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ZDENĚK P. BAŽANT
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Dedicated to the memory of G. I. Barenblatt (1927–2018)
and to our loving and supportive wives

Iva, Miao, and Rossella

G. I. Barenblatt, known to his friends as Grisha, was a giant of mechanics and
applied mathematics. Within his life span, he was a rare scientist who made major
contributions to both solid and fluid mechanics. In fracture mechanics, he made a

transformative advance by inventing the cohesive crack model while a young scientist
in Moscow. After the collapse of the USSR he continued a productive career in the
West, first as G. I. Taylor professor at the University of Cambridge and then for

almost two decades as a professor of Mathematics in Residence at the University of
California, Berkeley. He was a foreign member of the U.S. National Academy of

Sciences, American Academy of Arts and Sciences, and the Royal Society of London
and received many honors.1

1Born in 1927 in Moscow, USSR, Grigory Isaakovich Barenblatt (in Russian Grig&ori@i Isa&akoviq

Barenblatt) received his Ph.D. from the Lomonosov Moscow State University under the advisorship
of A. N. Kolmogorov. Over his remarkable academic career, he contributed to almost all branches of
continuum mechanics. He also contributed to the solutions of a number of problems in the theory of
polymers, biology, chemistry and geophysics. His results in the fields of fracture mechanics, hydraulic
fracturing, filtration of fluid and gas in a porous medium, mechanics of non-classical deformable
solids, turbulence, self-similarities, nonlinear waves, and intermediate asymptotics are well known.
His research led to a number of well-known monographs and about 250 papers. For his outstanding
achievements, he received numerous awards, among them the G. I. Taylor award from the Society for
Engineering Science, the Maxwell Prize of the International Committee on Applied and Industrial
Mathematics, the Lagrange Prize of the Accademia Nazionale dei Lincei, Modesto Panetti Prize and
Medal, and the Timoshenko Medal of the ASME. He worked scientifically until his death in Moscow
in 2018.



Foreword

This book on fracture mechanics will serve as a monograph for professionals in
the field of engineering materials, solids, and structures, and as a text for graduate
students and aspiring professionals. The book approaches the subject of fracture me-
chanics from the collected and vast perspectives, experiences, and contributions of the
authors with the fracture of quasibrittle materials such as concrete and fiber-reinforced
composites, and natural materials such as ice and rock, which traditionally receive sec-
ond shrift in most texts on fracture mechanics. The book is a notable contribution to
fracture mechanics in many respects, including a chapter that considers probabilistic
interpretations of fracture data and a chapter that analyzes and discusses an excellent
set of practical applications that clearly illustrate the importance of size effects in frac-
ture. Basic aspects of fracture mechanics are introduced and covered in the book, with
extensive and well-chosen problems at the end of each chapter for students using the
book as a text. In many of the topics, particularly those relevant to quasibrittle ma-
terials, the book brings the reader in contact with the most recent published research.
One of the analytical approaches that receives prominent attention in the book owing
to the manner in which many quasibrittle materials fail is cohesive zone modeling.
The book will be an essential addition to the library of practitioners of fracture me-
chanics for coverage of these aspects alone. While many books lose steam towards the
end, not this book. The penultimate chapter titled “Quasibrittle Size Effect Analysis
in Practical Problems” deals with nine excellent current examples, including my two
favorites: structural failure of the Malpasset Dam and tensile fracture of sea ice.

John W. Hutchinson
School of Engineering and Applied Sciences, Harvard University



Preface

The present book provides a comprehensive treatment of quasibrittle fracture me-
chanics and includes a concise but rigorous and complete treatment of linear elastic
fracture mechanics, the foundation of all fracture mechanics. The book is designed
for graduate and upper-level undergraduate university courses. It presents the funda-
mental principles of both linear and nonlinear fracture mechanics, the transition from
distributed cracking damage to sharp cracks with the associated energetic and statis-
tical size effects, the effects of the triaxial stress state in the fracture process zone,
the probabilistic fracture mechanics, and nonlocal continuum modeling of distributed
damage. It also points out various practical implications for engineering structures
and includes a number of exercise problems. The presentation strives for conciseness
without distracting the reader by excessive verbiage.

Quasibrittle materials, a.k.a. heterogeneous brittle materials, are the most widely
used materials in engineering today, by both volume and cost. They include concrete as
the archetypical case, fiber-polymer composites, tough ceramics, many rocks and stiff
soils, fiber-reinforced concrete, cold asphalt concrete, masonry, wood, dental ceramics,
rigid foams, particulate nanocomposites, bones, most architectured and printed ma-
terials, nacre, and various biomimetic materials. On the nano- and micrometer scales,
virtually all the materials become quasibrittle, including silicon or thin metallic films.
Fracture mechanics of these materials is important not only for structural safety and
reliability, but also for durability, which has environmental implications. For example,
the current CO2 emissions from cement production are about to exceed those from
all the cars and trucks in the world, and if, hypothetically, the lifetimes of concrete
structures and pavements could be doubled, this would halve the emissions due to
cement in the long run.

Fracture mechanics courses have been taught for decades in the departments of
mechanical and aeronautical engineering. But they have mostly dealt with the classical
fracture mechanics intended for metals and other brittle homogeneous materials. Such
courses have had little relevance to the civil engineering students studying concrete
and geotechnical engineering, as well as to the engineering students of mechanical
and aerospace engineering studying fiber composites. Currently, the former gains in
importance because the American Concrete Institute has just introduced the fracture
mechanics-based size effects into its 2019 design code (ACI-318), and thus implicitly
accepted the applicability of quasibrittle fracture mechanics to concrete structures.

This book is designed to serve as a text, and as a source of exercise problems,
for a semester-long course (of about 35 class-hour duration). It can also be used in a
quarter-long course (of 30 class-hour duration), in which case Chapters 6 and 7 are
taught only in a review fashion. Chapter 2 on the foundations of linear elastic fracture
mechanics is self-standing and can form, as a whole or as an initial part, a two to
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four-week segment in a broader undergraduate course on structural or continuum me-
chanics. Chapters 2, 3, and 7 can also be used as a segment of various specialty courses
on concrete structures, composite structures, rock mechanics, pavement engineering,
design of airframes, automobiles and ships, nuclear structures, and microelectronic
mechanical systems.

The authors wish to express their appreciation of the academic environments at
their institutions, Northwestern University, University of Minnesota, and University
of Washington, conducive to scholarly pursuits and innovative teaching. The initial
partial draft of this book was the result of the first author’s teaching, since 1986, of a
quarter-length graduate course on Fracture of Concrete, later renamed and broadened
as Quasibrittle Fracture and Scaling. The second and third authors have for several
years taught similar courses in the Civil Engineering department of the University of
Minnesota and in the Aerospace Engineering department of the University of Washing-
ton, and contributed their valuable experience to this book. The new results covered
in the book arose from researches funded by the National Science Foundation, Army
Research Office, Office of Naval Research, Air Force Office of Scientific Research, De-
partment of Energy, Department of Transportation, Los Alamos Scientific Laboratory,
Argonne National Laboratory, and Boeing, Ford, and Chrysler companies. Grateful ac-
knowledgment is due to all these sponsors.

Last but foremost, we wish to thank our wives Iva, Miao, and Rossella for their
loving support while working on this book.

Zdeněk P. Bažant, Jia-Liang Le, and Marco Salviato
Evanston, Minneapolis, and Seattle

December 2020
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Introduction

Fracture is viewed as something bad but, once understood, becomes beautiful.

Material failures that cause structural collapse are basically of two types—ductile
and brittle. The latter is the subject of fracture mechanics and is far more dangerous
since the structural collapse is usually sudden and without warning. A transition from
the latter to the former exists, and the way to describe and control it is of keen interest.

Fracture mechanics is the field of mechanics that deals with crack initiation and
propagation. The analysis of fracture does not fit the classical stereotype of boundary
value problems of partial differential equations, since the geometry of body boundaries
varies with the progress of fracture instead of being specified as fixed. This might look
to some mathematicians as a formidable difficulty, but effective simple methods to
tackle the important practical problems of fracture initiation and propagation have
been developed over the span of the last hundred years. Brief pedagogical exposition
of the main ideas is the goal of the present book.

The origin of fracture mechanics dates back to Griffith’s work in 1921 (Griffith,
1921). The first study of its applicability to a macro-heterogeneous material, concrete,
appeared in 1952, in the report by Bresler and Wollack (Bresler and Wollack, 1952) at
the University of California, Berkeley. In 1961, Kaplan (Kaplan, 1961) published the
first journal article on this subject. In 1962, Clough, in his report (Clough, 1962)1 at the
University of California, Berkeley, used finite element analysis with a large interelement
crack to judge the safety of a large dam. This was an epoch-making contribution
which may be seen today as the foundation of both the finite element method and
of the computer simulation of fracture in a quasibrittle material. In 1968, again in
Berkeley, Rashid (Rashid, 1968) noted that interelement cracks were cumbersome if
crack propagation should be followed, and analyzed fracture propagation in a pre-
stressed concrete reactor vessel by deleting the elements in which the strength limit
was reached. Rashid’s analysis was the harbinger of the crack band approach although
the crucial problem of spurious mesh sensitivity was not even discussed for another

1website: https://nisee.berkeley.edu/elibrary/semm/1962.

Quasibrittle Fracture Mechanics and Size Effect: A First Course. Zdeněk P. Bažant, Jia-Liang Le
and Marco Salviato, Oxford University Press. © Zdeněk P. Baant, Jia-Liang Le, Marco Salviato
2022. DOI: 10.1093/oso/ 9780192846242.003.0001



Why Fracture Mechanics? 3

decade. The stream of fracture studies of quasibrittle materials became a torrent in
the late 1980s and progress continues until today (for literature reviews with extensive
reference lists, see e.g. Bažant (1982); Bažant and Planas (1998); Bažant (2005)).

1.1 Why Fracture Mechanics?

Up to the early 20th century, it was universally believed that a structure fails when the
stress reaches its limiting value—the material strength. In some fields, for example,
the design of concrete structures or fiber-polymer composites, this belief is widespread
even today.

In reality, though, aside from the material strength, there are other mechanical
properties that govern structural failure. This calls for a deeper theory, called fracture
mechanics. What, exactly, are the reasons to turn to fracture mechanics? They are six:

1. Formation of a crack requires energy supply to separate interatomic bonds and
create new surfaces. If sufficient energy is not supplied, no crack forms even if the
strength limit is reached. Hence, energy analysis must be part of the criterion of
crack growth.

2. In structures made of concrete, composites, and various other materials, a strong
nonstatistical size effect is observed and has been amply demonstrated. Specifi-
cally, the nominal strength of structure, σN , which is defined as the maximum load
divided by the characteristic cross-section area, is not constant but decreases with
increasing structure size D, much more so than could be explained by material
randomness.

3. The results of computer analysis of structures must be objective. In particular,
they must not change significantly upon changing the finite element (FE) size. It
has been amply demonstrated that unless the material is elastoplastic, objectivity
of finite element computations is not achieved with the material strength criterion
alone.

4. Unlike plastic limit analysis, the equilibrium load in many types of failure de-
creases as the deflection increases after the peak load. In absence of buckling, this
phenomenon can be explained only by crack growth.

5. For impact, earthquake and other dynamic loads, the energy absorption capability
of structure is important. When fracture forms, it cannot be correctly estimated
by using plastic limit analysis or strength criterion alone. Only fracture mechanics
can predict the correct energy absorption of the structure.

6. Lastly, one cannot ignore dimensional analysis. The stress has the dimension of
N/m2, while the surface energy of a crack has a different dimension, namely J/m2

or N/m. So, if both matter for failure, the notion of material strength, with the
dimension of N/m2, is insufficient. The ratio of these two dimensions has a di-
mension of length. Dimensional analysis thus shows that a material characteristic
length must be considered, too. This is the hallmark of fracture mechanics.

1.2 Three Kinds of Fracture Mechanics

Today there are three kinds of fracture mechanics, each suitable for different situations.
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First kind: Since Griffith’s discovery (Griffith, 1921) until the 1950s, there was
only one kind of fracture mechanics, the linear elastic fracture mechanics (LEFM),
which is also called the mechanics of (perfectly) brittle fracture.

The theory of elasticity predicts an infinite stress at the tip of a sharp crack. There-
fore, the material at the crack tip region must exhibit inelastic deformation. Depend-
ing on the constitutive behavior of the material, the crack tip region could experience
plastic yielding or damage. The LEFM considers that the nonlinear zone in which
fracture is formed, called the fracture process zone (FPZ), is so small compared to the
structural dimensions that it can be considered as point-wise (Fig. 1.1a). The trans-
verse stress profile along the crack line has a discontinuity such that the stress drops
suddenly to zero right behind the crack tip. This is a good approximation for glass,
fine-grained ceramics, glassy polymers, and metals embrittled by fatigue or hydrogen,
because the FPZ size is in the order of micrometers. Exceptions, for these materials,
are the micrometer-scale devices such a MEMS, various electronic components and
thin metallic films (which are quasibrittle, as explained next).

In LEFM, the entire volume of the body is linearly elastic, and so analytical so-
lutions can be obtained by methods of elasticity. But various LEFM approximations
serve also as the basis of the other two kinds of fracture mechanics. Thus, the LEFM
is the foundation of the entire discipline of fracture mechanics.

As for the size effect on the structural strength, in LEFM it is almost trivial, and
normally not even discussed. When the specimens and the cracks are geometrically
similar, the size effect of LEFM is a simple power law: structural strength ∝ (specimen
size)−1/2. But real brittle structures normally fail while the critical crack is still very
small and has a length that is independent of structure size. In that case there is no
size effect, which means that the failure load divided by a characteristic cross section
area does not depend on the structure size.

The first linear elastic FE fracture analysis was apparently conducted by R.W.
Clough at University of California, Berkeley, in 1962 (Clough, 1962). Simulating Nor-
folk Dam, Arizona, and its orthotropic foundation, he obtained the stress redistribution
due to a large interelement crack and compared the stresses to material strength (at
that time, of course, mesh size sensitivity was not yet even discussed). Today, there
are powerful FE softwares for LEFM, such as XFEM (Dolbow and Belytschko, 1999).
The recently popular phase-field model with a scalar damage law is also approximately
equivalent to LEFM (Borden et al., 2012, 2014).

Second kind: The second kind of fracture mechanics was developed from the
1950s to the 1980s. It is the ductile, or elastoplastic, fracture mechanics, also called
the small-scale yielding fracture mechanics or (ductile) cohesive fracture mechanics.
This kind applies to most non-fatigued metals and other plastic materials, except at
micrometer scale and nano-scale.

In such materials, there is a long and wide plastic hardening nonlinear zone, or
yielding zone, in front of the crack tip. Its size is not negligible compared to normal
structural dimensions, while the FPZ is still negligible compared to these dimensions,
virtually point-wise (except for micro- and nanoscale devices); (Fig. 1.1b). The stress
profile along the crack line has a flat or mildly rising plateau ending with a sharp stress
drop at the crack tip.
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Fig. 1.1 Types of structural fracturing behavior: (a) brittle, (b) ductile and (c) quasi-brittle.

Trends of the stress distributions along the crack line are shown at the bottom of each figure.

In metals, polymers, glasses, and other materials homogeneous on the macroscale,
the width of the yielding zone (transverse to crack plane) is usually not important for
the overall structural response, and the zone is then replaced by a cohesive zone in front
of the crack tip, occupying a line segment of a certain characteristic length. Within that
segment, the diagram of transverse normal stress versus the separation of the opposite
crack faces (i.e., the crack opening) is considered to have a horizontal yield plateau,
terminating with a sudden stress drop (Fig. 1.1b). For metals (in contrast to concrete
and other materials), the unloading of the plastically yielded material on the sides of
the cohesive line segment follows an unreduced elastic modulus. Thus the entire volume
of the structure can still be considered as elastic, and the nonlinearity is introduced
only through the boundary (or interface) condition for the cohesive segment at crack
front. Obviously, this feature is advantageous for approximate analytical solutions.

In contrast to LEFM, the ductile fracture mechanics is endowed with a finite ma-
terial characteristic length, l0 (introduced by Irwin (Irwin, 1958)). The reason is that
the stress, of dimension N/m2, is needed to characterize the plasticity at the crack
tip, while the formation for crack surfaces must be described by energy per unit area,
which has a different dimension, N/m (or J/m2). Obviously, the ratio of l0 to the
structure size D must cause a size effect (as shown by Palmer and Rice (Palmer and
Rice, 1973) for cohesive shear fracture propagation in clay slopes).

Third kind: In the 1980s, a third kind emerged—the quasibrittle fracture me-
chanics, also called the cohesive softening fracture mechanics, which is the focus of
this book. Here again there is a long and wide nonlinear zone, FPZ, in front of the
crack tip, but this zone is not plastic. Rather, it undergoes progressive softening dam-
age in the form of randomly distributed microcracking, frictional micro-slips, and grain
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interlock. The stress profile along the crack line has no plateau but descends towards
the crack tip (Fig. 1.1c). There is no sudden stress drop at the tip of the open crack in
the tail of this zone, except when the fracture starts from a sharp notch or pre-existing
fatigued crack.

The quasibrittle materials are defined as heterogenous materials with brittle con-
stituents. But for structures, the concept of quasibrittleness is relative. When the
structure size is far larger than the maximum inhomogeneity size, for example, the
grain size, or the yarn spacing in a woven composite, every quasibrittle structure, con-
sisting of a quasibrittle material, becomes perfectly brittle. Vice versa, when a perfectly
brittle homogeneous structure becomes sufficiently small, as in micro- or nano-scale
devices, it transits to a quasibrittle fracture.

The archetypical quasibrittle material is concrete, and that is where the develop-
ment of quasibrittle fracture mechanics began in the 1970s (Bažant, 1976; Bažant and
Cedolin, 1979, 1980; Bažant, 1982; Bažant and Oh, 1983; Pietruszczak and Mróz, 1981;
Bažant et al., 1984). One reason is that, in normal concrete, the length of the FPZ is
about 0.5 m, so that the quasibrittless is conspicuous on a convenient scale, the scale of
large laboratory tests. Another is that the early finite element simulations of failure of
concrete dams and nuclear containment shells (e.g. (Rashid, 1968; Zienkiewicz et al.,
1972)) in which the elements where deleted upon reaching the material strength limit,
gave ambiguous failure loads depending on the chosen mesh size. This spurious mesh-
size sensitivity was explained by unstable localization of cracking damage modeled by
strain-softening constitutive laws Bažant (1976).

Aside from concretes, mortars, and fiber-reinforced concretes, quasibrittle materials
comprise fiber-polymer composites, tough or toughened ceramics, dental ceramics,
bone, cartilage, stiff clays and silts, cemented sands, cold asphalt pavement concrete,
grouted soils, sea ice, refractories, rigid foams, consolidated snow, wood, particle board,
paper, carton, cast iron, modern tough alloys, biological shells (e.g. nacre), filled resins
or polymers, porous printed materials, and virtually all materials on approach to micro-
or nano-scale, such as polysilicon, nanotubes, and graphene or graphene oxide sheets.
Many of them are materials increasingly demanded for high-tech applications.

Depending on the type of quasibrittle material, the FPZ length and width varies
enormously. In embrittled metals it is of micrometer dimensions, in textile polymer
composites about 1 cm, in shale about 1 cm, in high-strength or normal concretes
about 5 cm or 50 cm, in sea ice about 5 m, and in large-scale thermal bending fracture
of the ice cover of the Arctic Ocean (consisting of thick mile-size floes connected by
thin ice leads), about 10 km.

For structures not much larger than the typical FPZ size of the material, which
represents a small multiple of the maximum aggregate size in concrete, the damage is
such that microcracks that microslips cannot localize, because of heterogeneity. The
consequence is that the failure behavior of small quasibrittle structures is quasi-plastic,
with almost no size effect and a long plateau at the top of the load-displacement. For
quasibrittle structures much larger than the FPZ size, the failure behavior is almost
brittle, with a steep load drop after reaching the maximum load. As the structure size
increases, the transition from ductile to brittle response is gradual, typically spread
over several orders of magnitude of structure size. It is this transitional behavior
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between plasticity and brittle fracture that is of interest for quasibrittle materials and
structures, and that is the source of the transitional size effect—the quasibrittle size
effect.

1.3 Crack-Parallel Stresses and Tensorial Damage as Quasibrittle
Fracture Basis

The cohesive fracture mechanics with line cracks has also been widely used for qua-
sibritle materials such as concrete, fiber composites, coarse ceramics, or geomaterials
in which FPZ is not only long but also wide, because of large grain or inhomogeneity
size. However, a new type of experiment, called the gap test, revealed, and computer
simulations corroborated by Nguyen et al. (Nguyen et al., 2020a,b), a strong effect of
crack-parallel normal stress on fracture propagation, causing the energy required for
crack propagation in concrete to almost double or drop near zero.

This effect cannot be captured by the line crack models. They can be used, as
an approximation, only when the crack-parallel stresses are a priori known to be
small. For monotonic proportional loading, the fracture criterion can be adjusted by
an approximate formula. But the effect of nonproportional loading histories, which is
pronounced, is then missed.

The crack-parallel stress effect severely limits the applicability of all the classical
line crack models to situations with very small crack-parallel normal stresses, in-plane
or out-of-plane. This recently discovered effect calls for reorienting quasibrittle fracture
mechanics from scalar to tensorial modeling, in which the fracture is represented as a
cracking band with progressive distributed damage in a zone of finite length and width
at fracture front. The constitutive law for this damage is the foundation of quasibrittle
fracture mechanics.

Nevertheless, the LEFM and the cohesive crack model (CCM) still remain the
pillars of the edifice of fracture mechanics. They are essential for understanding and
teaching fracture mechanics, and for providing accurate benchmark solutions of special
cases which tensorial damage mechanics must match. They must be taught before
extensions such as the crack-parallel stress effect are discussed. Therefore, emphasis
on LEFM and CCM must be retained in this introductory book.

1.4 Size Effect Type and Role of Material Randomness

Since the 1980s, the size effect on the nominal structural strength has been intensely
researched. So far, two basic types of size effect have been identified for quasibrittle
structures:

1. When the structure fails only after long, stable growth of one dominant crack
at increasing load, the energy release from the structure into the crack front dominates.
The fact that strain energy release from the undamaged part of the structure into the
fracture front grows quadratically with the structure size while the energy dissipated
at fracture front grows linearly causes an energetic size effect on the mean structural
strength. This fact was exploited to derive a simple approximate, but general, size
effect law for the mean structural strength in type 2 failures (Bažant, 1984b; Bažant
and Kazemi, 1990). This law is not limited to reinforced concrete structures and has
been shown to apply to all quasibrittle structures.
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2. When the structure fails right at the initiation of a macro crack at the weakest
location among many, the energy release is not dominant. Then not only the FPZ size
but also the randomness of the local material strength is important for the size effect
on the mean structural strength, which is called the type 1 size effect. This size effect
has both energetic and statistical components. The latter grows with the structure
size while the former does not. Eventually, for large enough sizes, the statistical size
effect component becomes insignificant, making the entire size effect fully statistical.

The reason why material randomness causes a size effect on the mean nominal
strength of structure is that the minimum value of the random local material strength
likely encountered in the structure increases with the structure volume. The concept
of statistical size effect was first perceived, in a qualitative sense, in the 17th century
by Mariotte (Mariotte, 1686). But two and half centuries elapsed until the first math-
ematical description of the statistical size effect was developed by Weibull (Weibull,
1939, 1951). It is evident that the material randomness would not play a role in the
mean size effect of type 2 failures since the location of damage is predetermined by the
crack formed prior to the peak load, while it has a strong influence on the mean size
effect of type 1 failure. However, studies have shown that the Weibull theory alone is
insufficient to explain the type 1 size effect of quasibrittle structures (Bažant and Xi,
1991).

The interaction of statistical and energetic components in type 1 failures is reflected
in the finite weakest-link chain (Bažant and Pang, 2006, 2007; Bažant et al., 2009; Le
et al., 2011; Bažant and Le, 2017). The resulting size effect for not-too-large structures
is rather different from the classical Weibull size effect, since the Weibull size effect is
modelled by an infinite weakest-link chain (Bažant and Pang, 2006, 2007). In type 1
failure, in which there is no stable macro crack growth (under load-controlled tests),
the structure fails as soon as a macro crack initiates at one site in the structure, which
obviously happens in the weakest RVE (relative to the stress). The same is obviously
true for a chain of links. It, too, fails as soon as its weakest link fails. So both cases
are statistically equivalent, which leads to the same kind of statistical distribution.

The finiteness of the weakest-link model causes a significant deviation from the
classical Weibull distribution. The resulting structural strength distribution depends
strongly on the structure size. For the smallest possible material element (i.e., the
RVE), the distribution is Gaussian (or normal), with a remote Weibull tail grafted on
the left at the probability of about 0.001. As the structure size increases, the Weibullian
portion of the distribution function penetrates into higher probabilities until, at infinite
structure size, the entire distribution becomes Weibullian. The consequence for the
statistical size effect is that the Weibull power-law size effect gets modified by a big
upward deviation for small sizes.

When the crack at failure is neither negligible nor long enough, there is a smooth
transition between types 1 and 2. Its approximate description by a universal size effect
law was recently obtained by multi-sided asymptotic matching. Not surprisingly, its
formula is more complicated (Hoover et al., 2013; Hoover and Bažant, 2013, 2014b).
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1.5 Applications of Size Effect in Structural Analysis and Design

The importance of size effect for engineering practice differs significantly among dif-
ferent fields of engineering. Aircraft engineering needs only performance specifications
but no design codes, because only a few large aircraft are designed in a decade. Like-
wise automotive engineering. So, if for instance the crack band model is used in the
finite element analysis, the size effect is automatically accounted for.

But structural engineering is different. Tens of thousands of different structures
are designed annually, and most of them are different and too big to be tested up to
failure. Therefore, detailed design codes are indispensable and must be simple enough
to allow thousands of designers to work quickly. The designs of some special structure
are checked, for example, by the realistic finite element simulation which implies the
size effect. But even then, the preliminary design of all concrete structures must be
based on the code, and no design violating the code is legally defensible in court
litigation in the case of collapse.

Unfortunately, the consequence is that new research results, fracture mechanics
included, do not get used widely unless incorporated in the design code. And the pro-
cess of adopting new code specification is inevitably slow since, in democratic practice,
it requires reaching consensus in large committees whose majorities have practicing
engineers and professors-consultants who have little expertise in the underlying theory.

The first significant evidence of a large non-statistical size effect in reinforced con-
crete was delivered by Kani’s large beam tests in Toronto in the the late 1960s (Kani,
1967). The evidence was soon enhanced by the tests of Leonhardt and Walther (Leon-
hardt and Walther, 1962) in Stuttgart and of Bhal (Bhal, 1968) in Switzerland. Shioya
and Akiyama (Shioya and Akiyama, 1994) in Tokyo tested record-size prestressed con-
crete beams, up to 3 m deep and 30 m long, which strengthened the evidence of size
effect. Unfortunately, the mathematical interpretation for design codes was not clear
because all these tests were not geometrically scaled, causing the simple size effect to
be mixed with complicated shape effects. Introduction of a basic theoretical concept,
such as the size effect along with quasibrittle fracture mechanics, into the concrete de-
sign code represents a fundamental change, which calls for the deepest scrutiny. In the
American Concrete Institute (ACI), it necessitated detailed explanations, accumula-
tion of experimental data, design demonstrations, statistical comparisons, discussions
of various alternatives, and rounds of voting in several committees dominated by prac-
ticing engineers and practice-oriented professors. After the first proposal by Bažant
and Kim, 1984, it took 35 years for the quasibrittle size effect factor to be introduced,
in 2019, into the ACI design code, Standard ACI-318, to govern all the shear failure
of reinforced concrete beams and slabs. ACI thus became the first concrete society to
implicitly recognize quasibrittle fracture mechanics as the theoretical basis of design
against brittle structural failures (interestingly, the previous major conceptual change
in the ACI code was the introduction of plastic limit analysis for ductile flexural fail-
ures, which was proposed by Charles Witney in 1931 and adopted for ACI code in
1971).

In one particular case, though, fracture mechanics of the LEFM type was intro-
duced into the ACI code earlier. It was the code provision for the pullout of anchors
in concrete, which are small enough to obtain many test results cheaply. Based on the
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fracture analysis of Ballarini et al. (Ballarini et al., 1986) at Northwestern University
in the mid-1980s, the anchor design equation in the ACI and other codes includes the
correct size effect.

The Japan Society of Civil Engineers (JSCE) was the first to introduce the size
effect into its specification of shear failure of reinforced concrete beams (Japanese
Society of Civil Engineers, 1991). It was the result of a visionary proposal of Okamura
and Higai in 1980 (Okamura and Higai, 1980). However, it was based on the Weibull
statistical size effect. This type of size effect is now known to be incorrect for shear
failure of beams, but it must be acknowledged that in 1980 no other size effect theory
was in existence.

In 1990, the CEB (Committée européan du béton) introduced a size effect formula
for beam shear, but it was purely empirical and incorrect in extension to large sizes,
for which the experimental evidence was too scant and too scattered. In 2010, after
CEB was absorbed into the fib (Fédération internationale de béton), a different size
effect formula was introduced for beam shear, based on a theory but, unfortunately,
an incorrect theory (based on the intuitive truss mechanics, crack spacing, and the
strain across the cracks). Its size effect factor has the form (1 + Cd)−1 where C =
constant and d = beam depth). This formula gives too little size effect for normal beam
sizes but then rapidly changes toward an excessive and thermodynamically impossible
asymptotic size effect proportional to d−1 (which coincides with the size effect proposed
by Leonardo da Vinci for ropes); (cf. (Bažant and Sun, 1987; Yu et al., 2016)). A similar
incorrect size effect was earlier introduced into the Swiss Code provision for floor slab
punching by columns.

The overall safety factors for concrete structures are, for various reasons, much
larger; for example, 3.5 to 8 for beam shear (one reason, for example, is the fact that
the design code is meant to apply to an enormous variety of concretes). With the safety
factors being so large, a single mistake, such as ignoring the quasibrittle energetic size
effect, will not alone suffice to cause failure of a large structure. Typically two or three
simultaneous mistakes must combine to bring the structure down, and then it is easy
for the investigating committee to attribute the failure to mistakes other than ignoring
the size effect (a good example is the 1991 failure of the enormous Sleipner oil platform
in a Norwegian fjord; a size effect must have reduced the shear strength of thick shell
walls by about 40%, but the investigating committee identified two other problems
and ignored the size effect in its verdict). By contrast, in aeronautical engineering,
where the safety factor is only 1.5, a single mistake will cause a disaster, which makes
disaster investigations far less ambiguous.

The fiber composites community has been as reluctant to accept the quasibrittle
fracture concepts as was the concrete community. Observations of the size effect in
woven composites pointed to a cohesive or nonlocal fracture behavior but, for about 50
years, no post-peak softening of compact tension fracture specimens has been observed
until, in 2016, it was found that the problem was in the low stiffness and low mass of
the standard testing grips (or fixtures) used for decades. Redesigning the grips (U.S.
Patent 10,416,053) to increase their stiffness by two orders of magnitude, and their
mass by one order of magnitude, has made it possible to observe gradual post-peak
softening in a stable manner (Salviato et al., 2016b). The area under the stabilized
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load-deflection curve with postpeak softening, as measured with these grips, agreed
well with the fracture energy deduced from the tests of size effect on maximum loads.

In the ceramics community a full acceptance of fracture mechanics has also been
hard to achieve. Like in concrete, the flexural strength test of beams and the biaxial
flexure test of discs are embodied in the ASTM standard without recognizing that the
measured tensile strength must be size dependent (Bažant and Novák, 2000a; Zi et al.,
2014; Kirane et al., 2014). The two-parameter or three-parameter Weibull distributions
are, in the ceramics community, widely accepted, in ignorance of the fact they lead
to an incorrect statistical (Type 1) size effect. The correct strength distribution was
shown to be a size-dependent Gauss–Weibull grafted distribution (Bažant and Pang,
2006, 2007; Bažant et al., 2009; Le et al., 2011). The ASTM standard for the flexural
test of concrete also ignores the size effect, even though the type 1 size effect on the
flexural strength test has been amply proven theoretically as well as experimentally
(Bažant and Novák, 2000a).

On the hand other, it is interesting that the metals community has been far more
receptive in accepting new theoretical results in fracture. For example, Rice’s J-integral
was promptly adopted as the basis of the ASTM test standard. The reason perhaps
is that the collapses of metallic structures are easier to interpret, because of relatively
smaller safety factors.

In summary, while the quasibrittle fracture mechanics has made great advances,
applications in practice face roadblocks. A comprehensive, though compact, exposition
of the theory, attempted in the forthcoming chapters, should help to overcome these
roadblocks.

Exercises

E1.1. State six reasons for using fracture mechanics, particularly for quasibrittle ma-
terials such as concrete of fiber composite.

E1.2. Describe three basic kinds of fracture mechanics, with a sketch of the nonlinear
behavior at the near-tip region.

E1.3. Indicate the typical lengths of the fracture process zone (FPZ) for concrete,
shale, rock, and polymer composites.

E1.4. Describe the effect of crack-parallel stresses and explain why a finite width of
the fracture process zone with tensorial damage description needs to be considered.

E1.5. Explain in words only the source of the energetic size effect on structural strength
in terms of the dependence of energy release on the structure size.

E1.6. Explain in words only the source of the statistical size effect.




