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a b s t r a c t

In their paper, Lin and Zhou (2013) add a new dimension to the scratch test analysis, chal-
lenging the applicability of Linear Elastic Fracture Mechanics to scratch tests. The question
raised is how to integrate the three-dimensionality of scratch tests into the energetic Size
Effect Law (SEL) formulated by Bažant for quasi-brittle materials. We show that Lin and
Zhou’s analysis, although relevant is incomplete, as it neglects the blade width, which is
critical for the fracture property assessment. In return, if the blade width is properly taken
into account, the SEL here proposed is a formidable means to ascertain the fracture tough-
ness from scratching.

Published by Elsevier Ltd.

1. Introduction

Understanding the failure mechanisms of scratch tests continues to be a challenge in materials science and engineering,
because of its impact on material characterization in many fields, ranging from strength property characterization of rocks
[3,4,7,8], to adhesive properties of coatings [1,5] and damage and wear of metals [2] and polymers [6]. In its simplest form,
the scratch test consists of driving a scratch tool across the surface of a weaker material as illustrated in Fig. 1. The challenge
lies in rigorously connecting the forces (horizontal force FT and vertical force FV ) and the penetration depth (d) measure-
ments to the scratch tool geometry (width w, back-rake angle h) and relevant material properties (strength r0, fracture en-
ergy Gf ¼ K2

c =E� or fracture toughness Kc), with two schools of thought existing:
The ‘Strength’–School of thought links forces and geometry to strength properties, such as the scratch hardness [8]:

HT ¼
FT

ALB
¼ r0 �PS

d
w
; h;l;li;

r0

E
;

d

Kc=r0ð Þ2

 !
ð1Þ

where ALB is the horizontal projected load contact area, which in the case of a parallelepiped scratch blade is equal to the
blade width w times the penetration depth d; while l and li stand for friction coefficients of material and interface, respec-
tively. Detournay and coworkers [3,4,7] have substantially studied scratch testing on rocks with an inclined blade (Fig. 1 b)
and reported a transition from ductile shearing to brittle micro-cracking at a penetration depth of 2 mm (Fig. 15 in [3]).
Moreover in the ductile regime, an analytical model was developed that assumes the existence of two forces acting on
the cutter: Fc , acting on the inclined wedge, is associated to cutting processes, whereas Ff acting on the wear flat is associated
to frictional dissipation. A specific intrinsic energy e is introduced, which for a sharp cutter, and constant width, is akin to the
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scratch hardness. Assuming that Fc and Ff maintain constant directions characterized by the parameters f and li, respec-
tively, the specific intrinsic energy e is related to the vertical and horizontal forces as well as the width of the blade, w,
and the depth of penetration, d (for details, see [7], Eq. (1)). An extensive series of testing performed on hundreds of rock
specimens with a standard cutter width w ¼ 10 mm suggests an empirical correlation between the specific intrinsic energy
e and the uni-axial compressive strength r0, and between the interface friction coefficient li and the rock’s internal friction
coefficient l ¼ tan /. However, further investigation [7] revealed that both the specific intrinsic energy e and interface fric-
tion coefficient li also depend on the cutter geometry. For purpose of illustration, Fig. 2 displays the values of the intrinsic
specific energy e and of the interface friction coefficient li for scratch tests performed on six materials: paraffin wax, cement
paste, A-51w, B-4w and B-12 w. The original scratch test data have been presented in [12,14,17]. All six specimens exhibit
similar trends: the intrinsic specific energy e decreases with blade width w, whereas the interface friction coefficient li

strongly depends on the blade width w.1 Richard et al. rationalize the variation of the intrinsic specific energy e with the blade
width w by introducing a shear-induced dilatation mechanism, which in turn leads to the conclusion that ductile failure prevails
for large blade widths w P 10 mm and small penetration depths d. However, as can be seen on Fig. 3, the linear scaling between
the horizontal force FT and the projected horizontal contact area ALB ¼ wd, which is a major underlying assumption of the
strength-scratch model, is valid mainly for small blade widths – here w ¼ 2:5, 5 mm.

The ‘Fracture’–School of Thought departs from the premise that the particular scaling of strength properties with the
blade width is related to fracture processes; that is ([13]):

Nomenclature

ALB horizontally projected load-bearing contact area
B Size Effect Law dimensionless coefficient
d penetration depth
D0 Size Effect Law transitional size
E Young’s modulus
FT scratch horizontal force
FV scratch vertical force
f 0t tensile strength
Gf fracture energy
HT scratch hardness
Kc fracture toughness
p scratch probe perimeter
h scratch blade back-rake angle
l material internal friction coefficient
li scratch blade-material interface friction coefficient
m Poisson’s ratio
r0 material’s strength

(a) (b)

Fig. 1. Description of macroscopic scratch tests. (a) Scratch tests on paraffin wax with a straight blade: depending on the width w of the blade and on the
depth d of penetration, chipping can be observed. (b) Schematic representation of a macro-scratch test with an inclined blade. FV is the vertical force and FT

is the horizontal force.

1 It should be noted that the dependence of the interface friction coefficient li on w violates the principle of Amonton’s laws of friction, according to which
the friction coefficient is thought to be independent of the contact area.
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where p is the perimeter of the scratch probe (i.e. p ¼ w 1þ 2d=wð Þ for the rectangular blade), a is the horizontal crack length
ahead of the probe (as typically observed in scratch tests; see Fig. 4a). Neglecting friction effects, the analytical model devel-

20

(a) (b) (c)

(d) (e) (f)

Fig. 2. Influence of cutter width w on the intrinsic specific energy e and the interface friction coefficient li . Analysis of the original scratch test data
presented in [12,14,17]. For a given material and for a given blade width w, the intrinsic specific energy e and the interface friction coefficient li were
calculated independently using respectively Eqs. (1) and (4) in [7]. In the tests, six blade widths w ¼ ½2:5;5;10;15;20;25�mm are employed. (a) Paraffin
wax. (b) Cement paste with w/c = 0.44. (c) Jurassic limestone. (d) A-51w. (e) B-4w. (f) B-12w.

(a) (b) (c)

(d) (e) (f)

Fig. 3. Strength scaling of scratch tests for different geometries (straight vs. inclined blade), various blade widths ðw ¼ ½2:5;5;10;15;20;25�mmÞ and
various penetration depths w. Analysis of the original scratch test data presented in [12,14,17]. The scratch hardness HT is the initial slope of the curve (FT

vs. wALB ¼ wd). In particular, the linear scaling between the horizontal scratch force FT and the projected horizontal contact area ALB is valid only for small
blade widths w. (a) Paraffin wax. (b) Cement paste with w/c = 0.44. (c) Jurassic limestone. (d) A-51w. (e) B-4w. (f) B-12w.
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oped in [14] employs a J-Integral method to evaluate the energy release, for scratch tests with an infinite width

w=d!1; a=w! 0;w=ðKc=r0Þ2 !1; limw=d!1
ffiffiffiffiffiffiffiffiffiffiffiffi
2pALB

p
¼ w

ffiffiffiffiffiffi
2d
p� �

, for which limw=d!1PF ¼ F hð Þ, where FðhÞ ¼ 1 for a

straight blade ðh ¼ 0Þ –a solution previously obtained by Cherepanov and Cherepanov [21]2–, and F hð Þ ¼ FT=Feq with

Feq ¼ FT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3=5ðFV=FTÞ2

q
for an inclined blade ðh > 0Þ, for which both horizontal and vertical stresses at the blade-material

interface contribute to the energy release rate (for details see [14], and for a generalization to other scratch probe geometries
[13,15]). By means of finite element calculations, in which mode I and mode II fracture modes were investigated, the previous
solution was found to be highly accurate for back-rake angles h 2 ½0;20�� and interface friction coefficients li 6 0:2 [20].

Lin and Zhou [9] add a new dimension to the discussion by applying the energetic Size Effect Law (SEL) [10,11] to scratch
testing. The idea is appealing, as SEL is able to bridge – under well defined self-similarity conditions – between strength and
fracture theories in the form:

rN ¼
Bf 0tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ D=D0

p ð3Þ

where f 0t is the tensile strength, B is a dimensionless constant and D0 is the transitional size representing the shift from duc-
tile to brittle failure. Both B and D0 depend on the fracture properties of the material and on the geometry of the structure.
Lin and Zhou choose the penetration depth d � D as the structure size, and define the nominal stress rN as the ratio of the
average peak force to the projected horizontal contact area ALB ¼ wd. For scratch test results on rock with a constant width
w ¼ 10 mm, they were able to reconstruct the evolution of the nominal stress with the general Size Effect Law: in particular,
based on the calculated value of the transitional size D0 ¼ 1:67 mm, Lin and Zhou ruled out the predominance of fracture
processes during conventional macroscopic scratch testing – with penetration depths less than 10 mm – and concluded that
macroscopic scratch testing could not be used for fracture determination purposes. Moreover, in the brittle scratch testing
regime, using digital photography and finite element simulations, they showed evidence of complex fracture processes
involving several cracks with varying orientations, which leads them to question the validity of a previously developed
scratch fracture model that assumes a single horizontal propagating crack [12,14].

That macroscopic scratch test data can be reproduced using the energetic Size Effect Law is remarkable, as it provides an
additional confirmation of the presence of both ductile and brittle failure mechanisms at work during scratch tests. The ques-
tion is how to articulate the three-dimensional character of scratch tests; and how to practically adjust macroscopic scratch
tests so as to favor a specific mode of failure? This is in short the focus of this discussion.

2. Energetic Size Effect Law for macroscopic scratch tests with variable blade width

For further developments it is instructive to recall some of the fundamentals of SEL, bridging between the strength
asymptote and the LEFM asymptote. First, the strength asymptote, relevant for perfectly plastic materials, is defined by a
constant nominal strength, rN , independent of the structure size, D. Second, the Linear Elastic Fracture Mechanics (LEFMs)
asymptote, relevant for perfectly brittle materials, predicts a linear scaling between the nominal strength and the square root
of the structure characteristic length, with rN � D�1=2, due to the fact that the potential energy stored within a volume of
material is dissipated upon crack propagation along a surface area. Quasi-brittle materials exhibit an intermediate behavior
due to the presence of a large nonlinear softening zone – also called Fracture Process Zone – characterized by progressive
damage and strain-softening behavior due to various phenomena such as distributed cracking, frictional slips or void coa-
lescence. Examples of quasi-brittle materials include cementitious materials, rocks, tough ceramics, bones, sea ice, fiber com-

(a) (b)

Fig. 4. (a) Presence of a horizontal propagating crack during scratch testing experiments performed on paraffin wax with a straight steel blade. (b) Idealized
crack geometry during scratch testing: the crack front is assumed to be three-dimensional, with a rectangular cross-section, and characterized by a length ‘.
w is the blade width and d is the penetration depth.

2 The main difference with the more general solution derived in [14] is that Cherepanov and Cherapanov [21] consider the scratch test to be a Mode II
fracture test. FE simulations, however, show that the scratch test involves both Mode I and Mode II, and that the mode angle KII=KI depends on the back-rake

angle h; with Kj j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K2

I þ K2
II

q
¼ Feq w

ffiffiffiffiffiffi
2d
p� �.

.
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posites and wood. Due to the energy release caused by stress redistribution upon micro-cracking, quasi-brittle materials ex-
hibit a structural size effect in which the nominal strength decrease when the structure size is increased. The asymptotic
approximation represented by Eq. (3) was initially proposed in 1984 [16], in order to capture the strength scaling of concrete,
rocks and metals over a wide range of length-scales, thus bridging the gap between strength theories and Linear Elastic Frac-
ture Mechanics. Thirty years later, this law has been extensively applied to model the failure behavior of materials in several
fields of science and engineering ranging from the design of concrete structures to the fracture of sea ice and the size-depen-
dence of microscopic hardness in metals. In what follows, we will formulate the energetic Size Effect Law for macroscopic
scratch testing.

Our starting point is the expression of the energy release rate for an infinite blade width, reading [14]
G ¼ limw!1ðE0F2

T=ðpALBÞP�2
F Þ ¼ E0F2

eq=ð2w2dÞ, with E0 ¼ E=ð1� m2Þ the plane strain modulus; where we recall that Feq is equal

to FT for a straight blade ðh ¼ 0Þ and Feq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2

T þ 3=5F2
V

q
for an inclined blade ðh > 0Þ. Knowing the asymptotic solution for an

infinite width, we can express the energy release rate for scratch tests with a finite blade width, considering the additional
dimensionless quantities in Eq. (2):

G ¼ 1
E0

F2
eq

2w2d
J cf

d
;

a
cf
;
w
cf

� �
ð4Þ

where cf ¼ ðKc=f 0t Þ
2 ¼ E0Gf =ðf 0t Þ

2 characterizes the size of the plastic process zone. Defining the nominal strength as the ratio
of the equivalent force to the projected horizontal contact area, rN ¼ Feq=ðwdÞ, and applying the fracture criterion (G � Gf ,
with Gf ¼ K2

c=E0 the fracture energy), we can rewrite Eq. (4) as:

rN ¼
Kc

ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dJ cf

d ;
a
cf
; w

cf

� �r ð5Þ

In turn, the function J can be expanded for small variations of the ratio cf =d around zero; that is,
J 	 gw

0 þ gw
1 cf =d; where gw

0 ¼ J ð0; a=cf ;w=cf Þ and gw
1 ¼ J ;x1 ð0; a=cf ;w=cf Þ respectively stand for the values of J and

its partial derivative with respect to the first argument around the origin ðcf =d! 0Þ. From this expansion, it is readily
recognized that gw

0 and gw
1 depend on the blade width w. Inserting this approximation into Eq. (5), we can rewrite the

nominal strength as:

rN ¼
Kc

ffiffiffi
2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dgw

0 þ gw
1 cf

q ¼
Kc

ffiffiffi
2
p . ffiffiffiffiffiffiffiffiffiffi

gw
1 cf

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ gw

0
gw

1 cf
d

r ð6Þ

Therefore, we obtain the classical form of the Size Effect Law given in Eq. (3) with the asymptotic fracture parameters Bw and
Dw

0 given by:

Bwf 0t ¼
Kc

ffiffiffi
2
p
ffiffiffiffiffiffiffiffiffiffi
gw

1 cf
p ; Dw

0 ¼
gw

1

gw
0

cf ð7Þ

This derivation of the energetic Size Effect Law holds provided we assume (i) a constant fracture energy –independent on
the crack orientation – (ii) a smooth dependence of the energy release rate upon the crack length, the penetration depth
and the blade width, and (iii) a positive geometry ðgw

1 > 0Þ; meaning that the fracture toughness decreases with the crack
length at constant nominal stress3. The resulting expression (6) is the same used by Lin and Zhou [9], when letting D � d;
yet with one subtle, but important addition. From the expansion (5) for finite scratch widths, it is recognized that both,
Bw ¼

ffiffiffiffiffiffiffiffiffiffiffi
2=gw

1

p
and Dw

0 ¼ gw
1 =gw

0 cf depend on both the material’s fracture properties and blade width w. This is due to the fact
that the SEL of the form (3) holds strictly for two-dimensional self-similar structures (same width, w), and hence the quan-
tities Bw and Dw

0 need to be recalculated for each scratch width. Moreover, from the analytical solution at infinite width
ðw!1; gw

0 ! 1Þ, we can estimate the fracture toughness, knowing the SEL asymptotic fracture parameters for very large
blade widths w:

KSEL
c ¼ Bwf 0t

ffiffiffiffiffiffiffi
Dw

0

q
ffiffiffi
2
p ðw!1Þ ð8Þ

3 From Eq. (6) the fracture toughness can be expressed as a function of the nominal strength:

Kc ¼
rNffiffiffi

2
p

ffiffiffiffiffiffiffiffiffi
gw

0 d
q

1þ gw
1

gw
0

cf

d

� ��1=2

	 rNffiffiffi
2
p

ffiffiffiffiffiffiffiffiffi
gw

0 d
q

1� 1
2

gw
1

gw
0

cf

d

� �

In particular, the fracture process is stable provided both gw
0 and gw

1 are positive.
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3. Does blade width matter?

The Size Effect Law (SEL) formulated above was applied to analyze the scratch tests results of six materials including par-
affin wax, four different cement pastes, and Jurassic limestone. The original scratch data can be found elsewhere [12,14,17].
Macroscopic scratch tests were performed on all six materials. A straight blade ðh ¼ 0Þ was used on paraffin wax at a con-
stant velocity of 1.7 mm/s; whereas an inclined blade ðh ¼ 15�Þ at a constant velocity of 10 mm/s was used for the remaining
five materials. Six blade widths w ¼ ½2:5; 5; 10; 15; 20; 25�mm were used on paraffin wax with penetration depths ranging
from 2.5 to 12.5 mm whereas a maximum of four blade widths w ¼ ½2;5; 5; 10; 15� mm were used on the other materials
with penetration depths ranging from 0.1 to 0.55 mm so that the width-to-depth ratio, w=d, spanned almost two orders of
magnitude in all cases.

For a given material and a given blade width, the SEL constants were calculated according to the method outlined in [10]
(Section 6.3.2). In particular, a linear regression was carried out between ðf 0t Þ

2
=r2

N and d, and parameters Bw and Dw
0 were cal-

culated from the fitted linear regression coefficients. In doing so, we considered the link between the tensile strength f 0t and
the scratch hardness from Bard and Ulm [8]’s closed-form lower-bound strength solution for scratch hardness (1), for a cohe-
sive–frictional materials:

HT ¼
dFT

dðwdÞ

				
w=d¼0

¼ f 0t �P0Sðl ¼ tan u; hÞ ð9Þ

For instance, for a Mohr–Coulomb type material, P0S l; hð Þ reads as:

P0Sðl; hÞ ¼
1þ sinuð Þ 1� sin2 h

� �
1� sinu cos2 h� cos u sin h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan u sin hð Þ2

q ð10Þ

Furthermore, the fracture toughness Kc is evaluated by applying the model developed in [12,14], considering the asymptotic
value Kc ¼ Feq=ðw

ffiffiffiffiffiffi
2d
p
Þ for large width-to-depth w=d ratios. Given Eq. (9), the linear regression Y ¼ AwX þ Cw is carried out for

X ¼ d; Y ¼ r�2
N ¼ ½Feq=ðwdÞ��1=2, and provides values for Bw ¼ P0S Cw
 ��1=2

=HT , and Dw
0 ¼ Cw=Aw; so that the SEL can be evalu-

ated independently for different scratch widths w in the dimensionless form:

rN

Bwf 0t
¼ rN

C�1=2
w

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d=Dw

0

q ð11Þ

Furthermore, with Kc and HT directly measured from the scratch tests carried out with different blade widths w, the char-
acteristic size of the plastic process zone, cs ¼ cf =P

02
S ¼ ðKc=HTÞ2 , can be determined close to a multiplying constant P02S

which only depends on the material internal friction coefficient / and the blade back-rake angle h. In return, the dimension-
less expression P0S does not depend on the blade width w or on the penetration depth d.

Fig. 5 displays for each material the dimensionless quantity rN=ðBwf 0t Þ as a function of d=D0
w as well as the evolution of the

characteristic size D0
w with the blade width w; the numerical value of Dw

0 and Bw are listed in Table A A.2 of the appendix. The
results show that the SEL remains valid for different blade widths if the constants, Bw and Dw

0 , are correctly evaluated for each
blade width w. Specifically, for small widths, the data points come close to the plasticity theory asymptote. This along with
the linear correlation between the scratch horizontal force FT and the projected horizontal contact area ALB ¼ wd observed for
small blade widths (Fig. 3) confirms that for small widths ðw < 10 cf Þ and for small width-to-depth w=d ratios, scratch tests
are strength-driven. In return, as the blade width w increases, the data points approach the LEFM asymptote, where fracture
processes are predominant and characterized by a linear correlation between w

ffiffiffiffiffiffi
2d
p

and Feq, as we found earlier [14]. This
suggests that the SEL in the dimensionless form (11) can be used as an appropriate criterion to distinguish between
strength-dominated and fracture-driven scratch tests. Otherwise said, in contrast to Lin and Zhou’s proposal [9], it is the
blade width w, and not the scratch depth d alone, that governs the transition from ductile failure to brittle fracture in the
scratch test.

Moreover, we enforce a quantitative convergence criterion, d=Dw
0 P 9:3, that ensures that the relative uncertainty be-

tween the Size Effect Law and the LEFM asymptote is less than 5%. In other words for values of the penetration depth d great-
er than 9.3 times the transitional depth Dw

0 , fracture processes are predominant and LEFM modeling can be used to estimate
the fracture toughness. Herein convergence is reached for paraffin wax, cement paste, A-51w and B-12w as can be seen on
Figs. 5(a), (b), (d) and (f). In return, Table 1 contrasts the estimates of the fracture toughness provided by the Size Effect Law
(Eq. (8)) and our scratch fracture model. For all materials for which convergence towards a fracture-driven state is achieved,
the predictions from both methods, Size Effect Law and scratch fracture model, agree perfectly within the experimental error
bounds. However, there is some discrepancy for Jurassic limestone and B-4w for which the fracture dissipation does not be-
come predominant as shown in Figs. 5(c) and (e). Moreover, as noted in [12,14], for paraffin wax and cement paste, the frac-
ture toughness predicted by scratch tests is in excellent agreement with conventional fracture testing methods such as
three-point bending tests on single-edge notched specimens or wedge splitting tests. This is further confirmation that our
analytical scratch test fracture model enables to probe true material fracture properties, provided that the blade width w
and the width-to-depth w=d ratios are large enough.

26 A.-T. Akono et al. / Engineering Fracture Mechanics 119 (2014) 21–28
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It is in this light, that it is worthwhile to re-analyze Lin and Zhou’s argument. After applying the SEL to scratch tests data
with a single width on a Carthage marble sample, they found Dw

0 ¼ 1:67 mm; and conclude that LEFM is not to applicable to
scratch tests with penetration depths d less than 20 mm. While there is no doubt that their value of the SEL transitional size
Dw

0 ¼ 1:67 mm is relevant, it appears to us that this particular size is only representative for the specific blade width and
material investigated – but cannot be postulated to be relevant for other scratch widths or for other quasi-brittle materials.
In fact, as Fig. 5 and Table A.2 illustrate, the SEL transitional size Dw

0 decreases with the blade width. For instance, for paraffin
wax (Fig. 5a), Dw

0 spans more than two decades from Dw
0 ¼ 101 mm for w ¼ 5 mm to Dw

0 ¼ 0:46 mm for w ¼ 25 mm. That is,
while Lin and Zhou’s data for a single width certainly does not approach the LEFM asymptote (similar to our Jurassic lime-
stone data set, Fig. 5c), their generalization appears flawed to us, as they did not account for the critical third dimension of
scratch tests, that is the scratch width w, in the application of SEL. Otherwise said, when properly scaled by a range of blade
widths, covering a large enough width-to-depth ratio w=d, the scratch test is a highly accurate test to determine fracture
properties.

In summary, while we reject Lin and Zhou’s conclusions, we are grateful for their suggestion to employ SEL to quantita-
tively position scratch tests between the strength asymptote (for small contact areas) and the LEFM asymptote (for large
widths w and width-to-depth w=d ratios); and determine accordingly strength or fracture properties. Moreover, the pro-
posed SEL approach allows a direct determination of the fracture toughness, which is strictly equivalent to the method
proposed in our previous work.

(a) (b) (c)

(d) (e) (f)

Fig. 5. Application of Bažant’s Size Effect Law to scratch tests for different geometries (straight vs. inclined blade), various blade widths
ðw ¼ ½2:5;5;10;15;20;25�mmÞ and various penetration depths d. rN is the nominal strength, f 0t is the tensile yield strength; Bw and Dw

0 are the asymptotic
fracture parameters that are calculated independently for each material and for each blade width w. cs ¼ ðKc=HT Þ2 yields an estimate of the material plastic
process zone; with Kc the scratch fracture toughness and HT the scratch hardness. Analysis of the original scratch test data presented in [12,14,17]. (a)
Paraffin wax. (b) Cement paste with w/c = 0.44. (c) Jurassic limestone. (d) A-51w. (e) B-4w. (f) B-12w.

Table 1
Fracture toughness determination: comparison of the scratch test Size Effect Law and scratch test fracture model predictions with that of conventional fracture

testing methods. KSEL
c is evaluated by applying Eq. (8) to the largest blade width. KF

c is the asymptotic value of Feq w
ffiffiffiffiffiffi
2d
p� �.

for large width-to-depth w=d ratios.

The original scratch test data of the materials analyzed here can be found in [12,14,17]. The fracture toughness of paraffin wax was determined independently
using three-point bending tests on single-edge notched specimens.

Scratch SEL method Scratch fracture model Classical fracture testing

KSEL
c , MPa

ffiffiffi
m
p

KF
c , MPa

ffiffiffi
m
p Kc , MPa

ffiffiffi
m
p

Paraffin wax 0.14 0.14 0.15 ± 0.01 [12]⁄

Cement paste 0.67 0.66 ± 0.05 0.62–0.66 [18,19]
Jurassic limestone 0.56 0.34 ± 0.01
A-51w 0.82 0.79 ± 0.11
B-4w 0.74 0.65 ± 0.07
B-12w 0.78 0.70 ± 0.08
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Appendix A. Size Effect Method: Application to Scratch Tests

Table A.2 lists the numerical values of the asymptotic fracture parameters calculated from the Size Effect Law applied to
the six materials presented previously in [12,14,17]. For each material and for each blade width w, a linear regression was
performed between the penetration depth X ¼ d and the inverse of the square of the nominal strength

Y ¼ r�2
N ¼ ½Feq=ðwdÞ��1=2

; Y ¼ AwX þ Cw. The transitional size was then calculated from Dw
0 ¼ Cw=Aw and the second SEL

parameter was calculated from Bwf 0t ¼ 1
ffiffiffiffiffiffi
Cw
p.

(see A.2).
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Table A.2
The Size Effect Law parameters: Aw

; Cw ; Bw and Dw
0 were calculated for each material and for each blade width. HT is the scratch hardness as defined by Eq. (9)

and f 0t is the tensile strength. R2 is the coefficient of correlation. The method is applied to the six materials presented previously and for which the original
scratch test data can be found in [12,14,17].

w (mm) H2
T Aw (mm�1) H2

T Cw (no unit) R2 (no unit) Bwf 0t (MPA) Dw
0 (mm)

Paraffin wax
5 0.0089 0.90 0.044 4.20 101.65
10 0.054 0.91 0.28 4.19 16.64
15 0.13 0.75 0.55 4.60 5.60
20 0.31 0.058 0.91 16.63 0.19
25 0.44 0.20 0.86 8.87 0.46

Cement paste
2.5 1.05 0.50 0.46 87.76 0.47
5 2.44 0.43 0.88 94.56 0.18
10 4.17 0.14 0.95 163.32 0.034

Jurassic limestone
10 8.99 4.71 0.97 28.52 0.52
15 12.09 5.70 0.95 25.94 0.47

A-51w
5 3.30 0.38 0.95 129.92 0.12
10 4.77 0.13 0.95 219.38 0.028

B-4w
2.5 0.75 0.64 0.59 82.49 0.85
5 3.61 0.33 0.99 114.39 0.092
10 3.94 0.32 0.96 116.92 0.080

B-12w
2.5 0.29 0.78 0.40 82.57 2.72
5 3.51 0.47 0.85 106.63 0.13
10 4.45 0.18 0.95 173.89 0.040
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