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The size effect on the tensile strength of concrete is investigated 
experimentally for the case of equi-biaxial tension. Tests of tensile 
strength under uniaxial tension were carried out for comparison 
using four-point bend beams. For measuring the biaxial tensile 
strength, the ASTM C1550 test and the biaxial flexure test were 
examined. To study the size effect, unreinforced circular plates of 
three different sizes are tested, with 13 specimens per size. The size 
effect on the equi-biaxial tensile strength is found to be stronger 
than it is on the uniaxial tensile strength, and to exhibit the charac-
teristics of the deterministic Type I size effect. The detailed experi-
mental procedure and the results are reported in this paper. Under 
the assumption that a distinct continuous crack develops only after 
the peak load, the approximate law of size effect is derived from 
the stress redistribution due to a boundary layer of cracking. The 
analysis leads to a deterministic Type I size effect.

Keywords: biaxial tensile strength; flexural tensile strength; fracture 
mechanics; material testing; size effect; strength scaling.

INTRODUCTION
The tensile strength of concrete is approximately 8 to 

12% of the compressive strength. In the case of reinforced 
concrete structures, the tensile strength is often neglected 
when calculating the load capacity. Because of its low 
value, cracks may develop on a surface subjected to tensile 
stress even when the applied load is much less than the load 
capacity of the cross section. Although the tensile cracks do 
not usually cause the failure of reinforced concrete struc-
tures, they influence serviceability and durability. In the 
case of unreinforced concrete structures, such as a concrete 
pavement, foundation plinth, or retaining wall, the failure is 
directly governed by the tensile strength of concrete.

Aside from the fracture energy, the tensile strength is a 
key parameter in the evaluation of tensile crack initiation.1,2 
Several different test methods are available for measuring 
the tensile strength of concrete: the direct tension test, the 
flexural strength test, and the splitting test. The flexural 
strength (modulus of rupture [MOR]) test is most popular in 
practice because of its simplicity. All methods yield slightly 
different results. A different result may also be obtained as 
part of the fracture tests to identify the softening law of the 
cohesive crack model. In the direct tension and MOR tests, 
the stress state at failure is uniaxial. In the splitting test, it is 
biaxial, but only one of the three principal stresses is tensile.

Because strength evaluation under the actual multiaxial 
stress states is difficult, the uniaxial strength is often used to 
check the maximum principal stress, ignoring the other prin-
cipal stresses. For example, in the case of large-scale pave-
ment construction, it is recommended for quality control to 
test the MOR of concrete. Because a large number of test 

specimens are required, the depth (or size) of the flexural 
test beams is chosen to be approximately 150 mm (5.9 in). 
This is much less than the actual thickness of the pavement, 
which is typically 300 mm (11.8 in). Such a large difference 
means that dependence of the flexural strength on the struc-
ture size should be taken into account. This is a well-known 
phenomenon called the size effect.

There are two causes of size effect: statistical and ener-
getic. The statistical size effect, described by Weibull theory, 
is due to randomness of the local strength. The energetic size 
effect, due to energy release into the fracture front caused by 
stress redistribution, is deterministic, and in quasibrittle (or 
brittle heterogeneous) materials such as concrete, it usually 
overpowers the statistical size effect.3,4 A general form of the 
energetic (or deterministic) size effect is given by

 σN = σN
∞g(D,Db,r) (1)

where σN is the nominal strength; σN
∞ is the asymptotic 

strength for infinitely large sizes; g(•) is a dimensionless func-
tion of the size effect; D is the size; and Db and r are positive 
constants. In simple specimens, Db and r can be predicted 
from the fracture process zone size and the stress-intensity 
factor dependence on crack length, but in complex situa-
tions such those herein, they should be obtained empirically. 
These parameters depend on the geometry of the structure 
as well as the size of the fracture process zone. Once the 
strengths of small specimens are measured in the laboratory, 
the strength can be scaled down by means of Eq. (1) to esti-
mate the strength at the actual sizes.

A question arises regarding the extrapolation of laboratory 
test data to real problems. Is the size effect under uniaxial 
loading the same as, or close to, the size effect under the 
actual stress state? In the case of a pavement, the actual 
stress state caused by a wheel load is nearly equi-biaxial, 
and far from uniaxial.

Several methods were developed to measure the biaxial 
tensile strengths of concretes.5-7 To produce biaxial stress 
loading generally requires a complicated experimental 
setup, sometimes with multiple actuators. Zi et al.7 proposed 
a method which was a simple axisymmetric generaliza-
tion of the MOR test in three dimensions, based on testing 
circular plates simply supported along the circumference. 
In their method, a biaxial stress state was created with the 
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use of only one actuator. In their recent works, they veri-
fied experimentally that the stress state was equi-biaxial.8,9 
A generalization of the three-point bend test can be also be 
found in ASTM C1550,10 in which a plate simply supported 
at three points along the cirumference is used.

In this paper, the size effects for uniaxial and biaxial 
stress states are compared experimentally. The size effect 
of the classical MOR test, in which the stress is uniaxial, is 
compared with the size effect obtained on simply supported 
circular plates, in which the stress state is biaxial. A previ-
ously developed test method, which is used in this paper for 
creating the biaxial stress state, is briefly reviewed. Detailed 
information on the experiment is given. Finally, the exper-
imental results are presented and analyzed in a simplified 
manner using fracture mechanics concepts.

RESEARCH SIGNIFICANCE
The failure of concrete under uniaxial tensile stress is 

known to be subjected to size effect. The present paper 
extends the size effect to failures under biaxial tensile stress, 
which occur in concrete pavements, foundation slabs, and 
other structures.

BRIEF REVIEW OF THREE TEST METHODS FOR 
FLEXURAL STRENGTH OF CONCRETE

Four-point bend test
A widely used test of flexural strength (or MOR) is 

the four-point bend test, shown in Fig. 1. Because of its 
symmetry, the bending moment is constant between the two 
load points placed on the top of the specimen. Therefore, 
the flexural tensile stress is uniform over the thickness. The 
bottom surface of the specimen between the positions of the 
two load points is subjected to a constant uniaxial stress field.

The nominal flexural strength σN = ft of a beam under four-
point bend can be obtained from the beam theory
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where ft is the nominal strength; Pmax is the maximum load, 
which is the load at failure if the load is controlled; L is the 

span length; w is the thickness; and D is the beam depth. It 
should be noted that the strength in Eq. (2) is based on the 
theory of elasticity, and no size effect is considered yet.

Centrally loaded circular plate test, ASTM C1550
The test setup of ASTM C1550 is shown in Fig. 2. A 

circular plate, supported by three round pivots, is used. It 
is subjected to a concentrated load at the center, where the 
stress reaches the maximum and is biaxial. The stress distri-
bution is triply axisymmetric.

This method is very close to the piston-on-three-balls 
test11 and the ball-on-three-balls test12 used for ceramics. 
Therefore, the biaxial strength can be obtained from the 
following formula developed for those tests13,14
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 r r D De = + −1 6 0 6752 2. .  (4)

where R is the distance from the center of the specimen to 
the support; re is the equivalent radius; r is the radius of the 
loaded area; D is the thickness of the circular plate; and υ is 
the Poisson’s ratio of the material. Because the test method 
was originally developed to measure the fracture tough-
ness after the peak, the strength evaluation of Eq. (3) is not 
given in ASTM C1550. Equation (4) is valid in the range of 
r < 0.5D.

The main advantages of the ASTM C1550 method are 
its simple procedure and the high precision in post-crack 
performance evaluation.15 Because this method has a good 
tolerance of an uneven flatness of the specimen surface, the 
specimen preparation is not difficult. Because of the triply 
axisymmetric stress distribution, cracks are prone to form in 
the area between the supporting pivots and the center of the 
test plate, causing the plate to break into three pieces.

Fig. 1—Schematic of four-point bend test method.

Fig. 2—Schematic of ASTM C1550 method.
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Biaxial flexure test
Recently, a biaxial flexure test method was proposed to 

measure the biaxial flexural strength of concrete,7 as shown 
in Fig. 3. As in the ASTM C1550 method, a circular plate is 
used. The load is applied to the plate through a ring. Because 
the support of the specimen is also an annular ring, the stress 
field is axisymmetric. Mechanical analysis shows that, 
within the area enclosed by the loading ring, the stress state 
caused by the applied load is uniform on every horizontal 
plane. Consequently, it is easy to consider the statistical 
randomness of local material strength.4,16

The biaxial flexural strength can be estimated as follows7
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where R0 is the radius of the plate; R is the radius of the 
support ring; and r is the radius of the loading ring.

EXPERIMENTAL INVESTIGATION

Materials
The experimental program was designed to study the 

influence of the stress state on the size effect observed in 
the flexural strength tests of concrete. The flexural strength 
of concrete specimens was evaluated by three different test 
methods reviewed in previous section: 1) the traditional 
four-point bend test; 2) the ASTM C1550 test; and 3) the 
biaxial flexure test. The last two tests were intended for 
biaxial stress states.

A concrete with the unit weight of 22.5 kN/m3 (143.3 lb/ft3) 
was prepared for this experiment. The mixture proportion 

of the concrete is given in Table 1. The average size of the 
coarse aggregate was 6.5 mm (0.26 in.), which was approxi-
mately a fifth of the minimum dimension of the specimen (to 
be given later). All were cast from the same batch of fresh 
concrete, and all were cured for two days at room tempera-
ture. They were then demolded and stored in a water bath for 
28 days. The average compressive cylindrical strength at 28 
days was measured as 33 MPa (4.79 ksi), as an average of 
five specimens.

Specimen preparation and test procedure
The dimensions of the specimens used for the three 

test methods are given in Table 2. The specimens for the 
four-point bend test and the centrally loaded round plate 
test were prepared according to ASTM C7817 and ASTM 
C1550, respectively. The round plate was placed over the 
three pivot supports spaced equally along the circumference 
of a circle, and was loaded at the center of the plate for the 

Fig. 3—Schematic of biaxial flexure test method.

Table 1—Mixture proportions of concrete used

w/c, % S/a, %

Unit weight, kg/m3 (lb/ft3)

W C S G

42 49 170 (10.61) 405 (25.28) 866 (53.06) 934 (58.31)

Table 2—Dimensions of specimens used for three test methods

Specimens and geometry parameters Small Medium Large

Four-point bend test

Height, mm (in.) 30 (1.18) 48 (1.89) 75 (2.95)

Width, mm (in.) 30 (1.18) 48 (1.89) 75 (2.95)

Span length, mm (in.) 90 (3.54) 144 (5.67) 225 (8.86)

Total length, mm (in.) 190 (7.48) 244 (9.61) 325 (12.80)

ASTM C1550

Thickness, mm (in.) 30 (1.18) 48 (1.89) 75 (2.95)

Diameter, mm (in.) 262 (10.32) 420 (16.54) 657 (25.87)

Radius to support, mm (in.) 125 (5.98) 200 (7.87) 312.5 (12.30)

Radius of loading area, mm (in.) 5.5 (0.22) 11 (0.43) 14 (0.55)

Biaxial flexure test

Thickness, mm (in.) 30 (1.18) 48 (1.89) 75 (2.95)

Diameter, mm (in.) 262 (10.32) 420 (16.54) 657 (25.87)

Radius of support ring, mm (in.) 125 (5.98) 200 (7.87) 312.5 (12.30)

Radius of loading ring, mm (in.) 31.5 (1.24) 50 (1.97) 78 (3.07)
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ASTM C1550 test, as shown in Fig. 2. The method for the 
biaxial flexure test was similar to the ASTM C1550 method, 
except for the loading device and the support. According to 
a recent investigation of the influence of surface smoothness 
on biaxial stress,8 the surface of the specimens was treated 
with care. To minimize the effect of surface roughness on 
the load transfer, an annular rubber layer (of hardness 55) 
and teflon sheets of 0.3 mm (0.01 in.) thickness were placed 
between the rings and the specimens.

Three different sizes were prepared for the study of the 
size effect as shown in Table 2. The ratios of the three sizes 
were chosen as 1:1.6:2.5. Admittedly, the size range of 1:2.5 
of linear dimensions is relatively narrow compared with the 

size range of at least 1:4 normally required for concrete spec-
imens. That range, however, is for specimens scaled in two 
dimensions.18,19 The present specimens are scaled in three 
dimensions, which means that the ratio of the volumes of the 
largest and smallest specimens is 2.53 = 15.6. For compar-
ison, the two-dimensional scaling in the linear ratio of 1:4 
implies the volume (or area) ratio of 42 = 16. This is nearly 
the same as 15.6, which appears to justify the presently 
chosen size range. The practical reason of limiting the linear 
size range to 2.5 was, of course, the difficulty of handling 
heavier specimens.

The minimum dimension was chosen to be approximately 
four times greater than the size of the coarse aggregate. The 
width, thickness, and length of the three beams was 30 x 
30 x 190 mm (1.18 x 1.18 x 7.48 in.), 48 x 48 x 244 mm 
(1.89 x 1.89 x 9.61 in.), and 75 x 75 x 325 mm (2.95 x 2.95 x 
12.80 in.), respectively; the diameter and thickness of the 
three circular plates were 262 x 30 mm (10.32 x 1.18 in.), 
420 x 48 mm (16.54 x 1.89 in.), and 657 x 75 mm (25.87 x 
2.95 in.), and their thicknesses were 30, 48, and 75 mm 
(1.18, 1.89, and 2.95 in.), respectively.

In total, 39 specimens, 13 for each test method, were 
prepared to examine the statistical uncertainty of the strength 
obtained from the three test methods. For the three test 
methods, a concentric load was applied using a servo-hy-
draulic actuator at the rate of 1 mm/min (0.04 in./min), until 
each specimen fractured. During the test, the applied load 
magnitude and the strain at the bottom surface of the three 
different sizes of the plates for biaxial tensile strength were 
also measured to check whether or not the isotropic flexural 
tensile strain states were actually realized in the tests (they 
were). The failure stresses for the four-point bend tests and 
the two circular plate tests were calculated from Eq. (2), (3), 
and (5). The compressive strength and Poisson’s ratio were 
also measured using standard cylindrical specimens.

EXPERIMENTAL RESULTS AND DISCUSSION

Fracture patterns
The fracture patterns of the specimens (three different 

sizes) are shown in Fig. 4. The specimens for the four-point 
bend test failed by cracks propagating from the bottom to 
the top of the beam (Fig. 4(a)). The fracture pattern of the 
ASTM C1550 test was characterized by symmetric triple 
cracks (Fig. 4(b)), whose locations were determined by the 
three supports.

In the biaxial flexure test, two kinds of fracture patterns 
were observed: the triple near-symmetric pattern, and one 
straight crack along the diameter, as shown in Fig. 4(c). A 
similar pattern is also reported in the literature.8,9 Because 
the in-plane stress is the same in every direction, cracks of 
any orientation can form. Approximately 70% of the speci-
mens fractured into three pieces after developing three major 
radial cracks.

This triple symmetric pattern can be explained by mini-
mization of the Helmholtz free energy of a homogeneous 
istropic material subjected to an equi-biaxial tension 
field.20 The square, triangular, and hexagonal crack cells 
shown in Fig. 5 are three possible regular patterns, which 

Fig. 4—Typical fracture patterns of: (a) four-point bend test; 
(b) ASTM C1550 test; and (c) biaxial flexure test.
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require different amounts of strain energy to be released 
and converted into the fracture energy of the cracks. The 
crack areas per equal cell volumes Vc are 4√Vc, 4.56√Vc, 
and 3.72√Vc. The crack area of the hexagonal pattern is the 
smallest, that is, the free energy required to form the cracks 
is minimized. Thus, the angles of 120 degrees are initially 
favored (and a micro-hexagonal crack pattern should 
form first).

The disk segment between two adjacent radial cracks 
forming the angle of 120 degrees may be regarded as the 
corner of a regular hexagon. This ideal pattern, however, is 
perturbed by the inhomogeneities of concrete, and even more 
by the kinematics of rotations of the radial bending cracks 
and the segments between them. The stiffness of these disk 

segments causes a tendency for each segment to lift up from 
the supporting ring during the crack development. In large 
plates, however, the lifting before the maximum load is so 
large that the minimization of the energy release in the pres-
ence of crack rotations favors a single diametric crack instead 
of cracks spaced at 120 degrees. The simulation of the fracture 
patterns is discussed separetely in another paper.21

The in-plane strain was measured for the biaxial flexure 
test to check whether the stress state was biaxial. Two strain 
gauges were attached to the bottom surface of the plates, 
perpendicular to each other. The strains in the two directions 
were almost the same before the failure, for all the sizes. The 
typical load-strain relation is shown in Fig. 6 for the three sizes.

Tensile strengths obtained from experiment
The test results for the three test methods are given in 

Table 3. The strengths were calculated from the peak loads 
by using Eq. (2), (3), and (5). The coefficients of variation of 
the results were less than or equal to 11% for all tests.

One noteworthy finding is that the biaxial tensile strength 
is greater than the uniaxial strength. When the strength of 
the uniaxial flexure test was compared with those of the 
ASTM C1550 method and the biaxial flexure test method, the 
strength ratios were 1:1.5:2.08, 1:1.6:2.31, and 1:1.32:2.05 
for the three sizes, respectively. The trend of these results is 
in good agreement with the results for ceramics reported in 
the ceramic society by Shetty et al.,22 Ban and Anusavice,23 
and Higgs et al.14

As expected, a size effect was found for each case. As 
the size increases, the strength decreases, as shown in Fig. 
7. The size effect in the four-point bend test is the typical 
deterministic Type I size effect
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in which the rate of strength in a doubly logarithmic plot of 
strength versus size decreases as the size increases, and the 
strength for the medium size is close to that for the large 
size. The size effect of the uniaxial tensile strength is found 

Fig. 5—Three possible fracture patterns of homogeneous 
isotropic material subjected to equi-biaxial stress field.

Fig. 6—Typical load-strain curves in biaxial flexure test.
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to be marginal for the large size. The experimental data on 
the uniaxial flexural strengths in Table 3 are optimally fitted 
with ft

∞ = 3.21 MPa (0.47 ksi), Db = 22.69 mm (0.89 in.), 
and r = 1.44.

For the biaxial flexure test and the ASTM C1550 method, 
a stronger size effect was found. When the plate thickness 
increases from 30 to 48 mm (1.18 to 1.89 in.), and from 
48 to 75 mm (1.89 to 2.95 in.), the uniaxial flexural strength 
decreases only by 18.8 and 4.5%, while the biaxial flexural 

strength decreases by approximately 17% and 19%, respec-
tively. In other words, at large sizes, the reduction of tensile 
strength for the biaxial stress states was significantly greater 
than it was for the uniaxial stress states.

For reasons of simplicity, it is often preferred to use the 
uniaxial test method, rather than the biaxial ones, even if 
the actual stress condition is biaxial. Because the uniaxial 
strength is less than the biaxial strengths, the choice of 
the uniaxial test method would make an error on the side 
of safety. This might not be true for large sizes, however, 
because the size effect in biaxial loading is stronger, and the 
safety margin would then be insufficient.

ANALYTCIAL INVESTIGATION
An accurate analysis of the size effect in these three- 

dimensional failures would be rather complicated and not 
easy to interpret. It is again assumed that, as in uniaxial beam 
bending, the maximum load is reached before microcracking 
localizes into a distinct macrocrack. In other words, the size 
effect is assumed to be of Type I. Although the Type I size 
effect can be derived as a limit case of the analysis of energy 
release due to fracture,4 it can be most simply explained and 
formulated on the basis of stress redistribution due to mate-
rial heterogeneity. At the tensile face of a plate in bending, 
there is a boundary layer of a certain thickness h which is 
a material property, and is equal to approximately two 
maximum aggregate sizes da (Fig. 8). In this boundary layer, 
in which macroscopic fracture will develop during postpeak 
softening, the stress and strain field is highly scattered. Due 
to distributed microcracking, the boundary layer behaves, 
before fracture localization, as quasiplastic, and thus causes 

Table 3—Tensile strengths obtained in experiments, MPa (ksi)

No.

Small Medium Large

Four-point 
bend test

Biaxial 
flexure text

ASTM 
C1550

Four-point 
bend test

Biaxial 
flexure text

ASTM 
C1550

Four-point 
bend test

Biaxial 
flexure text

ASTM 
C1550

1 5.33 (0.77) 8.16 (1.18) 12.43 (1.80) 5.23 (0.76) 6.35 (0.92) 11.62 (1.68) 4.17 (0.60) 5.57 (0.81) 8.29 (1.20)

2 5.87 (0.85) 8.01 (1.16) 10.39 (1.51) 4.45 (0.65) 7.28 (1.06) 10.29 (1.49) 4.45 (0.65) 5.80 (0.84) 7.76 (1.13)

3 5.93 (0.86) 8.32 (1.21) 13.66 (1.98) 4.79 (0.69) 6.67 (0.97) 11.15 (1.62) 4.35 (0.63) 5.13 (0.74) 9.84 (1.43)

4 5.50 (0.80) 9.16 (1.33) 11.98 (1.74) 4.22 (0.61) 6.38 (0.93) 10.58 (1.53) 4.21 (0.61) 5.43 (0.79) 8.44 (1.22)

5 6.03 (0.87) 8.15 (1.18) 11.24 (1.63) 4.83 (0.70) 5.57 (0.81) 8.75 (1.27) 4.25 (0.62) 5.60 (0.81) 8.47 (1.23)

6 4.87 (0.71) 8.00 (1.16) 10.95 (1.59) 4.08 (0.59) 6.37 (0.92) 9.14 (1.33) 4.34 (0.63) 4.96 (0.72) 10.03 (1.45)

7 5.70 (0.83) 7.83 (1.14) 9.91 (1.44) 3.78 (0.55) 6.92 (1.00) 10.28 (1.49) 4.31 (0.62) 5.97 (0.87) 7.67 (1.11)

8 5.90 (0.86) 8.90 (1.29) 12.35 (1.79) 4.62 (0.67) 7.63 (1.11) 11.30 (1.64) 3.65 (0.53) 5.93 (0.86) 8.37 (1.21)

9 5.00 (0.73) 7.83 (1.14) 10.80 (1.57) 4.90 (0.71) 7.76 (1.13) 10.68 (1.55) 4.52 (0.66) 5.36 (0.78) 8.96 (1.30)

10 5.17 (0.75) 9.06 (1.31) 11.61 (1.68) 4.58 (0.66) 6.22 (0.90) 9.59 (1.39) 4.34 (0.63) 5.49 (0.80) 8.83 (1.28)

11 4.97 (0.72) 8.14 (1.18) 9.34 (1.35) 3.87 (0.56) 7.43 (1.08) 8.75 (1.27) 4.15 (0.60) 6.03 (0.87) 9.16 (1.33)

12 5.17 (0.75) 7.55 (1.09) — 4.51 (0.65) 7.71 (1.12) — 4.16 (0.60) 5.48 (0.79) —

13 5.20 (0.75) 8.53 (1.24) — 3.41 (0.49) 7.14 (1.04) — 4.18 (0.61) 5.85 (0.85) —

Average 5.43 (0.79) 8.28 (1.20) 11.31 (1.64) 4.41 (0.64) 6.88 (1.00) 10.19 (1.48) 4.24 (0.61) 5.59 (0.81) 8.71 (1.26)

Standard 
deviation

0.39 (0.06) 0.48 (0.07) 1.21 (0.18) 0.49 (0.07) 0.65 (0.09) 0.96 (0.14) 0.20 (0.03) 0.3 (0.04) 0.72 (0.10)

Coefficient of 
variation

0.07 0.06 0.11 0.11 0.10 0.09 0.05 0.06 0.08

Fig. 7—Size effect obtained from tests at three different sizes.
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stress redistribution within the cross section similar to that in 
limit analysis of bending.

Thus, it does not make sense to consider the failure to 
occur when tensile stress at the bottom face, obtained under 
the assumption of a smooth linear stress profile, reaches the 
tensile strength limit ft′. Herein, ft′ is the tensile strength of 
a small representative volume element (RVE), whose size 
is h. Rather, as an approximation, it may be assumed that 
the failure occurs when the average stress in the boundary 
layer equals ft′. Although it would not be difficult to calcu-
late this average from the postpeak softening modulus of 
material according to the stress redistribution within the 
cross section, it suffices to assume that the maximum load 
(or failure) occurs when the elastically calculated stress at 
midthickness of the boundary layer, that is, at distance h/2 
above the bottom face, reaches the strength limit ft′. A similar 
analysis of the size effect in beam bending can be found in 
the literature.4,16 The greater the ratio h/D, the higher the 
nominal strength σN (or ft).

This condition of the maximum load is introduced into Eq. 
(5). To avoid complicated expressions, Eq. (5) may simply 
be written as ft = μP/D2, where μ is a dimensionless constant 
depending on the geometry and Poisson’s ratio. If the stress 
at distance h/2 above the bottom face decides, then the 
failure condition must be replaced by
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It should be noted that ft′ is the tensile strength of the 
representative volume element (RVE) of the concrete while, 
ft = μP/D2 is the nominal strength. The following equation is 
then obtained for the size effect on the biaxial strength
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The foregoing argument, however, is valid only for h 
<< D, and becomes meaningless when the boundary layer 
extends above midthickness—that is, when h > D/2. In other 
words, this argument is acceptable only in the asymptotic 
sense for D → ∞. Therefore, any modification of Eq. (8) 
that retains the same asymptotic form is equally justified. 
A modification is, in fact, necessary to extend the validity 
to small sizes for which Eq. (8) gives negative σN. In the 
spirit of these observations, the general size effect law may 
be written as
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which is the law of Type I size effect. Indeed, this equa-
tion has, for any r, the same asymptotic properties up to the 
second order in D–1, as verified by the binomial expansion of 
Eq. (8) and (9). For both, the first two terms of the asymp-
totic expansion are ft′(1 + hD–1 + …). It should be noted that 
for D → ∞, Eq. (5) is recovered.

The failure of quasibrittle materials can be well described 
by the cohesive crack (or crack band) model. According to 
that model, the size effect curve should be a continuously 
descending curve through the entire range of size D. There-
fore, the r value in Eq. (9) should be positive. To determine 
r, size effect tests of a much broader range than the present 
one would be needed. Until such tests are carried out, it is 
recommended to use r = 1.

According to Eq. (9), the size effect curve approaches a 
horizontal asymptote ft = ft′ when D → ∞—that is, the size 
effect disappears for very large plates. This property is a 
consequence of the fact that concrete randomness has been 
neglected. In reality, concrete strength is random, and so 
the Weibull statistical size effect should also be present. As 
shown in Bažant and Planas,4 the statistical generalization of 
the Type I size effect has the form
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where m is the Weibull modulus, typically 24 for concrete; 
and n is the number for fracture similarity, herein, n = 2. 
Equation (10) approaches for D → ∞ the Weibull statistical 
size effect, represented in a plot of log σN versus log D by 
a straight line of downward slope –n/m. Within the range of 
the present tests, the mean statistical size effect cannot be 
significant.

Although the foregoing analysis is made for the biaxial 
flexure test method, it could be adapted for the ASTM C1550 
method as well. The results would likely be similar.

CONCLUSIONS
1. The size effect on the tensile strength of concrete under 

different stress states has been studied experimentally by 
using three different test methods. The size effect has been 
considered for both uniaxial tension and biaxial tension; 
the four-point bend test for the uniaxial tension, and the 
ASTM C1550 and biaxial flexure tests for the biaxial tension. 

2. The strength under biaxial tension is, in both tests, 
greater than the strength under uniaxial tension. The biaxial 
tensile strength measured by ASTM C1550 is slightly greater 
than the strength measured by the biaxial flexure test. This 
may be explained by the uniformity of the tensile stress field 
in the biaxial flexure test.

3. A significant size effect is found for both biaxial tension 
tests. At small to medium sizes, the size effect trend of the 
biaxial tensile strength is similar to that known for the 
uniaxial tensile strengths. Because of the limited size range 
of the tests and data scatter, it unclear whether the slope of 

Fig. 8—Boundary layer at tensile face of plate.
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the size effect curve in the double logarithmic plot of strength 
versus size decreases or increases with the structure size.

4. Because the specimens are unreinforced, it is reasonable 
to assume that only bands of distributed cracking, but no 
distinct continuous macrofractures, develop before reaching 
the maximum load. Under this assumption, the size effect 
should of Type I, engendered by material inhomogeneities 
(aggregates) that lead to stress redistribution associated with 
the formation of a boundary layer of cracking. A simple 
generalization of the elasticity formula has been presented 
for the biaxial strength of the circular plates tested.

5. When the safety margin of a concrete structure subjected 
to a biaxial stress condition is estimated on the basis of stan-
dard uniaxial tests, the different magnitudes and characteris-
tics of the size effect under biaxial tension should be taken 
into account. In this study, the safety margin of biaxial tensile 
strength for biaxial flexure test decreased from 56 to 32% 
when the size increased from 48 to 75 mm (1.89 to 2.95 in.).
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