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a b s t r a c t

Model M7f is a new model for fiber reinforced concretes under static and dynamic loads,
which features two kinds of improvement over the earlier versions: (1) It is built on M7,
a new, greatly improved, microplane model for plain concrete; and (2) it includes a more 
realistic description of the fiber pullout and breakage. The former include: (a) the absence 
of volumetric deviato ric split of elastic strains, which eliminates excessive lateral expan- 
sions or contractions and stress locking in far post-peak extensions; (b) simulation of the 
differences between hydrostatic compression and uniaxial comp ression under rigid lateral 
confinement; and (c) high shear dilatancy of low strength concretes; and realistic descrip- 
tion of unloading, reloading and load cycles, even if they cross between tension and com- 
pression. The latter includes an improved continu ous dependence of the effect of fibers on
the fiber volume fraction. The fiber resistance is a function of the strain represe nting the 
average opening of cracks of given spacing and, as in model M5f, a horizontal plateau as
a function of the type of fiber and fiber volume fraction has been employed and used sys- 
tematically for all fits. In this study, this horizontal plateau is justified using uniformly dis- 
tributed crack bridging fibers. The model beh avior is calibrated and verified by fitting of the 
main test data from the literature. The match of experimental observations and the com- 
putational results is closer than in the previous models.

� 2013 Elsevier Ltd. All rights reserved.

1. Introductio n

The microplane models, which range from M0 to M7 and were developed since 1984 primarily for the constitutive behav- 
ior of concrete, are hierarchical semi-multiscal e models [2], because the angular interactions of inelastic phenomena are cap- 
tured explicitly whereas the interactions at a distance cannot be captured as a result of lumping the inelastic phenomena 
from a representat ive volume element into a single material point. In regard to softening damage, the hierarchical fully mul- 
tiscale models for quasibrittle fracture are no better than the microplane models [2] because both miss the microcrack inter- 
actions that lead to localization of damage and fail to predict the size of the fracture process zone. The localization limiter,
can be predicted only by numerical simulation of the microstructur e, e.g., by a lattice-parti cle model, and must be externally 
imposed on both types of models.
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Microplane models have a number of advantages. The constitutive model is specified in terms of the stress and strain 
vectors rather than tensors and their invariants [6]. The principle of frame indifference is still satisfied, albeit approximat ely,
by virtue of using microplanes that sample without bias all possible spatial orientati ons. The stress and strain vectors are 
defined on a generic plane within the material microstructur e, called the micropla ne [1], and are related to the macroscopic 
continuum stress or strain tensor by either a kinematic or a static constraint. The static constraint has been used until today 
in similar models for hardening plasticity of polycrystalline metals, called Taylor models (proposed by G.I. Taylor in 1938).
But in 1984 it was shown that for materials with softening damage the static constraint must be replaced, for reasons of

Nomencla ture 

ni compon ents of microplan e unit vector 
mi compon ents of M-directio n in-plane unit vector 
li compon ents of L-directio n in-plane unit vector 
c1� � �c20 fixed material parameters of the model for concrete matrix 
f 0c compress ive streng th of concrete matrix 
f 0c0 referenc e value of compressiv e strength of concrete matrix 
k1� � �k5 free material parameters of the model for concrete matrix 
p0� � �p4 fiber law material parameters 
E elastic modulus 
E0 referenc e value of the elastic modulu s of the concrete matrix 
G shear modulus of elasticity of the model 
K bulk elastic modulus of the model M7f 
K0 bulk elastic modulus of the homogenou s coupling material with zero shear modulus eK bulk elastic modulus of the parallel coupling model 
EN microplan e elastic normal modulus 
EN0 initial value of elastic normal modulus of (virgin) concrete 
ET microplan e elastic shear modulus 
U recoverab le (elastically stored) energy density 
Vf fiber volume fraction 
W work of the stresses 
�ij compon ents of the strain tensor 
rij compon ents of the stress tensor 
�N microplan e normal strain 
�M M-directio n shear strain 
�L L-directio n shear strain 
�V volume tric strain 
�D deviatoric microplan e strain 
�I maximum principal strain 
�III minimum principal strain 
rN microplan e normal stress 
rM microplan e M-direction shear stress 
rL microplan e L-direction shear stress 
rij Kroneck er’s delta 
rb

V boundary value of the volumetric stress 
r0

V previous step value of the volumetr ic stress 
rb

D boundary value of the microplane deviatoric stress 
rb

N boundary value of the microplane normal stress 
re

N elastic microplan e normal stress 
rb

T boundary value of the microplane shear stress 
rf

N fiber normal stress 
rbf

N boundary value of the fiber normal stress 
rs resultant in-plane shear stress 
re

s elastic resultant in-plane shear stress 
rb

s boundary value of for the in-plane shear stress resultant 
r0

M previous step value of the M-direction shear stress 
r0

L previous step value of the L-direction shear stress 
v Poisson’s ratio of the model M7f 
~v Poisson’s ratio of the parallel coupling model 
D dissipa ted energy 
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model stability, by a kinematic constrain t and the micropla ne stress vectors were related to the continuum stress tensor by a
variational principle [1,6].

The micropla ne models are analogou s to classical multisurface plasticity but are much simpler because the stress–strain
boundaries (representing strain-de pendent yield limits) are expressed in terms of vectors rather than tensors. Thanks to this 
multisurface character, the microplane models can capture: (1) the vertex effect [15], which is major in concrete but is next 
to impossible to simulate in the tensorial form and also (2) the dilatancy in frictional shear, both without resorting to non- 
associated plasticity which violates thermodynam ic restrictio ns and causes computational problems [5,15].

M7f introduces several improvements over the previous microplane model M5f for fiber reinforced concrete [10]. One 
kind of improvem ent stems from the underlying model M7 for plain concrete. To avoid the spurious lateral expansion 
and contraction at far postpeak extension , the traditional volumetric–deviatoric split formulat ion [5] is removed from the 
elastic strains but is kept for the microplane stress–strain boundaries. The resulting tensile behavior of M7 is similar to mod- 
el M1 for tensile cracking alone [6]. But in compression the boundaries retain the split, which is necessary to simulate soft- 
ening and failure in weakly confined compression . Also, M7 can realistically simulate the extension al damage as observed in
tensile–compressive loading–unloading and cyclic tests reported in the literature. Furthermore, the observed strong shear 
dilatancy of low strength concrete [18] can be reproduced by M7. To this end, the volumetric–deviatoric coupling is ex- 
tended to the volumetric boundary. The aforementione d improvements are made possible by the absence of the elastic vol- 
umetric–deviatoric split, which means that the requirement for zero work of the deviatoric (or volumetric) stresses on the 
volumetric (or deviatoric) strains (postulated in models M4, M5 and M5f) is no longer needed [5,3,4]. As a result, the pre- 
dictive capabiliti es of the underlyin g model M7 have been drastical ly improved.

The second kind of improvem ent consists in improved understand ing of fiber pullout and breakage, which is as follows.
The new effective law for fiber–matrix interaction, along with the well known fiber law for single fibers embedded in a ma- 
trix, features three stages, as explained by Fig. 5.

(1) The first stage is the hardening one, where the stress is transferred to the fibers gradually as a crack forms in the 
matrix perpendicul ar to the fibers and all fibers are hardening.

(2) In the second stage, as the crack opens, the fibers nearest to the crack mouth start pulling out, whereas the fibers away 
from the crack mouth are still hardenin g. When the stresses contributed by the uniformly distributed fibers are super- 
posed, according to the parallel coupling model, an approximat e plateau with many small oscillatio ns appears, as
shown in Fig. 5. The amplitude of these oscillations depends on the fiber volume fraction. For large fractions, this 
amplitude is small and for small fractions it gets larger.

(3) The last stage of the fiber constituti ve law describes the pull-out of all fibers bridging the crack, which results in over- 
all strain softening. The parallel coupling of fiber bridging and crack opening in the matrix explains the fluctuations
observed in the experimental data as well as the variations of the computed ultimate (failure) strain as a function 
of the fiber volume fraction in fiber reinforced concretes of various kinds.

2. Basic constitutive equations of micropla ne model M7

Microplane models for concrete are defined using the kinematic constraint, which means that microplane strains are pro- 
jections of the strain tensor on the microplanes (Fig. 1a) [6,5,3,4]:

�N ¼ ninj�ij ¼ Nij�ij ð1Þ

where ni are the components of the unit normal vector of a generic microplane (Fig. 1b) and i, j = 1, 2, 3 are the indices of the 
cartesian coordina te system. Earlier, similar models, called the slip theory of plasticity or Taylor models, dealt with harden- 
ing plasticity of polycrystalline metals and used the static constrain t in which the microplane stresses are defined as the pro- 
jections of the stress tensor onto the microplane. However, in the case of softening damage the static constrain t cannot be
used since it makes the model unstable [1,6].

The in-plane shear strain vector on each microplane is represented by its two in-plane orthogonal components in the 
directions of unit in-plane coordina te vectors ~m and~l which are generated randomly on each microplane. Thus, the shear 
strains on the microplanes are defined as

�M ¼
1
2
ðnimj þ njmiÞ�ij ¼ Mij�ij; �L ¼

1
2
ðnilj þ njliÞ�ij ¼ Lij�ij ð2Þ

as shown in Fig. 1c.
To capture the differenc es in damage between tension and compression , it is necessar y to split the microplane normal 

strain and stress into its volumetric and deviatoric parts:

�N ¼ �V þ �D; rN ¼ rV þ rD ð3Þ

where �V = �kk/3 and �D = (Nij � dij/3)�ij. The salient feature of model M7 is that this volumetric–deviatoric split of the normal 
strain is employed only in the modeling of compressive inelastic behavior, i.e., in the elastic normal strain is not split and all 
of the tensile behavior is assumed to be governed by the normal strain with no split.
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To define the constitutive law, the microplane volumetr ic and deviatoric stresses rV and rD as well as the microplane 
shear stresses rM and rL must be prescribed as functions of the microplane strains. These functions, which must be cali- 
brated by data fitting, are as follows:

rV ¼ F V ð�V ; �I; �IIIÞ; rD ¼ FDð�D; �V Þ; rL ¼ F Tð�L; �V ;rNÞ; rM ¼ F Tð�M; �V ;rNÞ ð4Þ

Although the constitutive relation for the microplane shear stress components rL and rM are given in Eq. (4) by the same 
shear law, this is actually not strictly necessar y for ensuring macroscopic isotropy; one may assume an in-plane orthotrop y
of microplanes and prescribe different shear laws for the two orthogonal shear components on the micropla ne.

Computationall y it is desirable to avoid load step iterations. This means that the microplane constitutive laws should give 
the microplane stresses explicitly as far as possible. The explicitn ess has been achieved for the normal stress components on
the microplanes. However , the law giving the shear stress components must inevitably be implicit since it must involve the 
normal stresses, as it is mainly the friction that must be modeled. Likewise, for volume change, a good model must distin- 
guish between pure volumetr ic (or hydrostatic) compression and uniaxial compress ion at zero lateral strain, and this re- 
quires the volumetric compressive stress to depend on the difference of extreme principal strains.

2.1. Volumetric boundary 

The volumetric boundary simulates the pore collapse and expansive breakup of the material (Fig. 4c). It is given by:

rb
V ¼ �Ek1k3e��V =k1a ð5Þ

where

a ¼ k5

1þ �e

�o
I � �o

III

k1

� �c20

þ k4 ð6Þ

in which ki (i = 1, 2, 3, . . .) are the adjustable scaling parameters whose numerica l values will be discussed later, and �o
I ; �

o
III are

the maximum and minimum principal strains at the beginning of the step and �e ¼ h�ro
V=EN0i (where hxi = max 

(x,0) = Macauley brackets).

Fig. 1. (a) Example of 21-point optimal Gaussian integration formula (the circled points at the vertices and mid-edges of icosahedron represent the 
directions of the microplane normals; the optimal weights were calculated in Baz ˇant and Oh 1996). (b) Microplane model ensuing by separate 
homogenization of slips and openings on weak planes a1, a2, . . . of various orientations a, b, c, . . . within the representative volume of material. (c) Strain 
components on the microplane.
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2.2. Deviatoric Boundary 

The deviatoric boundary simulates the spreading and splitting cracks under compression (Fig. 4b). It is given by:

rb
D ¼ �

Ek1b3

1þ ½h��Di=ðk1b2ÞÞ�
2 ð7Þ

where

b2 ¼ c5c1 þ c7ðVf Þ; b3 ¼ c6c1 þ c8; c0 ¼ f 0c0=E0 � f 0c=E ð8Þ
c1 ¼ ec0 tanhðc9h��V i=k1Þ ð9Þ

2.3. Normal boundaries 

The normal boundaries govern the tensile and compress ive fracturing behavior (Fig. 4a). For tensile fracturin g

rb
N ¼ Ek1b1e�h�N�b1c2k1i=ð�c4�esgnð�eÞþk1c3Þ

where

b1 ¼ �c1 þ c17e�c19h�e�c18i þ p0ðVf Þ ð10Þ

For compressive behavior, the normal boundary is constructed as the sum of volumetric and deviatoric boundaries. For 
any state of stress, regardless of whether it is tensile or compressive , the normal stress is evaluated using 

rN ¼max min re
N ; rb

N

� �
; rb

V þ rb
D

� �
ð11Þ

where re
N is given in Eq. (17) and EN is given in the first of Eq. (12).

2.4. Elastic behavior, unloading and stiffness degradation 

When the normal micropla ne strains �N are not split into their volumetric and deviatoric parts, �V and �D, with indepen- 
dent elastic constant s for each, the normal and shear stiffness constants EN, ET on the microplanes under a kinematic con- 
straint are [16, Eq. 32] :

EN ¼
E

1� 2m
; ET ¼ EN

1� 4m
1þ m

ð12Þ

where E = Young’s modulus on the macrolevel and m = Poisson’s ratio (also EN = K/3 where K = bulk modulus). Since both EN

and ET must be nonnegative, only Poisson’s ratios in the range m 2 [�1,0.25] can be reproduced. This range of m is sufficient
for concrete, for which m � 0.18, but would not suffice for some other materials with m 2 (0.25,0.5], such as metals, ceramics,
polymers or ice. For those, one easy remedy, mentioned in [6], is to make the microplane model coupled in series with a
shear-deform able but incompressible elastic element that is subjected to the same stress tensor rij, has an infinite (or very 
large) bulk modulus K

0
and a finite shear modulus G

0
(Fig. 2) . Since, for such a coupled model, the bulk and shear compliances 

are eK�1 ¼ K�1 and eG�1 ¼ G�1 þ G0�1, Poisson’s ratio is (e.g. [19]):

~m ¼ 3Kð1þ G=G0Þ � 2G
6Kð1þ G=G0Þ þ 2GÞ

ð13Þ

which tends to 0.5 when G
0
/G ? 0. Any Poisson’s ratio, up to 0.5, can thus be reproduced (without a volumetr ic–deviatoric

split). Since the serial element is elastic, all the inelastic behavior and postpeak softening is localized into the microplane 
model.

Here the coupling of such a serial element is not introduced since it is unnecessar y. Nevertheles s, m = 0.18 could also be
obtained with such coupling when EN and ET are set so as to give less than 0.18 without the coupling. But it seems that the 
modeling capability would not get enhanced by such coupling, although this is one point that deserves deeper scrutiny 
(especially for a material with m less than, but close to, 0.25).

In microplane models M1 and M2, the tangential microplane stiffness was varied as a function of strain. However, begin- 
ning with model M3 [9], it appeared simpler to introduce strain-depende nt strength (or yield) limits, called the stress–strain
boundaries. Within the boundaries, the response is elastic and during the first loading the microplane elastic stiffness EN and
ET is constant .

Experime nts show the pre-and post-peak macrolevel stress–strain curves to vary their slope gradually. This feature is, in
microplane simulatio ns with constant EN and ET, automaticall y reproduced by virtue of the fact that the stress–strain bound- 
ary is reached at different microplanes at different moments of loading. Similarly, during macroscopic unloading, different 
microplanes return from the stress–strain boundary into the elastic domain at different moments, which again causes the 
unloading curves to change unloadin g slope gradually, with a progressively decreasing slope as the unloading proceeds. Sim- 
ilar comments apply to reloading.

F.C. Caner et al. / Engineering Fracture Mechanics 105 (2013) 41–57 45
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The normal microplane elastic modulus evolves as follows:

For r0
N P 0:

EN ¼ EN 0e�c13�0þ
N f ðfÞ ð14Þ

but EN ¼ EN 0 if r0
N > EN0�N and r0

ND�N < 0 ð15Þ

For r0
N < 0:

EN ¼ EN 0 e�c14 �0�
Nj j=ð1þc15�eÞ þ c16�e

� 	
ð16Þ

Fig. 2. Any thermodynamically admissible Poisson’s ratio can be used if the microplane model is coupled with an elastic element having only bulk modulus 
(in the present model for concrete, G0 ¼ 1. i.e., the coupled element is rigid and the strain in the microplane mode is the total strain).
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In Eq. (14), f(f) = (1 + af2)�1 in which f ¼
R
hd�V i and typically a = 0.1 has been employed to extend the validity of the mod- 

el to many load cycles and has virtually no effect for the first few cycles [21].
The elastic normal micropla ne stress is given by:

re
N ¼ r0

N þ END�N ð17Þ

When unloading occurs on the microplanes with normals in the direction of the maximum principal tensile strain, the re- 
sponse will inevitabl y intersect the initial elastic loading path. This is due to the damage (or degradat ion) of the elastic stiff- 
ness. The condition in Eq. (15) makes sure that, after the intersection , the unloading follows the initial elastic slope towards 
the origin, instead of continuing to proceed along the original unloading path even after the intersection . Following the ori- 
ginal unloading path after the two paths have intersected would be incorrect because it would cause negative dissipation 
during load cycles.

2.5. Frictional Yield Surface 

The frictional yield surface simulates the shear behavior of the model (Fig. 4d). It is given by:

rb
T ¼ FTð�rNÞ ¼

ET k1k2ðVf Þc10ðVf Þ �rN þ r0
N


 �
ET k1k2ðVf Þ þ c10ðVf Þ �rN þ r0

N


 � ð18Þ

Fig. 4. (a) Normal, (b) deviatoric, (c) volumetric and (d) shear boundaries used for the concrete matrix.

Fig. 3. Dependence of energy dissipation in strain-softening materials on the unloading behavior.
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where

r0
N ¼ hET k1c11ðVf Þ � c12ðVf Þh�V ii ð19Þ

Under compression , the best data fits are obtained when the shear boundary is applied to the microplane shear components 
before the peak load is reached, especially in fitting the strength envelopes.

2.6. Fiber Constitutive Relation 

When the cracks are of the opening mode, the contributi on of fiber to the crack bridging stress is given by a simplified
form of Kholmya nsky’s equation [20]:

rf
N ¼

Ep1k1h�N=k1ie�p2h�N=k1i if �N=k1 < 1=p2 þ p4

Ep1k1=p2e�1 if 1=p2 þ p4 6 �N=k1 < p3

Ep1k1h�N=k1 � p3 þ 1=p2ie�p2h�N=k1�p3þ1=p2i if p3 6 �N=k1

8><
>: ð20Þ

This law results from gradual activation of fibers bridging an opened crack as shown in Fig. 5. Obviously, the fiber and the 
matrix are assumed to be coupled in parallel, resulting in a microplane normal stress given by

rbf
N ¼ rb

N þ rf
N ð21Þ

where rbf
N = total normal boundary for fiber reinforced concrete, rb

N = boundary for plain concrete matrix and rf
N = contribu- 

tion of the fiber given by Eq. (20).
In the presence of fibers, to calculate the microplane normal stresses rN, Eq. (11) is modified by replacing the rb

N by rbf
N :

rN ¼ max min re
N; rbf

N

� 	
; rb

V þ rb
D

h i
ð22Þ

where re
N is given in Eq. (17) and EN is given in the first of Eq. (12). The microplane shear stresses are obtained by

rs ¼min re
s

�� ��; rb
s

� �
ð23Þ

DrM ¼ ETD�M
rs

re
s

ð24Þ

DrL ¼ ETD�L
rs

re
s

ð25Þ

where re
s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r0

M þ ETD�M
� �2 þ r0

L þ ETD�L
� �2

q
; rM ¼ r0

M þ DrM; rL ¼ r0
L þ DrL and ET is given by the second of Eq. (12). Fi- 

nally the micro–macro stress equilibrium is enforced by

rij ¼
3

2p

Z
X
½rNNij þ rMMij þ rLLij�dX ð26Þ

2.7. Thermodynami c dissipatio n

Thermodynam ically sound constitutive models must obviously satisfy the condition that the density of dissipation rate 
must be nonnegative. In microplane models, this criterion could be easily satisfied by requiring the dissipation rate on each 
microplane to be nonnegative. However , there are two problems with such a simple requiremen t:

(1) The dissipation rate on each microplane being nonnegati ve is only a sufficient condition , not a necessary one; only the 
dissipatio n rate on all the microplanes combined must be nonnegative, which means that it can be negative on some.

Fig. 5. The overall fiber law used in the modeling of fiber behavior obtained by superposing the responses of individual fibers.
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(2) Purely elastic unloadin g is not realistic, and so the effect of damage due to material stiffness loss must be known.
Depending on the unloading path, energy can be, and is, dissipated or released.

Is it important to distinguish between sufficient and necessary? It is. Previously [8], an automatic correction in each load- 
ing step of a microplane model was developed to satisfy the dissipation criterion on each microplane separately. But such a
correction was subsequent ly found to be far too stringent, making it impossibl e to fit most test data.

The density of energy dissipatio n increment may be written as dD ¼ dW � dU where dW = rijd�ij = work of stress on the 
strain increments, and U = density of recoverable stored energy. Unfortunately, the value of U, as affected by material dam- 
age (a damage that can continue during unloading) is in general very difficult to determine.

To illustrate the difficulty, consider [similar to] [8] one stress and one strain component only, and a general stress–strain
diagram with strain softening, r(�), as shown in Fig. 3. An infinitesimal strain increment d� from point 1 to point 2 leads to
continuing material damage which causes the unloadin g path to change from curve 14 to curve 23. Curve 64 is a rigid-body 
shift of 23 to the left. Since d� is infinitesimal, 51 is also infinitesimal. So the work given by the triangle 1251 is second-order 
small, infinitely smaller than the cross-hatch ed areas, and thus negligible. The increment of dissipated work dW is repre- 
sented by area 23462, and the decrement of stored energy, dU (<0), or the energy dissipation due to damage, by area 
4564. So, in this one-componen t setting, a sufficient requiremen t of nonnegative energy dissipation is that the combined 
(cross-hatched) area 23452 be nonnegative. But this is not a necessary requiremen t. Only the sum of all the areas of the type 
23452 over all the stress components must be nonnegative.

In micropla ne models, negativeness of the areas of the type 23452 on some microplanes is admissible if their sum over all 
the microplanes is nonnegati ve. This is one difficulty. Another is that a realistic check for nonnegative dissipatio n must in- 
clude multi-axial stress paths, such as a closed loop consisting of normal stress increment, shear stress increment, normal 
stress decrement and shear stress decrement returning to the original zero stress tensor.

An example of such a loop was given in Carol et al. [17] for microplane model M2, with the conclusion that energy dis- 
sipation could be negative. However , the unloading path was considered to be a straight line always pointed to the origin,
which is unrealistic and is not the way model M2 has been used. If the unloadin g is assumed to follow a constant elastic 
stiffness, no problem occurs for M2.

For the present model M7, computati ons have been run for some similar closed loops and no negative dissipatio n has 
been found. But a general analytical dissipation check of M7, covering all the possible loops, seems difficult.

3. Calibration and data fits

The optimum numerical simulatio ns of the experime ntal data for concrete s reinforced with Harex, PVA and Dramix fibers
subjected to uniaxial tension are shown in Figs. 6–8 [23], and those with Dramix fibers in Figs. 9–11 [22]. The simulation for 
steel fiber reinforced concretes under uniaxial and triaxial compression are presented in Fig. 12 and Figs. 14–17 [18] respec-
tively. The volumetric compression test data and their simulations are depicted in Fig. 13 [18]. The agreement of the simu- 
lations with the data is seen to be quite satisfactory.

The free and fixed parameters of the model for concrete matrix, their values and their brief descriptions , are given in Ta-
bles 5 and 6. The ‘‘c’’ parameters are the fixed paramete rs, which do not change from one concrete to another; the ‘‘k’’ param- 
eters may change from one concrete to another and thus they must be calibrated for each given concrete. Although there 
seem to be too many parameters, only five of them are free parameters for the concrete matrix (k1, . . . ,k5). There are five
more free paramete rs (p0, . . . ,p4), which must be supplied by the user. They characteri ze the fiber effect on the opening, split- 
ting and slipping type fracture.

Fig. 6. Uniaxial tensile test data for FRC with Vf = 2%, 3% and 6% of Harex fibers [23] and their simulation by the model M7f. The data for plain concrete 
under uniaxial tension is also shown for comparison.
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For most low and normal strength concretes, the values provided in Tables 5 and 6 should be sufficient for calibration of
the concrete matrix behavior. For others, the free parameters, (k1, . . . ,k5) need to be identified from the test data obtained on
specimens of the concrete under consideration. For various types of fibers, the values of free fiber parameters (p0, . . . ,p4) are 
already determined as shown in Tables 1a–c, 2–4 . But if a new type of fiber is used, these values must be recalibrated. This 
can be done by fitting the test data on uniaxial tension and uniaxial compress ion.

In the comparis ons of the available experimental results with the numerical fits achieved, presented in Figs. 6–18, the 
experimental data are shown by symbols and the simulatio ns are shown by continuo us lines. Each diagram in the figures

Fig. 7. Uniaxial tensile test data for FRC with Vf = 2%, 3% and 6% of PVA fibers [23] and their simulation by the model M7f. The data for plain concrete under 
uniaxial tension is also shown for comparison.

Fig. 8. Uniaxial tensile test data for FRC with Vf = 2%, 3% and 6% of Dramix fibers [23] and their simulation by the model M7f. The data for plain concrete 
under uniaxial tension is also shown for comparison.

Fig. 9. Uniaxial tensile test data for FRC with Vf = 6% of Dramix fibers [22] and its simulation by the model M7f. The data for plain concrete under uniaxial 
tension is also shown for comparison.
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is plotted in terms of the average stress and average strain in the test specimen. All the simulatio ns were made using the 37- 
point Gaussian numerical integration formula for a unit hemisphere [7], which integrates exactly a polynomi al of the 13th 
degree.

Figs. 6–8 show the data and optimum fits for the uniaxial tensile tests reported in [23] and conducte d on concrete s with 
Vf = 0%, 2%, 3%, and 6%. Three different types of reinforcement were used: (1) steel fibers ‘‘Dramix’’ (diameter 0.5 mm, length 
30 mm, hooked ends); (2) steel fibers ‘‘Harex’’ (having an arched cross section of dimensio ns 2.20–0.25 mm and the length of

Fig. 10. Uniaxial tensile test data for FRC with Vf = 7% of Dramix fibers [22] and its simulation by the model M7f. The data for plain concrete under uniaxial 
tension is also shown for comparison.

Fig. 11. Uniaxial tensile test data for FRC with Vf = 8% of Dramix fibers [22] and its simulation by the model M7f. The data for plain concrete under uniaxial 
tension is also shown for comparison.

Fig. 12. Uniaxial compression test data for FRC with Vf = 0%, 1% and 2% of carbon steel fibers [18] and their simulation by the model M7f.
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32 mm); and (3) synthetic fibers made of polyvinyl alcohol (PVA) (diameter 0.66 mm, length 30 mm). Figs. 9–11 show the 
data and fits for the uniaxial tensile tests reported in [22] and conducted on concretes reinforce d by Dramix fibers, with three 
tests for Vf = 6%, two for 7%, and two for 8%. In Figs. 6–11, for uniaxial tension response of plain concrete two sets of data 
points are shown. The squares are for the original experimental data and diamonds are for the delocalized data [9].

The optimal parameters are identified starting with the concrete matrix, which is characterized by E, m and the adjustable 
parameters of model M7. For the diagrams in Figs. 6–8, the values E = 35 GPa, m = 0.18, k1 = 0.000120, k2 = 100, k3 = 20,k4 = 40,
k5 = 0.0001 are obtained for the concrete matrix. The fiber parameters are given in Table 1a–c. For the diagrams in Figs. 9–11

Fig. 13. Hydrostatic compression test data for FRC with Vf = 0%, 1% and 2% of carbon steel fibers [18] and their simulation by the model M7f.

Table 1
Fiber parameters for Figs. 6–8.

Vf 0% 2% 3% 6%

(a)
p0 0 0.0165 0.0346 0.125 
p1 0 0.4 0.45 0.525 
p2 0.3 0.264 0.214 0.165 
p3 0 21 21 31
p4 4.5 3 1 1
c7 100 1000 2000 2000 
k2 100 120 120 120 
c11 1 6 7 8
c12 7000 70 7 7
c10 0.33 0.43 0.43 0.43 

0% 2% 3% 6%

(b)
0 0.0165 0.0346 0.125 
0 0.1 0.1 0.225 
0.3 0.264 0.1 0.1 
0 1 31 41
4.5 4 4 3
100 1000 2000 2000 
100 120 120 120 
1 6 7 8
7000 70 7 7
0.33 0.43 0.43 0.43 

(c)
0 0.0165 0.0346 0.125 
0 0.3 0.45 0.55 
0.3 0.175 0.175 0.1 
0 31 31 71
4.5 4 1.25 1.25 
100 1000 2000 2000 
100 120 120 120 
1 6 7 8
7000 70 7 7
0.33 0.43 0.43 0.43 
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the parameters differing from the foregoing ones are shown in Table 2. The fiber effect is subsequently calibrated by adjust- 
ing parameters p0, . . . , p4.

The experimental data in Figs. 12–17 were reported in [18] and were obtained on fiber-reinforced concrete s with carbon 
steel fibers of Vf = 0%, 1%, and 2%. The specimens are loaded in multiaxial compression , in a kinematicall y constrained system.
The concrete matrix properties are: E = 20 GPa, m = 0.18, k1 = 0.000090, k2 = 100, k3 = 6, k4 = 60, k5 = 0.0001. In general, the 
fiber effect on the compressive triaxial response of the material is significant for a concrete matrix of relatively lower 
strength, as is the case for the material corresponding to Figs. 12–17.

Table 2
Fiber parameters for Figs. 9–11.

Vf 0% 6% 7% 8%

p0 0 0.125 0.125 0.125 
p1 0 0.55 0.55 0.55 
p2 0.3 0.09 0.09 0.085 
p3 0 71 71 71
p4 4.5 1.25 1.25 1.25 
c7 100 2000 2000 2000 
k2 100 120 120 120 
c11 1 8 8 8
c12 7000 7 7 7
c10 0.33 0.43 0.43 0.43 

Table 3
Fiber parameters for Figs. 12–17.

Vf 0% 1% 2%

p0 0 0.0083 0.0165 
p1 0 0.178 0.357 
p2 0.3 0.266 0.234 
p3 0 4.22 5.09 
p4 4.5 3.75 3
c7 100 1000 1000 
k2 100 110 120 
c11 1 3 6
c12 7000 700 70
c10 0.33 0.43 0.43 

Table 4
Fiber parameters for Fig. 18.

Vf 0% 1% 2%

p0 0 0.0083 0.0165 
p1 0 0.2 0.4 
p2 0.3 0.282 0.264 
p3 0 10.5 21
p4 4.5 3.75 3
c7 100 1000 1000 
k2 100 110 120 
c11 1 3 6
c12 7000 700 70
c10 0.33 0.43 0.43 

Table 5
Free parameters of model M7, their typical (or default) values and their meanings.

Parameter Value Meaning 

E 25,000 MPa Elastic modulus, (and vertical scaling parameter)
m 0.18 Poisson’s ratio 
k1 1.5 � 10�4 Radial scaling parameter 
k2 110 Controls the horizontal asymptote value in the frictional boundary 
k3 30 Controls the shape of the volumetric boundary 
k4 100 Controls the shape of the volumetric boundary 
k5 1 � 10�4 Controls the volumetric–deviatoric coupling at low pressures 
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Table 6
Fixed parameter s of the model M7, their typical values and their meanings.

Parameter Value Meaning 

f 0c0 15.08 MPa Reference compressive strength 
E0 20GPa Reference elastic modulus 
c1 8.9 � 10�2 Controls the uniaxial tensile strength 
c2 17.6 � 10�2 Controls the roundness of the peak in uniaxial tension 
c3 4 Controls the slope of the postpeak in uniaxial tension 
c4 50 Controls the slope of the postpeak tail in uniaxial compression 
c5 3500 Controls the vol. expansion under compression 
c6 20 Controls the roundness of the peak in vol. expansion under compression 
c7 1 Controls the slope of the initial postpeak in uniaxial compression 
c8 8 Controls the peak strength in uniaxial compression 
c9 1.2 � 10�2 controls the peak roundness in uniaxial compression 
c10 0.33 Controls the effective friction coefficient
c11 0.5 Initial cohesion in frictional response 
c12 2.36 Controls the change of cohesion with tensile vol. strains 
c13 4500 Controls the unloading slope in tension 
c14 300 Controls the unloading slope at low hydrostatic compression 
c15 4000 Controls the transition from unloading slope at high confinement to that at low confinement
c16 60 Controls the unloading slope at high hydrostatic compression 
c17 1.4 Controls the tensile strength 
c18 1.6 � 10�3 Controls the tensile cracking under compression 
c19 1000 Controls the tensile softening rate induced by compression 
c20 1.8 Controls the volumetric–deviatoric coupling at high pressures 

Fig. 14. Triaxial compression test data at a confining pressure of 40 MPa for FRC with Vf = 0%, 1% and 2% of carbon steel fibers [18] and their simulation by
the model M7f.

Fig. 15. Triaxial compression test data at a confining pressure of 70 MPa for FRC with Vf = 0%, 1% and 2% of carbon steel fibers [18] and their simulation by
the model M7f.
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To model the fiber volume effects, one parameter of the compressive deviatoric boundary, c7, and parameters k2, c10, c11

and c12 of the friction boundary, have been generalized to be functions of Vf. The values of these parameters are given in Ta-
ble 3. For hydrostatic compress ion (Fig. 13), the fiber reinforced concrete exhibits no significant differences from normal con- 
crete (at least for Vf 6 2%). The triaxial compress ion tests in Figs. 14 and 15 are used to calibrate the parameters dependent 
on the fiber volume fraction, given in Table 3.

Fig. 18 shows the test results for biaxial compression of steel fiber reinforced concrete with Vf = 0%, 1%, and 2%, as reported 
in [24]. The concrete matrix in the numerical simulations is characterized by: E = 20 GPa, m = 0.18, k1 = 0.000140, k2 = 100,

Fig. 16. Triaxial compression test data with unloading at a confining pressure of 50 MPa for FRC with Vf = 2% of carbon steel fibers [18] and its simulation by
the model M7f.

Fig. 17. Triaxial compression test data with unloading at a confining pressure of 70 MPa for FRC with Vf = 2% of carbon steel fibers [18] and its simulation by
the model M7f.

Fig. 18. Biaxial compression test data for FRC with Vf = 0%, 1% and 2% of steel fibers [24] and their simulation by the model M7f.
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k3 = 13, k4 = 70, k5 = 0.0001 MPa. The optimized values for Vf = 0%, 1%, and 2% of the fiber parameters are given in Table 4.
These parameters have been identified to match the mean overall failure envelope.

Finally, Figs. 16 and 17 show a fit of a hydrostatic compression test followed by unloading. The simulations for both axial 
and transverse deformations are seen to closely follow the test results.

As seen, the foregoing simulations generally attain satisfactory agreement with the experimental data. This confirms the 
soundness of the present model. In Fig. 18, the biaxial compress ion failure envelope shows only small discrepancie s with the 
experiments in the proportional loading direction, which is observed in model M7 for plain concrete as well.

Addition of several new parameters to those already involved in model M7 might be suspected of making model M7f too 
difficult to calibrate . Not so, however, because the model paramete rs need not be optimized by simultaneous fitting of all the 
test data, and because the new parameters in M7f have a clear and easily identifiable trend with respect to Vf. The following 
sequential calibration procedure, in which only a few parameters are optimized to fit only one simple type of test, is simple 
to carry out.

1. Identify the parameters of model M7 considering only concrete without fibers.
2. From the uniaxial tension data, identify p0(Vf), p1(Vf), p2(Vf), p3(Vf) and p4(Vf). Parameter p0(Vf) decides whether the fibers

engage as soon as the fracturing localizes in the concrete matrix. Parameter p1(Vf) controls the vertical scaling of fiber
contribution, and p2(Vf) controls the pull-out of fibers that bridge an opening crack. Parameters p3(Vf) and p4(Vf) deter- 
mine the length of the plastic plateau in the micropla ne stress–strain diagram of the fibers.

3. From the uniaxial compression data, identify c7(Vf) and c12(Vf).
4. From the triaxial compression data, identify k2(Vf), c10(Vf), and c11(Vf).

The calibration of the free matrix parameters k1 � � � k5 can easily be made sequentially, with simultaneou s optimization of
no more than two paramete rs (for details see [11,3,4,13,14]).

Another application of M7f is the predictio n of stress–strain curves for Vf values different from those tested experime n-
tally. This is achieved by interpolating the values of model paramete rs identified from tests for several different Vf values. By
fitting these parameter values, one can identify simple expressions for the functions p0(Vf), . . . ,p4(Vf) and k2(Vf), c7(Vf), c10(Vf),
c11(Vf), c12(Vf), etc. Still another application is to predict approximate stress–strain curves for multiaxial loading when only 
uniaxial test data are available.

4. Conclusi ons 

The present model M7f has two kinds of advantages over its predecess ors: (1) It is built on M7, a greatly improved micro- 
plane model for plain concrete and (2) the effect of the fibers is captured more realistically than in previous versions, par- 
ticularly [10].

The advantag es of M7, which now transcends to M7f, are, briefly, as follows: (1) The volumetric–deviatoric split is
avoided for elastic strains and is applied only to the stress–strain boundaries; (2) As a conseque nce, the excessive lateral 
strains and stress locking in far post-peak extension are eliminated and it becomes possible to reproduce differences be- 
tween hydrostatic compress ion and uniaxial compress ion under rigid lateral confinement, as well as the high shear dilatancy 
of low strength concretes; and (3) the unloading, reloading and load cycles can be captured realistically , even if they cross 
between tension and compression; in detail, see [13,14].

The effect of fibers is made dependent on the fiber volume fraction and the plain concrete model is recovered when this 
fraction vanishes . The fiber resistance is a function of the strain representing the average opening of cracks of given spacing.
Compared to previous models, introduced is a new refined model in which the fibers bridging the crack and resisting its 
opening are considered to be in different regimes, some fibers already softening, others still hardening (Fig. 5). A fiber
law of the same form is systematical ly used to fit all the test data, but its parameters vary, depending on the fiber volume 
fraction and the fiber type.

The resulting model, M7f, is robust, i.e., always works. Robustness is not automatic in the models that can fit a wide range of
inelastic behavior. The previous versions M5f and M6f [12] were abandoned due to robustness issues which appeared in large- 
scale finite element analyses. Here the robustness is achieved by a systematically explicit formulation , i.e., an explicit calcula- 
tion of stress from strain or deformation in both the concrete matrix and the fibers. Unlike M5f and M6f, neither complex tran- 
sitions from one kind of formulation to another nor separations of field variables into elastic and inelastic parts are introduced.
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