matching
may be accomplished by replacing sized in ~13! with the expres-
sion (dr1d0

r )1/r where d0 is a constant. With this replacemen
~13! provides the following general approximate asympto
matching law for the size effect:

~dr1d0
r !1/r5

dc

t2 e1/t. (23)

Here r is an empirical constant, probably close to 1. Ford→`,
this equation asymptotically approaches the LEFM Eq.~13!, and
for d→0 the following equation for constantd0 is obtained:

d05ac~sc
2/sN

0 2!esc /sN
0

(24)

wheresN
0 is the solutionsN of ~22!. In analogy to other scaling

problems, the valuer 51 is often reasonable, and then~23! sim-
plifies to the size effect formula:

d5
dc

t2 e1/t2d0 . (25)

Equation~23! for the quasi-brittle size effect due to a horizont
load is plotted as the dashed curve in Fig. 2. The shape of this
documents the difficulty in deducing the size effect from sma
scale experiments. If the tests are confined to the nearly horizo
intial portion of the dashed curve, there is no way to predict
size effect at large sizes unless a realistic theory is employed

4 Compression Fracture of Ice Plate
As typically observed in the field, moving ice gets crushed

front of an obstacle, breaking up into chunks. The cause is lo
compression fracture of the material. Its initiation may be e
plained by sliding on inclined weak plains between ice crysta
which leads to axial splitting microcracks called the wing-t
cracks~for ice see, e.g., Schulson@15,16#! extending in the direc-
tion of compression for a certain finite length. This mechanis
however, explains only the generation of local compressive d
age in the material but does not explain to overall failure of
plate and the size effect.
JANUARY 2002, Vol. 69 Õ 21
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To produce overall breakup of ice, the damage must propag
As transpired in connection with studies of concrete and boreh
breakout in rock~@13,17#!, the propagation typically occurs in th
form of a narrow band consisting predominantly of axial splitti
microcracks~generated, e.g., by the wing-tip crack mechanism!.
The band of axial splitting microcracks can propagate either in
axial direction of the compressive stress, or laterally. The latte
shown in Fig. 3~a!, and the former in Fig. 3~b!.

In the spirit of fracture mechanics, one must estimate the en
release. Consider the plausible situation depicted in Fig. 3~a!,
where the band of a certain characteristic widthwc in the direction
of compression has inclinationcb and reaches to deptha below
the surface of plate. Formation of the band must evidently reli
the axial stresssN not only within the band area 12541, but als
in the adjacent zones 1231 and 4564. The boundary of the s
relief zone is considered to have a certain characteristic incl
tion ca , independent of the plate thickness. The combined are
the stress relief zone 43264 isa(wc1a/2 tanca1a tancb). Before
the formation of the damage band, the initial strain energy den
in this zone issN

2 /2E, and after the formation of the band it ma
be assumed as zero~more generally, one could quite easily tak
into account some finite residual strengths r of ice after crushing,
see@17#; but this is omitted since no information ons r is avail-
able!. Thus the total energy release caused by formation of
damage band per unit width is, approximately,

P* 5
sN

2

2E
aS wc1

1

2
a tanca1a tancbD . (26)

The rate of energy dissipation per unit width as the band pro
gates must be equal to the fracture energy of the band,Gb , which
equalsGfwc /sc whereGf is the fracture energy of the axial spli

Fig. 3 „a… Compression fracture of ice plate, „b… axial splitting
fracture, „c… size effects corresponding to „a… and „b…, and „d…
overall fracture of ice floe
22 Õ Vol. 69, JANUARY 2002
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ting microcracks in the band, andsc their average spacing. Energ
balance during the quasi-static extension of the band requires
the rate of energy release be equal toGf , i.e.,

]P*

]a
5

sN
2

2E
~wc1a tanca12a tancb!5Gb . (27)

Solving this equation forsN , we get, after rearrangements,

sN5saS 11
h

h0
D 21/2

(28)

in which the following notations are made:

h05
h

a

wc

~ tanca12 tancb!
, sa5A2EGc

wc
. (29)

Here we deliberately introduced the plate thicknessh even though
it cancels out of the equation. The reason is that it appears
sonable to assume the ratioa/h for plates of various thicknesse
to be approximately constant. In other words, the geometrie
the damage band at failure of the plates of various thicknesse
assumed similar. This assumption is based on experience
some other fracture problems, for which it was shown to lead
realistic results. Anyway, it is intuitively clear that it would b
unreasonable to assume that for thin plates the damage ba
maximum sN penetrates through most of the thickness and
thick plates penetrates only to a very shallow depth.

Equation~28!, plotted in Fig. 3~c!, is the same as the classic
size effect law proposed by Bazˇant @18# for quasi-brittle structures
failing after a long stable growth of tensile fracture. Among t
mechanisms explored here, it is the only one that can explain
size effect of ice thickness.

The ultimate cause of size effect in compressive~as well as
tensile! fracture is that the volume of the energy dissipation zo
i.e., the damage band, grows linearly with the distancea of propa-
gation while the volume of the energy release zone grows fa
than linearly, having a quadratically growing term that domina
for large sizes. Thus it is intuitively clear that if the stress in the
zone at failure were the same, energy balance could exist only
one size but not for other sizes~@14#!. So, in a larger structure the
stress in the quadratically growing zones~1231 and 4564 in Fig.
2~a!! must be less.

There is of course another possibility—namely that the dam
band grows axially, in the direction of compression, which lea
to a splitting failure~Fig. 3~b!!. In that case the stress in th
material on the sides of the crack band is not relieved, and so
energy release occurs only within the damage band itself. In
case, not only the energy dissipation but also the energy rel
are proportional to the lengtha of the band, which means tha
energy rates for the same failure stresssN can balance for any size
h. So, for the axial propagation, there is no size effect.

The axial growth is more likely because no new wing-tip crac
need to be nucleated. Therefore, at small enough sizes the
splitting of ice should prevail, which means that the splittin
mechanism corresponds in the logarithmic size effect plot~Fig.
3~c!! to a horizontal line starting below the curve of the size effe
law for lateral propagation of the damage band. However,
horizontal line must eventually cross the size effect curve a
certain critical sizehcr , above which the lateral propagation o
damage band must prevail, and then a size effect must exist.

The present analysis is similar to that made for concrete;
@17#, where various fine details are discussed~also @13,14#!.

Finally, an explanation of empirical parameterx introduced for
the cleavage fracture: It is presumed that the part (12x)d of the
cross section facing the ice movement undergoes compres
crushing. This part should be governed by Eq.~28!, and so the
force given by that equation needs to be added to the forcP
based on~12! and ~13!.
Transactions of the ASME
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5 Overall Fracture of Finite Ice Floe
Collision of a large ice floe with a fixed structure may caus

fracture of the whole floe. The floe is loaded by distributed ine
forces of its mass, but the problem may be treated as essen
quasi-static, owing to the low velocity of movement. Except
the loading by distributed forces, the problem is similar to fract
tests in the laboratory, especially the three-point bend beam~Fig.
3~d!!. Dempsey’s record-breaking tests on the Arctic Ocean n
Resolute can be regarded as an approximate reduced-scale
lation of this kind of fracture~@19,20#!. The analysis may follow
similar lines as presented, for instance, in@13# for other materials.
From that analogy it follows that the sizeL of the floe may cause
one of two types of size effect:

~1!
P

Lh
5S0S 11

Lr

L0
r D 21/2r

(30)

~2!
P

Lh
5S`S 11

rL b

L D 1/r

(31)

where P/Lh is the nominal strength of the whole floe
S0 ,L0 ,S` ,Lb are constants that can be calculated by fracture
chanics; andr is a parameter whose value is normally between
and 2.

The first kind of size effect, which agrees very well with Dem
sey et al.’s@19# field tests in the Arctic, applies when a large cra
in the floe can form before the overall fracture of the floe tak
place. The second kind applies to failures at fracture initiati
exemplified by the test of modulus of rupture~bending strength!,
and is pertinent if the maximum load is attained before a sta
finite crack can develop~e.g, by means of the radial cleavag
mechanism!.

6 Comments on Some Periodic Failure Mechanisms
According to observations, diverging V-shaped cracks may a

form ahead of an obstacle~e.g.,@21#, ch. 7!; Fig. 1~e,f!. To esti-
mate in a simple manner a rough approximate value of com
mentary energyP* of an infinite ice plate after formation of suc
cracks, we may assume that the forceP from the structure pro-
duces stress only within the wedge between the cracks~Fig. 1~g!!.
From a well-known solution~@22#!,

s r52Pku cosw/rh, sw5s rw50 (32)

wheres r , sw , ands rw are the stress components in polar co
dinatesr, w, and

ku51Y S u1
1

2
sin 2u D , (33)

u being the inclination angle of the cracks~Fig. 1~f !!. The dis-
placement atr 5d/2 ~structure surface! is

u5E
d/2

` s r

E
dr5

Pku

Eh
ln

2a

d
. (34)

ThenP* 5Pu/25(P2ku/2Eh)ln(2a/d). The complementary energ
before fracture may be estimated as the value ofP* for u5p,
i.e., P0* '(P2/2pEh)ln(2a/d). The total energy release due
V-cracks in the ice plate isDP* 5P* 2P0* , and the derivative
]DP* /]a at constantP must be equal to 2hGf . This condition
yields

P'2hA EGf

p212ku
Aa. (35)

To determine crack lengtha and angleu, one may use two con
ditions: ~a! the opening displacement at the crack mouth,d, must
be equal toxd/(2 cosu), which means that the load-point dis
placement of forceP must beu5(xd/2)tanu, and~b! the expres-
sion for P should be minimized with respect tou. These two
Journal of Applied Mechanics
a
tia
ially
or
re

ear
imu-

;
e-
.5

-
k
es
n,

ble
e

lso

le-

r-

o

-

conditions, however, make the solution quite complicated. We w
not pursue it here because of this and also because of two u
solved questions:~1! An axial cleavage crack may be also prese
~@5#!, and it may form either before or after the V-cracks.~2!
Simultaneous compression crushing is very likely in the case
V-cracks, which makes the value ofx, and thus the lengtha of
V-cracks, rather uncertain.

Unlike the cleavage fracture, the V-shaped cracks can oc
only from time to time. They do not represent a steady-st
mechanism that would accommodate continuous movement o
ice.

Other failure mechanisms occur in the case of an inclined f
of the fixed structure, or in the case of an icebreaker~@5#!. These
mechanisms involve axial bending cracks as well as bend
cracks normal to the direction of motion. Studying the action of
icebreaker, Goldstein and Osipenko@3# considered periodic for-
mation of LEFM bending cracks at some distance in front of
icebreaker, normal to the direction of movement. They limit
attention to one-dimensional cylindrical bending of the ice pl
and did not consider simultaneous formation of axial or oth
cracks.

7 Conclusions„From Parts I and II …

1. The known mechanism of failure of a floating ice plate su
jected to a vertical load can be used in an approximate
ergy analysis of quasibrittle fracture. The results do not d
agree with the limited field experiments that exist. Th
approximately agree with previous numerical simulatio
and confirm that for large ice thicknesses there is a str
size effect, approaching the size effect of LEFM. Asympto
matching leads to a simple formula for the size effect, wh
is similar to the size effect law proposed in 1984 by Bazˇant.

2. Simplified fracture analysis of the nominal strength of i
plate pushed against a fixed structure brings to light sev
possible mechanisms of failure with size effects due to
thickness, the diameter of the structure and, if the size of
ice floe is finite, the size of the floe. Buckling of the floatin
plate causes a reverse size effect of ice thickness~i.e., the
nominal strength increasing with ice thickness! and therefore
plays any role only for sufficiently thin ice. Radial cleavag
of the ice plate against the direction of ice movement cau
a size effect of structure diameter which follows linear ela
tic fracture mechanics~LEFM! for small enough diameters
and becomes progressively weaker with an increasing di
eter. Compression fracture, with ice crushing localized in
transversely propagating bands, causes a size effect o
thickness that follows approximately the classical size eff
law proposed in 1984 by Bazˇant. The overall fracture of a
finite ice floe causes a size effect of the floe size, followi
again the same size effect law.

3. The present approach contrasts with the classical appro
based on either plastic limit analysis or elastic analysis w
a strength limit, both of which lead to no size effect.
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