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A B S T R A C T

An anisotropic constitutive model for coupling creep with damage of shale and other anisotropic geomaterials
under complex loading paths is formulated. The material damage is described by a previously developed
spherocylindrical microplane model, which can simulate not only the stress-induced incremental anisotropy but
also the inherent material anisotropy. Like material damage, the creep must be expected to be anisotropic as
well. The creep responses of shale with inherent transverse isotropy are first separately constructed for the
loading by compressive principal stress oriented either (i) parallel or (ii) normal to the bedding planes, and (iii)
for shear stress along the bedding planes produced by the differences of the bedding plane inclination angle. This
leads to three elementary linear creep models, which are mathematically formulated based on a continuous
retardation spectrum of generalized Kelvin chain. These three creep responses are combined with the spher-
ocylindrical microplane model. This leads to a general anisotropic constitutive creep model for arbitrary three-
dimensional applied loading and arbitrary loading path. To achieve high numerical efficiency, a fully explicit
numerical algorithm for the microplane constitutive model and finite element analysis is then formulated. Short-
time (two-day) creep tests of shale cylinders with multilevel deviatoric stress and various inclinations of bedding
planes relative to the axial compressive load are conducted. The numerical simulations by the microplane model
are compared with the results of laboratory creep tests. The comparisons demonstrate a linear dependence of
creep on the stress and verify the applicability of the anisotropic microplane model for creep and damage.
Extensions to multi-year time ranges are in principle possible but will necessitate further calibration and ver-
ification.

1. Introduction

The astonishing success of horizontal drilling and hydraulic frac-
turing (aka fracking, or frac) have enabled commercialized production
of methane from low-permeability reservoirs, such as shale.1 However,
a significant decline in the shale gas production rate from deep shale-
gas reservoirs occurs after the initial hydraulic fracturing treatment. For
the Woodford, Eagleford, Barnett, Fayetteville and Haynesville shale
gas reservoirs, the average decrease in productivity rates during the
first 3 years ranges from 77% to 89%. Most field data reveal that the
production rates generally decrease by 45%–55% after the first 5–6
months after hydraulic fracturing.2 The decline has various causes. The
main one doubtless is a slowing gas diffusion from shale nanopores into
the hydraulic cracks.3 An additional cause, however, may be the growth
of embedment of proppant (i.e., sand) grains into crack walls due to

creep and hydration of shale, which makes the hydraulic fractures
narrower.4–6 Another cause maybe that some segments of hydraulic
cracks may be penetrated by proppant incompletely or not at all, which
leads to crack closing. Furthermore, creep affects the rate of growth of
hydraulic cracks.7 Understanding of these creep phenomena and me-
chanisms of shale is important for extraction of shale gas or oil.

The creep and generally the time-dependent inelastic deformation
of anisotropic rock has been studied experimentally in various labora-
tories. For example, Sone8 conducted a series of triaxial tests on shale
samples to study the influence of clay content. His results indicated that
the higher the clay content, the larger the creep. The creep strain was
found to be higher for compression parallel, rather than normal, to the
bedding planes.8–10 Hence, the creep of shale is anisotropic or, more
precisely, transversely isotropic. Anisotropic creep is also observed in
other anisotropic rocks, such as clayey rocks,11 mica schist,12 and
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argillite.13 However, in most published creep tests, the bedding plane
orientation, which is defined in Fig. (5), is either 0°or 90°. Information
on anisotropic creep is scant.

Most existing creep models for shale are limited to a simple power
law or log-power law describing the experimental creep curve.9,14,15 To
generalize these laws to more complex loading, rheological models
consisting of Newtonian dashpots and Heookean springs have been
proposed to describe viscoelastic or viscoelastic-plastic behavior of
isotropic rock.12,16–18 To consider the effects of damage, a damage
factor has been introduced to modify the spring or dashpot properties
and thus obtain a nonlinear creep model.19,20 However, none of these
models considered creep anisotropy theoretically, and none are ap-
plicable to compression loading at an oblique angle with the bedding
planes.

Some researchers21–23 attempted to couple the creep and damage in
the framework of continuous damage mechanics or irreversible ther-
modynamics with internal variables, although not associated with a
specific orientation. The use of tensor formalism in damage mechanics
has not allowed capturing the directional damage induced by frictional
slip and microcracking. For example, in these tensor-based damage
models, the internal friction is generally characterized by introducing a
relation between the first stress invariant and the second deviatoric
stress invariant. However, this method cannot capture the fact that
frictional slips occur only along cracks of certain distinct orientations.
These models cannot be trusted to represent the creep of anisotropic
shale under different or nonproportional loading paths, with varying
inclination of loading.

The purpose of this work is to develop a general anisotropic model
for creep and damage in shale and other rocks, applicable to loading of
arbitrary orientation. Only the special case of orthotropy, characteristic
of layered microstructures, will be considered.

2. A brief description of spherocylindrical microplane theory for
anisotropic geomaterials

2.1. Framework of spherocylindrical microplane theory

The microplane constitutive theory was originally proposed for si-
mulating the progressive damage of quasibrittle materials such as
concrete25–30 and other materials.31,32 The microplane model not only
captures incremental stress-induced anisotropy, but also the structural,
or inherent, material anisotropy, which already exists in the initial state
of the material. As in all nonlinear constitutive models, the coupling
between the inherent and stress-induced material anisotropy is has been
a major challenge.33,34

In the framework of microplane theory, various methods have been
used to capture the coupled anisotropy: 1) The dependence of micro-
plane stiffness parameters on the orientation angle θ (Fig. 1) of the
microplane,35–38 which, however, proved insufficient for strong ortho-
tropy of composites39; 2) the spectral stiffness microplane model,39

whose approach to orthotropy is fully general and works well for the
elasticity and fracturing of woven composite laminates,40 but is difficult
and not intuitive for data fitting; and 3) the microplane triad model,41

which is specific to the textile composites and has been developed to
derive orthotropic elastic constants and fracturing behavior from the
yarn architecture.

For shale, however, all these methods have appeared ineffective.
Adopted here is a recently formulated approach, called the spher-
ocylindrical microplane model,24 which can capture this non-
monotonicity and describe the inherent transverse isotropy of shale
with damage. This model consists of two microplane systems, i.e., one
spherical system and one cylindrical system. The systems are here
called the phases (Fig. 1).

In the spherocylindrical microplane configuration, it is assumed that
the classical spherical phase is coupled with the cylindrical phase in
parallel. i.e., the strain tensors ij (with =i j, 1,2,3) in the spherical and

cylindrical phases are the same. The strain vectors on the microplanes
of both phases are calculated from the projections of the strain tensor.
The stress vectors on the microplanes, calculated from the strain vectors
based on the constitutive law, are used to obtain the macroscale stress
tensor in each phase based on the virtual work principle. Then, the
macroscopic stress ij of the spherocylindrical model is computed by
superposing the stress tensors obtained from the spherical phase and
cylindrical phase on the basis of the partition of unity, i.e., these tensors
are weighted as ij and (1 ) ij, respectively, where α represents
volumetric proportion of the spherical microplane system.

The strain vectors N
s
(Fig. 1(b)) and N

c
(Fig. 1(c)) on the micro-

planes of the spherical and cylindrical phases are calculated on the basis
of the kinematic constraint,30 i.e.,
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where nj
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c are the unit normal vectors components of the spherical
microplane and cylindrical microplane, respectively.

Then the strain vector components on each microplane are com-
puted as follows:
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Here, li
s, mi

s, li
c and mi

c are the unit tangential vector components’
(ls, , lc and mc). The vector ns defines the orientation of the spherical
microplane. The vector is an arbitrary in-plane tangential unit vector,
while the vector ls is calculated as = ×l m ns s s. Vector mc is fixed and
is chosen to be normal to the axes x c

1 and x c
2 , i.e., =m (0,0,1)c , and then

lc is determined by ×m nc c.
In the microplane theory, it was demonstrated that, in general, a

realistic simulation of the inelastic mechanical characteristics of ma-
terials in the uniaxial or triaxial compression as well as tension requires
decomposing the spherical microplane normal strain into its volu-
metric, V , and deviatoric, D

s , strain components; i.e.,

= =, /3D
s

N
s

V V ii (6)

Generally, the stress vector on each microplane is determined by the
microplane constitutive relationship. Then, the macroscopic stress
tensor is calculated from microplane stress vectors based on the virtual
work principle, i.e.,

= + +
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(7)

where, is the unit hemispherical surface; S is the unit cylindrical
surface; and N

s , L
s, M

s , N
c , L

c and M
c are the stress vector components

on the microplanes of the spherical and cylindrical phases.

2.2. Constitutive characterization of elastic and inelastic behaviors of
anisotropic geomaterials

Different spherical and cylindrical microplanes with diverse or-
ientations can be in loading or unloading stages at the same time. Also,
different microplanes undergo elastic or inelastic deformations stages at
diverse times during the loading and unloading, which accounts for the
gradual formation of microcracks or frictional dilatant microslips
during the deformation process. At the microplane level, there are
many random assortments of such loading, reloading and unloading on
the microplanes with different orientations, which is next to impossible
to capture using phenomenological tensorial models. Therefore, even
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though the constitutive relationship on the microplane is considered to
be path-independent, the macroscopic response of the material can
exhibit considerable path dependence. It can thus be assumed that the
stress-strain response on the microplane is independent of the loading
path under the condition that this microplane monotonic loading. The
consequence of this assumption is that the elastic constants on the
microplane can be calculated from the current stress vector and strain
vector only. Furthermore, the modeling experience indicates that strain
and stress components on each microplane can be considered to be
independent of each other. The interdependence of stress and strain
components on planes of different orientations is introduced on a
higher level through the kinematic constraint.

Thus, the stress-strain relations on the microplane can be decoupled
and simply defined as follows:
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where E E E E E E E E, , , , , , ,V N
s

D
s

L
s

M
s

N
c

L
c

M
c are the material parameters of the

spherical and cylindrical microplanes. All those elastic parameters are
constant before reaching the strength limit irrespective of the micro-
plane orientation.

By substituting Eq. (8) and Eq. (9) into Eq. (7), the macroscopic
stiffness C̄ijkl can be computed as follows:
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By comparing the corresponding components on both sides of Eq.
(10), one can obtain the elastic parameters on the microplane using the
following equations24:
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= +E C C C4(2 )/(1 )M
c

44 33 13 (16)

Here C C C C, , ,11 12 13 33 and C44 are the five independent elements of
the elastic stiffness matrix CIJ of shale.

Assuming , , , , ,V D
s

L
s

M
s

N
c

L
s and M

c are the strain in-
crements on the microplanes in one load step, then the elastic stress
vector components on the spherical and cylindrical microplane at the
end of the load step can be computed as follows:
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Here the superscript (0) refers to the initial stress vector component
at the beginning of the load step. Based on the foregoing formulae, the
elastic behavior of shale can be fully described.

The anisotropic inelastic deformation of shale can be depicted by
the strain-dependent strength limit on each microplane, which was
proposed by Bažant and referred to as stress-strain boundaries.27 The
anisotropic deformation is elastic within the boundary. If the stress
exceeds the boundary in one load step, then it is returned to the
boundary while the strain is kept constant (which is a special case of the
well-known radial return algorithm for tensorial models). Despite the
abrupt change in slope of the stress vector components when the
boundaries are exceeded, the macroscopic deformation is quite smooth
because microplanes with different orientations enter the loading or
unloading stage and reach the boundary at different times and loading

Fig. 1. (a) Diagram of the spherocylindrical microplane system; (b) strain vector on one spherical microplane; (c) strain vector on one cylindrical microplane.
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steps. For each stress vector component on one microplane, the corre-
sponding boundary can be described by functions of the corresponding
strain vector component.

Thus, the stress-strain boundary for each stress vector component on
the spherical microplane can be defined as

= = = =+ + +F F F F( , ), ( ), ( ), ( )N
sb
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s
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where

= +( ) ( )T
s

L
s

M
s2 2 (25)

In similarity to the spherical boundaries, the stress-strain boundary
for each cylindrical stress vector component is defined as
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The microplane system is what makes it possible to capture the
anisotropy of progressive deformation, including the effects of the in-
herent transverse isotropy and of the stress-induced anisotropic da-
mage. For a further description of the inelastic behavior of the spher-
ocylindrical microplane model, see [24].

3. Transversely isotropic creep behavior

3.1. Three different patterns of creep of transversely isotropic shale

Due to the presence of bedding planes, the mechanical character-
istics of shale vary significantly with the inclination angle of the com-
pressive load from the normal of the bedding planes. In terms of prin-
cipal stresses, the stress tensor ij of the representative volume element
of shale in the global coordinate system x y z( , , ) (Fig. 2) is written as

=
0 0

0 0
0 0

ij

x x

y y

z z (28)

where =i j x y z, , , =Cartesian subscripts.
The bedding planes are what causes the shale to be a transversely

isotropic material. In general, one needs to describe the mechanical
properties of shale in terms of the material coordinate system x y z( , , )
where z is normal to the bedding planes; see Fig. 2. Based on the co-
ordinate transformation rules, the principal stress tensor with ele-
ments ij, defined in Eq. (28) in the material coordinate system x y z( , , ),
is written as

= M M M Morij ik kl jl
T (29)

where superscript T denotes a matrix transpose and Mij are the elements

of the coordinate rotation matrix M , which read

=M
1 0 0
0 cos sin
0 sin cos

ij
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Here, ϕ is the angle of rotation of the local coordinate system
around the x axis, as shown in Fig. 2. Therefore, ij may be rewritten as
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The bedding planes complicate the response to the stress tensor ij
components. For the in-plane x and y directions, the stiffness is stronger
than for the transverse z direction; thus, e.g., when xx = yy = zz, the
creep in the z direction will be smaller. The bedding layer planes are the
planes of weakness, and both their deformation resistance and strength
are quite small. If shear stress yz acts on the bedding plane, the shear
creep strain will be larger than on the other planes.

Three elementary configurations of principal stresses applied on
shale specimens with bedding layers of different orientations are con-
sidered in this study, as shown in Fig. 3. The first and second elemen-
tary loading configurations consist of a stress component applied in the
direction parallel and normal to the bedding layers, respectively. In the
third configuration, the bedding layers are inclined relative to the
principal stress directions, and the principal stress difference produces
shear stress loading along the bedding layers (Fig. 3). Each of these
stress configurations leads to different creep responses.

For the creep of shale under general three-dimensional loading
conditions, the anisotropic creep mechanism and deformation can be
treated as a combination of these three elementary configurations. Each
elementary configuration can be described by a Kelvin chain model
with a continuous retardation spectrum, as presented next.

3.2. Creep compliance based on a Kelvin chain model and continuous
retardation spectrum

Viscoelastic creep occurs in undamaged shale, which is the shale
between the cracks, while fracturing (or damage) strain is the con-
tinuum smearing of deformations in the cracks. Therefore, the creep
strain is additive to the fracturing strain. Based on the existing limited
test data, the creep law of shale seems to be linear in stress, approxi-
mately adhering to the principle of superposition, and can be effectively
modeled using the Kelvin chain model (Fig. 4 (a)).47 The compliance
function J t( ) can be written as

= +J t
E

C t( ) 1 ( )
0 (32)

where E0 represents the asymptotic elastic modulus when the loading
duration is extremely short and C t( ) is the creep compliance function,
which is written as

=
=

( )C t
E

e( ) 1 1
µ

K

µ

t

1

/ µ

(33)

Here M is the total number of Kelvin units, Eµ is the spring modulus
of the µth Kelvin unit, and µ is the retardation time, which is defined as

=
Eµ

µ

µ (34)

where µ is the viscosity parameter of the dashpot in the µth Kelvin unit.
Fig. 2. Schematic diagram of coordinates transformation for transverse iso-
tropy.

C. Li, et al. International Journal of Rock Mechanics and Mining Sciences 124 (2019) 104074

4



E1/ µ as functions of τ define a discrete retardation spectrum. But it is
convenient to introduce a continuous approximation of Eq. (33), re-
presenting a continuous retardation spectrum (Fig. 4 (b)).47–49 It is

defined as

= ( )C t
E

d t( ) 1 1 exp ( )
t

µ

t
0

/ µ

(35)

In the creep models44–46 based on the discrete retardation time
spectrum (Eq. (33) and Fig. 4 (c)), all the spring moduli for a set of
chosen µ-values have to calibrated by fitting the experimental creep
curve. As is well known, the µ values cannot be identified from the test
data uniquely because their calculation is an ill-posed problem. They
need to chosen such that they cover the time range of interest com-
pletely and sufficiently densely but not too densely, to avoid ill-
posedness (spacing by decades is generally best). To prevent it, it is
better use a continuous retardation spectrum,47–49 from which the
Kelvin unit stiffnesses, spring moduli and dashpot viscosities can be
calculated.

Eq. (35) can be reformulated in a continuous form,

=C t L d( ) ( )(1 exp ) (ln )t/
(36)

Fig. 3. Three elementary creep configurations for creep of transversely isotropic material to be combined in the general constitutive model.

Fig. 4. (a) Kelvin chain creep model; (b) continuous retardation spectrum; (c) discrete retardation spectrum.

Fig. 5. Schematic of the bedding layer orientation (β), which is defined as the
angle between the normal direction of the bedding plane and the axial loading
direction.
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where L ( ) is the definition of continuous retardation spectrum (Fig. 4
b).

Based on the Laplace transform theory, a good approximation of
L ( ) is obtained from Widders’ formula49:

=L k
k

C k( ) lim ( )
( 1)!

( )
k

k
k( )

(37)

where C k( ) is the kth derivative of C t( ). Normally, it suffices to use de-
rivatives only up to the third. For the purpose of numerical calculations,
one may then use a finite sum (Fig. 4 c):

=
=

( )C t L( ) ( ) 1 exp ln 10 (log )
µ

K

µ
t

µ
1

/ µ

(38)

Here, as usual, the retardation times µ are selected to form a geo-
metric progression with quotient 10, covering the entire time range of
interest. The time integration requires the exponential algorithm,43,47

which is unconditionally stable.
Then, the elastic modulus and viscosity of the Kelvin unit can be

computed as

=E t L( ) 1/[ ( )ln 10 (log )]µ µ µ (39)

=t E t( ) ( )µ µ µ (40)

Based on creep testing of shale, e.g., Refs. 9,14,15 the creep com-
pliance function C t( ) can be chosen to be a power-law function of time,
i.e.,

= +C t J Bt( ) n
1 (41)

where J1 is the asymptotic instantaneous compliance; B and n are ma-
terial parameters. A power law is a logical choice since it is self-similar
and no characteristic creep time is known. Substituting Eq. (41) into
Eqs. 39 and 40, one can obtain the values of the elastic modulus and
viscosity for each Kelvin unit, and then the creep deformation of each
Kelvin unit can be calculated, as described in the following section.

3.3. Calculation of creep deformation under a three-dimensional stress field
based on the generalized Kelvin chain model

3.3.1. Creep deformation calculation for one stress component
Consider a small time step for tn to +tn 1, i.e., = +t t tn n1 , and

denote the stress increment as = +t t( ) ( )n n1 . Based on the creep
compliance obtained using the Kelvin chain model introduced in
Section 3.2, the total three-dimensional strain increments in time step

t under uniaxial stress can be computed as follows47,50:

= = + +
=

+
=

+
=

C
E E

1 1
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µ
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E
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n µ µ

n( 1)
1 ( 1/2)

( )

(43)

Here, +E n
0
( 1/2) represents the effective stiffness of the separate spring

in the generalized Kelvin chain at the middle of time step t , i.e.,
+E n

0
( 1/2) = +E t t( /2)n0 . The variation of E0 is caused by material

damage, which is calculated using the spherocylindrical microplane
model. Similarly, +Eµ

n( 1/2) is +E t t( /2)µ n ; C is a dimensionless ×6 6
compliance matrix (involving the elastic moduli and Poisson ratios); is
the ×6 1 matrix of strains; µ

n( ) is the internal variable of the µth Kelvin
unit at time tn; D is the ×6 6 inverse matrix ofC (dimensionless); is
defined in Eq. (46); and µ and µ are defined as follows:

= =e
t

, (1 )µ
t

µ
µ

µ
/ µ

(44)

The first part on the right-hand side of Eq. (42) can be regarded as

the strain increase induced by variation of the applied stress and ma-
terial damage. The component in brackets of this part can be inter-
preted as the effective compliance under the effect of creep and da-
mage, i.e.,

= ++
=

+E E

K

E
1
¯

1 1
n

µ

µ

µ
n

0
( 1/2)

1
( 1/2)

(45)

The second part on the right side of Eq. (42) refers to the strain
increase induced by the creep deformation under constant stress con-
dition, denoted as

=
=

(1 )
µ

K

µ µ
n

1

( )

(46)

The equations presented so far give the creep and its effective
compliance for only one macroscopic stress component. Generalization
to macroscopic three-dimensional stress tensor follows.

3.3.2. Calculation of creep induced by three-dimensional stress tensor
Based on the three elementary creep patterns explained in Section

3.1, the creep deformation of shale under a general three-dimensional
stress tensor can be calculated by superposing the strains produced by
different stress components. According to the methodology in Section
3.3.1, the three-dimensional creep strain under different individual
stress components can be written directly as follows:

(1). Creep deformation for stress zz
The equation for calculating creep deformation is

= + ++
=

+
=

C
E E

1 1
(1 )z z zz

z
n

µ

K
µ

z µ
n

µ

K

µ z µ
n

(0)
( 1/2)

( ) 1

( )

( )
( 1/2)

0
( ) ( )

( )

(47)

where the subscript z represents the variable in this loading path,
subscript (0) represents the initial value of the stiffness parameter, and
subscript µ( ) represents the µth Kelvin unit; the following notation is
marked in the same manner. The updates of the internal variable and
effective compliance are

= ++
+ D

E
E( ) ¯zz µ

n µ

z µ
n zz zz z µ z µ

n
( )

( 1) ( )

( )
( 1/2) ( ) ( )

( )

(48)

= ++
=

+E E

K µ
E

1
¯

1 1 ( ))
z z

n
µ z µ

n
(0)

( 1/2)
( ) 1

(

( )
( 1/2)

(49)

(2). Creep deformation for the stress yy
The equation for calculating creep deformation is

= + ++
=

+
=

C
E E

1 1
(1 )y y yy

y
n

µ

K
µ

y µ
n

µ

K

µ y µ
n

(0)
( 1/2)

( ) 1

( )

( )
( 1/2)

( ) 0
( ) ( )

( )

(50)

where subscript y represents the variable in this loading path. The
updates of the internal variable and effective compliance are

= ++
+ D

E
E( ) ¯yyµ

n µ

y µ
n yy yy y µ y µ

n( 1) ( )

( )
( 1/2) ( ) ( )

( )

(51)

= ++
=

+E E

K

E
1
¯

1 1
y y

n
µ

µ

y µ
n

(0)
( 1/2)

( ) 1

( )

( )
( 1/2)

(52)

(3). Creep deformation for stress xx
Since the stiffnesses in the x direction and y direction are equal, the

equations for calculating the creep deformation and updating the ef-
fective compliance are the same as applying stress yy. However, the
equation for updating the internal variable +

y µ
n
( )

( 1) should use xx and
xx rather than yy and yy, and so it is written as

= ++
+E

D E µ( ) ¯ ( )y µ
n µ

y µ
n y xx xx y y µ

n
( )

( 1) ( )

( )
( 1/2) ( )

( )

(53)
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(4). Creep deformation for stress xy
The equation for calculating the creep deformation is

= + ++
=

+
=

C
E E

1 1
(1 )xy xy xy

xy
n

µ

K
µ

xy µ
n

µ

K

µ xy µ
n

(0)
( 1/2)

( ) 1

( )

( )
( 1/2)

( ) 0
( ) ( )

( )

(54)

where the subscript xy refers to the variable for this loading path. The
updates of the internal variable and effective compliance are

= ++
+E

D E( ) ¯
xy µ

n µ

xy µ
n xy yy yy xy µ xy µ

n
( )

( 1) ( )

( )
( 1/2) ( ) ( )

( )

(55)

= ++
=

+E E

K

E
1
¯

1 1
xy xy

n
µ

µ

xy µ
n

(0)
( 1/2)

( ) 1

( )

( )
( 1/2)

(56)

(5). Creep deformation for stress xz
The equation for calculating the creep deformation is

= + ++
=

+
=

C
E E

1 1
(1 )xz xz xz

xz
n

µ

K
µ

xz µ
n

µ

K

µ xz µ
n

(0)
( 1/2)

( ) 1

( )

( )
( 1/2)

( ) 0
( ) ( )

( )

(57)

where the subscript xz refers to the variable for this loading path. The
updates of the internal variable and effective compliance are

= ++
+ D

E
E( ) ¯xzxz µ

n µ

xz µ
n yy yy xz µ xz µ

n
( )

( 1) ( )

( )
( 1/2) ( ) ( )

( )

(58)

= ++
=

+E E

K

E
1
¯

1 1
xz xz

n
µ

µ

xz µ
n

(0)
( 1/2)

( ) 1

( )

( )
( 1/2)

(59)

(6). Creep deformation for stress yz
The equations for calculating the creep deformation and updating

the effective compliance are the same as applying stress xz, but the
equation for updating the internal variable +

xz µ
n

( )
( 1) should use yz and

yz rather than xz and xz, and so it is written as

= ++
+E

D E( ) ¯
xz µ

n µ

xz µ
n xz xx xx xz µ xz µ

n
( )

( 1) ( )

( )
( 1/2) ( ) ( )

( )

(60)

Let us now define the ratios between the effective stiffnesses at
different loading paths:

=r E E¯ / ¯y z1 (61)

=r E E¯ / ¯y xz2 (62)

=r E E¯ / ¯z xz1 (63)

For a transversely isotropic material,

=
+

E
E¯
¯

2(1 )xy
y

xy (64)

where xy is the Poisson's ratio in the plane of isotropy.
Then, the components of the effective stiffness matrix Cmn can be

written as

= = = =C
E

C
E

C
E C E

C1
¯

1
¯

1
¯

1
¯mn

z
z

y
y

xy xy xz
xz

(65)

= = = =C E D E D E D E D¯ ¯ ¯ ¯mn z z y y xy xy xz xz (66)

= =D C q z y xy xz, , ,q q
1 (67)

The detailed formulations used to calculateCq are given in Appendix
I. Based on the method introduced above, the three-dimensional strain
under a three-dimensional loading path can be calculated by super-
position of Eq. (47) through Eq. (60).

4. Coupling between spherocylindrical microplane model and
calculation method of anisotropic creep

As discussed in section 2, the task of the spherocylindrical micro-
plane model is to define the following constitutive equation:

= C̄ij ijkl kl (68)

Eqs. (42), (45) and (46) give the effect of creep on the material
stiffness matrix and the additional inelastic strain (Eq. (46)). To take
creep into account, Eq. (68) should be rewritten as

= C̄ ( )kl ijkl
eff

ij ij (69)

where C̄ijkl
eff is the effective material stiffness matrix, which is calculated

according to Eq. (65) or Eq. (66).
Instead of subdividing the cylindrical test specimens under uni-

directional compressive load into 3D finite elements, we pursue here a
simpler approximate analysis that assumes the cylinders to be in a
uniform strain state. Thus, we merely need a point-wise solution of Eq.
(69), coupling the spherocylindrical microplane model and the aniso-
tropic creep calculation method. Eq. (69) does not require changing the
numerical algorithm of the spherocylindrical microplane model de-
scribed by Li et al.24 Normally, in finite-element creep analysis with the
microplane model,47,52 the microplane strain vector is the projection of
the total strain tensor (creep included), but for the present simple point-
wise estimation, we can project onto the microplane (Eqs. (2) and (3))
not the total strain tensor ij but rather only the elastic part ij ij.
Another difference from the elastic analysis is that the elastic para-
meters used in Eqs. 11–16 for calculating the microplane elastic moduli
should be evaluated from the effective elastic parameters provided by
Eq. (45).

Because the time-independent numerical algorithm for the spher-
ocylindrical microplane model has been expounded in detail by Li
et al.,24 only the algorithm for calculating the macroscale effective
elastic modulus and the creep strain induced by a constant load is de-
scribed here, as follows:

1. For the initial time, i.e., =t 0, set the internal variables = 0µ
(0) .

2. Calculate the parameters of each Kelvin unit based on Eqs. 37–41.
3. For a finite loading step from =t tn to = +t tn 1, calculate +Ei

n( 1/2) =
+E t t( /2)i n and the effective elastic parameters (Eqs. (49), (52),

(56) and (59)).
4. According to Eqs. (47), (50), (53), (54), (57) and (60), calculate the

creep produced by different constant stress tensor components.
5. Update the stress at the end of this loading step based on the nu-

merical algorithm for the spherocylindrical microplane model.
6. Update the internal variables from µ

n( ) to internal variables +
µ

n( 1)

and return to step 2 until the calculation is finished.

5. Comparisons between experimental results and theoretical
predictions

Creep tests of Longmaxi shale were conducted using an electro-
hydraulic servo-controlled experimental apparatus for rock creep. The
cylindrical specimens were prepared with a length of 100mm and
diameter of 50mm. To investigate the effect of anisotropy on the creep
characteristics of shale, four types of bedding layer orientations (Fig. 5),
which are 0°, 45°, 75°and 90°, are used in the experiments. In each
creep test, the confining pressure is first applied to reach 50MPa and is
then maintained for approximately 24 h; subsequently, different de-
viatoric stresses (20MPa, 40MPa, 60MPa, 80MPa, 100MPa and
120MPa) are applied to check the creep features of shale, as reported in
Table 1. At each deviatoric stress level, the creep test time is approxi-
mately 48 h. Thus, the total test time for one creep test is approximately
13 days.

Fig. 6 depicts the primary experimental results of shale creep tests
when the bedding layer orientations are different. As shown in the
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figure, even when the deviatoric stress is as low as 20MPa, creep exists
when the bedding plane inclination angles are 0°and 90°. The creep
strain becomes higher when the deviatoric stress increases. When the
bedding layer orientation is 45°, the creep strain is greater than those of
the specimens whose bedding layer orientations are 0°, 75°and 90°. The
reason for this phenomenon is that the resistance to shear stress in-
clined at the 45° from the bedding plane is greater than those of the
other three cases, as already explained in Section 3.1. The non-
monotonic resistance to creep (and damage), being the weakest at an
approximately 45° inclination, is a characteristic feature of shale that
seems next to impossible to capture via tensorial constitutive models

Table 1
Experimental information of transversely isotropic creep tests.

Bedding layer
orientations (°)

Confining pressure
(MPa)

Deviatoric stress (MPa)

1st 2nd 3rd 4th 5th 6th

0 50 20 40 60 80 100 120
45 50 60 80 120 ∖ ∖ ∖
75 50 60 80 120 ∖ ∖ ∖
90 50 20 40 60 80 100 120

Fig. 6. Comparisons between theoretical prediction and anisotropic creep data for Longmaxi shale: the data in the left column are plotted on linear scales, while the
data in the right column are plotted on logarithmic scales; (a) and (b) = 0 ; (c) and (d) = 45 ; (e) and (f) = 75 ; (g) and (h) = 90 (the solid lines and data points
represent the simulation and experimental results, respectively).
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using stress invariants. At each deviatoric stress level, the creep rate
decays similarly. This decay is independent of the bedding layer or-
ientation, which means that Eq. (41) can be used even though the
bedding orientation is different.

Fig. 7 presents the stress-strain isochrones of shale creep under
different bedding layer orientations. The stress-strain isochrones de-
monstrate the linearity of the stress-strain relation of shale creep for
deviatoric stresses up to 120MPa, regardless of the bedding plane in-
clination. However, note that the strain magnitudes depend strongly on
the bedding plane orientation.

To verify whether the present transversely isotropic creep model is
sufficiently realistic, the model is implemented in a user's subroutine
that is embedded in commercial software. The numerical simulation of
creep tests for different bedding layer orientations is compared with the
test results for transversely isotropic shale creep, as shown in Fig. 6. In
these figures, the solid lines represent the simulation results, and the
data points represent the experimental results. As can be observed from
the figure, the theoretical model has the ability to capture the shale
creep characteristics when the bedding plane inclination angle changes
from 0° to 90°. When the bedding layer orientations are the same, the
theoretical model can depict the strain evolution under different de-
viatoric stresses and at different times. Additionally, the model ade-
quately captures, for anisotropic creep, the fact that the creep strain
rate for the bedding layer orientation of 45° is the highest if the de-
viatoric stress and confining pressures are the same.

To provide a further validation, the creep test data for Tournemire
argillite21,51 and anisotropic clay11 are analyzed. Comparisons between
the theoretical predictions and experimental data are presented in
Fig. 8 and Fig. 9, in which the data are labeled by the bedding layer
orientation and the deviatoric stress, such that, e.g., 0–20 means that
the bedding layer orientation was 0° and the deviatoric stress was
20MPa.

As shown in these figures, the present model is able to describe the
primary creep characteristics of argillite and clay. It can also capture
the anisotropic features of transversely isotropic creep satisfactorily.
However, the proposed model cannot be expected to match closely the
observed creep behaviors of argillite as the Longmaxi shale. The main
reason is that the test data on the triaxial compression and direct

tension data of argillite used for calibrating the spherocylindrical mi-
croplane model are insufficient. Some parameters in the anisotropic
model for predicting argillite creep are estimated from the experimental
data for Longmaxi shale.

6. Creep regimes in hydraulic fracturing and scope limitation

The hydraulic fracturing and extraction of oil or gas proceeds on
different time scales. One may thus distinguish three creep regimes:

1. The short-time creep up to several days in duration, which is re-
levant to the frac operation and hydraulic crack propagation. It af-
fects the growth rate of hydraulic cracks and their opening during
crack growth.

2. The medium-range creep, which is relevant to gas or oil extraction
after fracking over a period from days to about 10 years. It affects
the growth rate of hydraulic cracks at constant stress (probably si-
milar to concrete7) and also governs the initial creep embedment of
proppant grains and slow crack closing.

3. The creep on the geologic time span, which is crucial for the ques-
tion whether the tectonic natural cracks in deep shale strata, formed
over a period of 100–300 million years, could remain, at typical
depth of 3 km, sufficiently open to enhance the overall gas perme-
ability of shale stratum after fracking.4

The present and all previous laboratory experiments apply only to
the short-time creep regime. This creep seems to be approximately
linear viscoelastic, except at high stresses. Thus, the present model can
be verified only for the short-time regime, although it should be pos-
sible to extend the applicability to the medium-range creep regime. No
relevant data exist yet, although they could be obtained with the
standard creep frames widely used for concrete.

Extension to the geologic time scale cannot be based on the present
model. The creep of shale, like creep of all materials, eventually transits
(at time called the Maxwell time4) from the primary creep to the sec-
ondary creep. The secondary creep represents an extremely slow
steady-state viscous flow (under constant stress), devoid of memory but
usually highly nonlinear in terms of stress. Some information about the

Fig. 7. Stress-strain isochrones of creep of shale under different bedding layer inclinations: (a) = 0 ; (b) = 45 ; (c) = 75 ; (d) = 90 .
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secondary creep of rocks has been inferred from geologic processes such
as the postglacial rebound of upper mantle or lithosphere4 and could
probably be also obtained from analysis of geologic strata folding.

7. Conclusions

1. Similar to material damage, the creep accompanying damage tends
to localize into distinct directions of slip on planes of distinct or-
ientation. This feature, which could hardly be properly captured by
tensorial macrocontinuum constitutive laws with tensorial in-
variants, can be captured easily by the microplane model, as

demonstrated here.
2. The spherocylindrical microplane constitutive model, developed

previously for time-independent deformations of shale, can be, and
here is, successfully generalized for anisotropic creep effects. The
model can reproduce not only the stress-induced incremental ani-
sotropy but also the inherent material anisotropy.

3. To set up the constitutive model, it helps to formulate first the creep
for three elementary stress configurations: the creep caused by a
principal stress component acting either (i) parallel or (ii) ortho-
gonal to the bedding planes, and (iii) he creep due to shear stress
parallel to the bedding planes, which is equivalent to the difference

Fig. 8. Comparisons between theoretical prediction and anisotropic creep data for argillite: the data in the left column are plotted on linear scales, while the data in
the right column are plotted on logarithmic scales; (a) and (b) = 0 ; (c) and (d) = 45 ; (e) and (f) = 60 ; (g) and (h) = 90 (the solid lines and data points
represent the simulation and experimental results, respectively).
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of principal stresses at 45° inclinations to the bedding planes.
Combining these three elementary cases leads to a general creep
constitutive model for anisotropic shale.

4. The Kelvin chain parameters in the present creep extension of ani-
sotropic microplane model are effectively identified on the basis of a
continuous retardation spectrum. All the values of the dashpot
viscosities and spring stiffnesses can thus be identified.

5. Short-time creep tests of shale (of two-day duration) are conducted
and used to calibrate the model. They demonstrate linear depen-
dence of the creep strain on the stress. Comparisons of the experi-
mental results and numerical predictions show that the proposed
linear creep model can simulate the main features of the anisotropic

creep behavior of shale and other geomaterials.
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Appendix. Calculation of elasticity matrices Cm in Eq. (65)

Matrices Cm, in which m can represent z y xy xz, , , , are calculated as follows:
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Appendix A. Supplementary data

Supplementary data to this article can be found online at https://doi.org/10.1016/j.ijrmms.2019.104074.

Fig. 9. Comparisons between theoretical prediction and anisotropic creep data for Barnett shale: the data in the left column are plotted on linear scales, while the
data in the right column are plotted on logarithmic scales (the solid lines and data points represent the simulation and experimental results, respectively).
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