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Although the stability theories energetically associated with dif
ferent finite strain measures are mutually equivalent if the tangen
tial moduli are properly transformed as a function of stress, only 
one theory can allow the use of a constant shear modulus G if the 
strains are small and the material defonns in the linear elastic 
range. Recently it was shown that, in the case of heterogeneous 
orthotropic structures very sofi in shear, the choice of theory to 
use is related to the problem of proper homogenization and de
pends on the type of structure. An example is the difference be
tween Engesser:S and Haringx:~ formulas for critical load of col
umns with shear, which were shown to be energetically associated 
with Green :\' and AlmallSi's Lagrangian finite strain tensors. In a 
previous brief paper of the authors in a conference special issue, 
it was concluded on the basis of energy arguments that, for con
stant G, Engesser:S formula is correct for sandwich columns and 
Haringx's formula for elastomeric bearings, but no supporting 
experimental results were presented. To present them. is the mail! 
purpose of this technical brief [001: 10.111511.1979516] 

Introduction 

The question of a correct formula for critical load. PCP of elas
tic structures such as sandwich columns. composite columns, lat
tice columns, helical springs, and elastomeric bearings, in which 
shear deformations dominate. has been subject of polemics for 
decades; see [[ I], and references therein]. The best known ex
amples are the formulas of Engesser and Haringx. The polemics 
were settled in 1971 r2] by the demonstration that these two for
mulas are equivalent if the shear modulus G is properly trans
formed as a function of the axial stress; see also [3]. This showed 
that, if the material behavior is nonlinear and the stress-strain 
curve is defined in terms of the finite strain tensor as that used to 
interpret test results, it does not matter which formula is chosen 
because the difference is only in the form of stress dependence of 
tangent shear modulus G. This conclusion, however, leads to ap
parently paradoxical properties when the sU'ains are so small that 
the material is in the linear range of response. 
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In [3], it was shown that such a situation may arise for built-up 
(lattice) columns with very weak shear bracing, and that only the 
Engesser formula is correct for such columns. In [1], it was shown 
that such a situation also arises for sandwich columns very soft in 
shear. 

For such columns, the equiValence of Engesser's and Haringx's 
formulas requires that the tangent shear modulus G cannot be 
constant in both of these two formulas even if the strains are so 
small that the core is in the linear range of response. 

Because all of the axial load in a sandwich is carried by the 
skins and all of the shear force is resisted by the core, the stress 
dependence of G of the core means that the properties of the core 
depend on the axial normal stress in the skins (or facings). This 
may seem to be paradoxical. But the variational energy analysis in 
[I] showed that this is simply a consequence of the fact that the 
cross sections of the core may be assumed to remain plane. 

In [4]. variational energy analysis of the same kind as in [1] was 
used to prove that, if all the strains at critical load, P cr' are small, 
and if a constant G (as measured in small-strain torsion) is to be 
used, then, for sandwich beams, only Engesser's formula is cor
rect, and, for elastomeric bearings, only Haringx's formula is cor
rect. However, experimental results supporting this conclusion 
have not been presented. To present them is the main objective of 
this Technical Note. A secondary objective is to briefly outline an 
extension of this analysis to arbitrary soft-in-shear structures un
der multi axial stress, such as layered or highly orthotropic bodies. 
In full detail, this extension is found in [5]. 

Background on Variational Analysis of Homogeneous 
Orthotropic Columns With Shear 

The variational energy analysis presented in [2] showed that the 
differences between various stability theories for buckling with 
shear mise from different choices of the finite strain measure. All 
the finite strain tensors used in stability theories so fm' belong to 
the class of Doyle-Ericksen finite strain tensors ,,(m)=(vm-I)lm 
where m=real parameter, I=unit tensor, and V=right-stretch ten
sor. In particular, m=2 gives Green's Lagrangian strain tensor, and 
m=-2 Almansi's Lagrangian strain tensor. For calculating the 
critical load, only the second-order approximation of these tensors 
matters; it reads [2]: 

a=l-tm 

(I) 

where eij=small-strain tensor Oinearized). uj=displacement com
ponents, and the subscripts refer to Cartesian coordinates Xi (i 
= 1 ,2,3). The finite strain tensors ,,(n) = (Vn - V-II) I 2n proposed in 
[6] do not fit the class of Doyle-Ericksen tensors but the second
order approximation of "til) for any n coincides with (1) for m 
.... 0 (Hencky strain tensor). The stability criteria obtained from 
any of these strain measures have been shown in [2] to be mutu
ally equivalent if the tangential moduli C;;;; associated with dif-
ferent m-values satisfy the relation: . 

(2) 

(see also [3]) where C;2;,=components of tangential moduli tensor 
C(III) associated with Green's Lagrangian strain (111=2) and Sij 
=components of current stress tensor S (Cauchy stress). 

According to the standard simplifying hypothesis that the cross 
sections of the core remain plane, which makes the problem one
dimensional, the second-order accurate expression for the incre
mental potential energy of a column that is initially in equilibrium 
in an undeflected position is 
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Fig. 1 Column In (a) initial state, (b) deflected state; contribu
tion to the shear deformation of a sandwich beam element: (c) 
bending, and (d) shear 

g2W= f i [.s<J(Y,z)(E\7) - ell) + ~Em)(y,z)erl 
+ ~G(m)(y,z)y]dAdx (3) 

where A =cross-section area; S<J( v, ::)=-P I A = initial axial normal 
stress; P=axial compressive I~ad; E(m), G(m)=tangent elastic 
moduli in the axial direction and shear. associated with finite 
strain tensor E(m); '}'=11 1.3 +u),1 = shear angle; I/J(x)=rotation angle 
of cross section; XI =x=axial coordinate, X) =:::= transverse coordi
nate in the plane of buckling, ul=lI(x)=axial displacement (in 
x-direction), and u)=w(x)=transverse deflection (see Figs. I (a) 
and l(h)). Applying the Trefftz condition of critical state to Eq. 
(3). one can derive the critical load formulas associated with finite 
strain tensor of any parameter 111 [1]. In particular for 111 = 2 and 
m=-2. one obtains the well-known formulas: 

for m=2: (Engesser) (4) 

G(-2)A [I 4P ] 
for m = - 2: Pcr = -2- 'J I + d-2~ - 1 (Haringx) 

(5) 

where PE ='Tz2EII12=Euler's critical load of the column. It can be 
checked that (5) is obtained from (4) if the following substitution 
(a special case of (2) [2,3]) is made: 

G(l) = G(-2J + PIA (6) 

Correct Critical Load Formula for Sandwich Columns 
and Experimental Evidence 

If the tangent modulus G in the presence of normal stress hap
pens to be constant with respect to Green's Lagrangian strain mea
sure (corresponding to Engesser's theory, 1Il=2), it cannot be con
stant with respect to the Almansi's Lagrangian strain measure 
(corresponding to Haringx's theory. m=-2). and vice versa. Thus 
the main question is how to use the constant shear modulus G that 
is measured by small-strain shear tests, for example by torsion of 
a hollow circular tube. Should this constant modulus be used in 
Engesser's formula, or in Haringx's formula. or in a formula for 
some other m-value? The correct answer for a sandwich is En
gesser's fOImula. This answer was not reached in [1] because the 
physical interpretation of the variational analysis for a sandwich 
was incomplete. The correct interpretation. leading to the correct 
conclusion. was presented in [4] (and is also reviewed in [5]). It 
may be summarized as follows. 

We consider a sandwich beam element to undergo a rigid-body 
rotation through a small angle w' followed by homogeneous pure 
shear deformation ,}" as shown in Figs. l(c) and 1 (d). Using the 
notation shown in Figs. l(a) and I(b), we can describe the dis
placement and deformation fields as follows: 
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III=UI.I=II1.3=ell=O, U3.1 = '}', e13=e3J=,},/2 (7) 

According to the assumption of negligible skin thickness, the 
shear deformation within each skin vanishes (as shown in the 
zoomed region in Fig. 1 (d), although the skins as a pair, of 
course, do exhibit shear deformation (Fig. I (d). First we calculate 
the work as a special case of Eq. (3) for a sandwich column. After 
substitution of the homogeneous strain field (7) into (3). the flex
ural terms vanish and one obtains (for a cross section of width b in 
the y direction): 

ffW=(hhG+ 2-m p )Y _ Pw
'2 

(B) 
4 2 2 

Superscript m is here omitted because the core is in small strain. 
in which case the shear modulus G is inde.pendent of the specific 
choice of strain measure. 

Second, we figure out the work on the sandwich beam element 
by a direct elementary reasoning. During the rotation of the beam 
element (Fig. l(e», the second-order approximation to the vertical 
shortening is w,2/2, and the work of the axial force due to this 
shortening is -Pw,2/2 (note that the work of loads must be taken 
as negative because the potential energy of internal stresses is 
taken as positive). During the subsequent shear deformation of the 
core (Fig. I (d), the work of shear stresses obviously is bhGY/2. 
So the total work is 

o Y Pw '2 
t5"W=bhG---

2 2 
(9) 

Expressions (8) and (9) must coincide. Their comparison imme
diately reveals that this happens if and only if m=2. So, this is the 
value of m that allows the use of a constant shear modulus in the 
small-strain analysis of a sandwich. For this, and only this. value 
of m, the variational result in (8) coincides with the second-order 
work obtained by the elementary reasoning based on (9). There
fore, it must be concluded that whenever the strains are small and 
the shear modulus is assumed to be constant, sandwich structures 
must be analyzed on the basis of Engesser-type theory. 

This result does not come as a surprise. Already in 1966, Plant
ema [7] justified Engesser's theory on the basis of several experi
mental data. The Engesser-type theory has also been adopted by 
Zenkert [8]. 

The most extensive support for Engesser's theory is provided 
by the recent tests of Fleck and Sridhar [9] shown in Figs. 
2(a)-2(c). These tests also validate the correctness of the energetic 
argument in [5] summarized here. In these tests, the sandwich 
columns were fixed at both ends. The skins were made of the 
same material and had the same width. The cores had the same 
in-plane thickness and were made of Divinycell PVC foam. Three 
different densities of the foam, with designations H30, H 100, and 
H200, and several column lengths L, giving different slenderness 
l/(h+2t). were used. The diagrams in Fig. 2 are plotted in loga
rithmic scales and dimensionless coordinates. as Pcel PE versus 
l/(h+2t). The agreement with Engesser's formula is good (except 
for one anomalous point), while the formula of Haringx is seen to 
deviate significantly from the test results if a constant G is used. 

Correct Critical Load Formula for Homogenized Elas
tomeric Bearings and General Layered or Orthotropic 
Structures 

For elastomeric bearings and helical springs, discussed in detail 
in [5]. a large number of studies and all experiments clearly favor 
Haringx-type theory. The mathematical argument is analogous to 
that pursued for sandwich columns. If one calculates the work as 
a special case of Eq. (3) for a pure shear deformation and com
pares it to the expression obtained by direct elementary reasoning 
(based on the sketch in Fig. 3), one concludes that the only In 

value for which the two expressions are the same is m=-2. which 
corresponds to Haringx's formula [5]. 
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Fig. 2 Comparison of buckling formulas and experimental re
sults for various density of Divinycell foam 

The same type of argument may be applied to general homog· 
enized soft-in-shear structures, e.g., layered bodies and unidirec
tional fiber reinforced composites. The Engesser-type or Haringx
type theory is found to apply if the compressive force is applied in 
the direction parallel or normal to the layers or fibers, respectively. 

For the general case of a soft-in·shear orthotropic structure un
der biaxial stress, it is found [5] that a theory corresponding to a 
general m-value must be used. It has been shown [5] that m is 
given by the following equation: 

2(~/S:) -2 
m = (~/S:) + 1 

(10) 

where s: and ~ are the initial normal stresses in the directions of 
orthotropy. 
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Fig. 3 Contribution to the shear deformation of an elastomeric 
bearing element: (a) initial state, (b) bending, and (el shear 

To permit applying finite element discretization to homogenized 
soft-in-shear structures of this kind, it would be useful to gener
alize the current commercial finite element programs for an arbi
trary value of m *' 2 [4,5]. At present, all of them use an updated 
Lagrangian algorithm energetically associated with Green's 
Lagragian finite strain tensor, i.e., with m=2, and thus, in general, 
cannot give correct results for homogenized soft-in-shear struc
tures [5]. 

Conclusion 
The recent conclusion that for soft-in-shear sandwich columns 

in small-strain and in the linear elastic range the critical load is 
predicted correctly by Engesser's (but not Haringx's) formula 
with a constant shear modulus of core is shown to be in good 
agreement with recent extensive test results. 
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