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Abstract Based on the premise (recently validated by Dempsey's in-situ tests) that 
large-scale failure of sea ice is governed by cohesive fracture mechanics, 
the paper presents simplified analytical solutions for (1) the load capacity 
of floating ice plate subjected to vertical load and (2) the horizontal force 
exerted by an ice plated moving against a fixed structure. The solutions 
clarify the fracture mechanism and agree with the previous numerical sim
ulations based on cohesive fracture mechanics. They confirm the presence 
of a strong deterministic size effect. For the case of vertical load, the size 
effect approximately follows the size effect law proposed in 1984 by Baiant. 
In the case of an ice plate moving against a fixed obstacle, radial cleavage 
of the ice plate in the direction opposite to ice movement causes a size 
effect of structure diameter which follows linear elastic fracture mechanics 
for small enough diameters but becomes progressively weaker as the diam
eter increases. The present solutions contradict the earlier solutions based 
on material strength or plasticity theories, which exhibit no size effect. 

1. Introduction 
Many studies have treated sea ice failure according to either plastic limit analysis 
or elasticity with a strength limit (see reviews in Kerr, 1996; and BaZant 2000, 
2002). These theories exhibit no size effect on the nominal strength of structure. 
When size effect was observed in tests, it was explained by Weibull theory of 
strength randomness. However, such an explanation of size effect is dubious be
cause the maximum load in ice failure is usually not reached at the initiation of 
fracture but only after large stable crack growth (e.g. BaZant and Planas 1998, 
Bazant 1997a, BaZant and Chen 1997). Rather, the explanation must be sought 
in quasi brittle fracture mechanics. Recently, fractality of fracture surfaces or mi
crocrack distributions was suggested as a source of structural size effects, but this 
idea also does not pass mechanics scrutiny (BaZantl997b). 

Various recent experiments (Dempsey 1991, DeFranco and Dempsey 1994, De
Franco, Wei and Dempsey 1991), especially Dempsey's in-situ tests of record-size 
specimens (Dempsey et al. 1999a,b; Mulmule et al. 1995; Dempsey et al. 1995), 
indicate that sea ice does follow fracture mechanics and on scales larger than about 
10 m is very well described by linear elastic fracture mechanics (LEFM). Conse
quently, the size effects of fracture mechanics (BaZant and Planas 1998; BaZant 
and Chen 1997, Bazant 2001) must get manifested in all the failures in which 
large cracks grow stably prior to reaching the maximum load. This includes two 
fundamental problems: (1) vertical load capacity of fioatingice plate (penetration 
fracture), and (2) the maximum horizontal force exerted on a fixed structure by a 
moving ice plate. The former has been analyzed by fracture mechanics at various 
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levels of sophistication in several recent studies; see Baiant and Li (1994), Li and 
Bazant (1994), Dempsey et al. (1995), Bazant and Kim (1998), of which the last 
presents rather realistic numerical simulation confirming a strong deterministic 
size effect. Acoustic observations also suggest a size effect (Li and Baiant 1998). 

Quasibrittle fracture analysis of another problem, namely the large-scale ther
mal bending fracture of floating ice (BaZant 1992), also indicated strong size effect, 
following, however, a different law. So did the analysis of ice plate failure subjected 
to a vertical line load (Baiant 2001b, Bazant and Guo, 2001). These two problems, 
however, are beyond the scope of this paper. 

The purpose of this article is to summarize the recent detailed numerical studies 
of size effect at Northwestern University and briefly outline a new simplified frac
ture analysis of size effect which is based on the technique of asymptotic matching, 
an approach that leads to explicit formulae. This study (which was described in 
much more detail in the preprint distributed at the Fairbanks workshop, Bazant 
2000), will appear in full detail in the forthcoming journal article by Bazant (2002). 
Owing to space limit, discussions of previous ice fracture and scaling studies (Ash
ton 1986, Atkins 1975, Dempsey et aI, 1995, 1999a, Goldstein and Osipenko 1993, 
Palmer 1983, Ponter 1983, Slepyan 1990, etc.) must be relegated to that article. 

2. Review of Numerical Analysis of Vertical Penetration 
Bazant and Kim (1998) conducted a detailed numerical analysis of vertical load 
penetration, for which the typical fracture pattern is shown in Fig. 1a. The 
radial cracks at maximum load penetrate through only a part of ice thickness 
(Dempsey et al. 1995, Bazant and Li 1995); Fig,. 1b,c. The radius of each crack 
is divided by nodes into vertical strips in each of which the crack growth obeys 
Rice and Levy's (1972) nonlinear 'line-spring' model relating the normal force N 
and bending moment M in the cracked cross section to the relative displacement 
b. and rotation () (Fig. 1b). The following ice characteristics have been assumed: 
tensile strength if =0.2 MPa, fracture toughness Ke = 0.1 MPa rm, Poisson 
ratio II = 0.29, and Young's modulus E = 1.0 GPa, with the corresponding values: 
fracture energy G f = K; IE = 10 J 1m2 , and Irwin's fracture characteristic length 
10 = (Kel fD2 = 0.25 m. 

The analysis is based on a simplified version of the cohesive crack model in which 
the vertical crack growth in each vertical strip is initiated according to a strength 
criterion. The cross section behavior is considered to be elastic-plastic until the 
yield envelope in the (N, M) plane is crossed by the point (N, M) corresponding 
to fracture mechanics. For ease of calculations, a non-associated plastic flow rule 
corresponding to the vector (db., d(}) based on fracture mechanics is assumed. To 
suppress moment singularity under concentrated load P, the load is replaced by a 
distributed load along a small circle centered at the load point. 

Fig. Ie displays, with a strongly exaggerated vertical scale, the calculated crack 
profiles at subsequent loading stages. Fig. If shows the numerically calculated 
plot of the radial crack length a versus the ice thickness h ('fracture length' means 
the radial length of open crack, and 'plastic length' the crack length up to the tip 
of plastic zone). This plot reveals that, except for very thin ice, the radial crack 
length a ~ chh where Ch ~ 24. 

The size effect is understood as the dependence of the nominal strength aN 

on the structure size, which is here represented by the ice thickness, h. For the 
vertical penetration problem, we define aN = Plh2 where P = load. The data 
points in Fig. 19 show, in logarithmic scales, the numerically obtained size effect 
plot of the normalized aN versus the relative ice thickness. The initial horizontal 
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Figure 1: Vertical penetration fracture problem analyzed by BaZant and Kim (1998), 
main numerical results, and comparison with field tests of Frankenstein (1963,1966) and 
Lichtenberger (1974). 
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portion, for which there is no size effect, corresponds to ice thinner than about 20 
cm. 

Since the model of BaZant and Kim includes plasticity, it can r.eproduce the 
classical solutions with no size effect. The ice thickness at the onset of size effect 
depends on the ratio of ice thickness to the fracture characteristic length, h/lo. For 
realistic ice thicknesses h ranging from 0.1 m to 6 m, the computer program would 
yield perfectly plastic response with no size effect if the fracture characteristic 
length lo were at least lOOx larger, i.e., at least 25 m. This would, for instance, 
happen if either II were at least lOx smaller Uf ~ 0.01 MPa) or Kc at least 
lOx larger (Kc ~ 10 MPa Jill). The entire diagram in Fig. 19 would then be 
horizontal. 

The curve in Fig. 19 is the optimum fit of the numerically calculated data points 
by the generalized size effect law proposed in Baiant (1985). The final asymptote 
has slope -1/2, which means that the asymptotic size effect is UN OC h-1

/
2

, the 
same as for LEFM with similar cracks, and not h-3

/
8 as proposed by Slepyan 

(1990) and by Baiant and Li (1994). The -3/8 power scaling would have to 
apply if the radial cracks at maximum load were full-through bending cracks. The 
-1/2 power scaling may be explained by the fact that during failure the bending 
cracks are not full-through and propagate mainly vertically, which is supported 
by the calculated crack profiles in Fig. Ie (for thermal bending fracture, though, 
exponent -3/8 is valid; Baiant 1992). 

By fitting of the size effect data in Fig. 19, the following generalized size effect 
law (BaZant 1985; Baiant and Planas 1998) has been calibrated (see the curve in 

Fig. 19): UN = Blf [1 + (h/>"olor rl/2r where B = 1.214, >"0 = 2.55, m = 1/2, 
T = 1.55 and lo = 0.25 m Uf = 0.2 MPa in Fig. 19). The test data available for 
checking this formula are very limited. The data points in Fig. 1h represent the 
results ofthe field tests by (Frankenstein 1963,1966) and Lichtenberger (1974), and 
the curves show the optimum fits with the size effect formula verified by numerical 
calculations. After optimizing the size effect law para.meters by fitting the data 
in the three plots in Fig. 1h, the data and the optimum fit are combined in the 
dimensionless plot in Fig. Ii. 

Interesting discussions of Baiant and Kim's (1998) study were published by 
Dempsey (2000) and Sodhi (2000) and rebutted by the authors. Sodhi criticized 
the neglect of creep in BaZant and Kim's analysis. Intuition suggests that the 
influence of creep might be like that of plasticity, which tends to increase the 
process zone size, thereby making the response less brittle and the size effect 
weaker. But the influences of creep and plasticity are very different. This is 
documented by studies of concrete [e.g. BaZant and Gettu (1992); BaZant et al. 
1993; Baiant and Planas (1998); and especially Baiant and Li (1997), and Li and 
BaZant (1997)] which show that creep always makes the size effect due to crack 
growth stronger. In the plot of log UN versus log(size), a decrease of loading rate 
caUSes a shift to the right, toward the LEFM asymptote, which means that the 
size effect is intensified by creep, contrary to the opinion of Sodhi. The physical 
reason, clarified by numerical solutions with a rate-dependent cohesive crack model 
(Li and Baiant 1997), is that the highest stresses in the fracture process zone get 
relaxed by creep, which tends to reduce the effective length of the fracture process 
zone. The shorter the process zone, the higher is the brittleness of response and 
the stronger is the size effect. It thus transpires that, to take creep into account, 
it suffices to reduce the value of fracture energy and decrease the effective length 
of the fracture process zone. 
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3.. Approximate Analysis of Vertical Penetration 
An ice plate floating on water behaves exactly as a plate on Winkler elastic founda
tion (Fig. 1a), with a foundation modulus equal to the specific weight of water, p. 
Failure under a vertical load is known to involve formation of radial bending cracks 
in a star pattern (shown in a plan view in.Fig. ·la). These radial cracks do not 
reach through the full ice thickness before the maximum load is reached (Dempsey 
et a!. 1995, Baiant and Li 1995, Baiant and Kim 1998). Rather, they penetrate 
at maximum load to an average depth of about 0.8h and maximum depth 0.85h 
where h is the ice thickness (Fig. 2a). The maximum load is reached when polyg
onal (circumferential) cracks, needed to complete the failure mechanism, begin to 
form (dashed lines in Fig. 1a). 

Sea ice is not sufficiently confined to behave plastically (this is for example 
confirmed by the absence of yield plateau apparent in the load-deflection diagrams 
measured for instance by Sodhi 1998). Sea ice is a brittle material (e.g. Dempsey 
1991; Defranco and Dempsey 1992,1994; Defranco et al. 1991; BaZant 1992a,b; 
Bazant and Li, 1994; Li and Baia.nt 1994; Baiant and Kim 1998), and so the 
analysis must be based on the rate of energy dissipation at the crack front and the 
rate of energy release from the ice-water system. 

Dimensional analysis, or alternatively a transformation of the partial differen
tial equation for the bending of a plate on Winkler foundation to dimensionless 
coordinates, shows that the behavior of the plate is fully characterized by the char
acteristic length L = (D / p)1/4 where D = Eh3/12(1 - v2) = cylindrical bending 
stiffness of the ice plate; v = its Poisson ratio. According to Irwin's relation, the 
energy release rate is 9 = KJ/E' = N2g(o.)/E'h. Here E' = E/(l- v2) and g(o.) 
is a dimensionless function: 

(a. = a/h) (1) 

which is obtained by superposing the expressions for the stress intensity factor KJ 
(given in handbooks), characterized by functions FM(o.) and FN(o.) for loading 
by bending moment M and normal force N; a = crack depth, e = - M / N = 
eccentricity (positive when the compression resultant is above the mid-plane). 

To relate M and N to vertical load P, let us consider element 12341 of the plate 
(Fig. 1a and 2e,f,g), limited by a pair of opposite radial cracks and the initiating 
polygonal cracks (with zero depth at initiation). Since the cracks must form at 
the location of the maximum radial bending moment, the vertical shear force on 
the planes of these cracks is zero. The distance R of the polygonal cracks from the 
vertical load P may be expected to be proportional to the characteristic length L, 
and so we may set R = fLnL where fLn is assumed to be a dimensionless constant 
(Irwin's characteristic length of fracture is expected to have no effect because the 
initiation of polygonal cracks is governed by a strength criterion). 

In each narrow radial sector, the resultant of the water pressure due to deflection 
w (Fig. 2b,c) is located at a certain distance r w from load P; r w must be 
proportional to L because its solution must depend· on only one parameter, L. 
Integration over the area of element 12341, taken as a semi-circle of radius Tw , 

yielgs the vertical resultant of water pressure acting on the whole element 12341. 
Again, the distance of this resultant (whose magnitude it P /2) from load P must 
be proportional to L, i.e., may be written as Rw = fLwL where the factor fLw is 
dimensionless and is assumed to be a constant (which is justified when crack tip 
plasticity is negligible). . 

For simplicity, we assume N and M along the radial as well as polygonal cracks 
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Figure 2: Analysis of vertical penetration fracture: (a) Crack profile and (b-h) forces 
acting on element 123401. 
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to be uniform. The condition of equilibrium of horizontal forces acting on element 
12341 in the direction normal to a radial crack then requires N on the planes of 
the polygonal cracks to be equal to the N acting in the radial crack planes (this 
becomes clear upon noting that the loading by N along the entire circumference 
of element 12341 is in equilibrium with a two-dimensional hydrostatic stress in the 
horizontal plane). 

The axial vectors of the moments Me acting on the polygonal sides are shown 
in Fig. 2e,g by double arrows. Summing the projections of these axial vectors 
from all the polygonal sides of the element, one finds that their moment resultant 
with axis in the direction 14 is 2RMe, regardless of the number n of radial cracks. 
So, upon setting R = fLRL, the condition of equilibrium of the radial cracks with 
the moments about axis 14 (Fig. 2b,c,e,g) located at mid-thickness of the cross 
section may be written as: 

(2) 

Consider now the initiation of the polygonal cracks. It occurs when the normal 
stress (J reaches the tensile strength I: of the ice. A layer of distributed microc
racking, of some effective constant thickness Db that is a material property, will 
have to form at the top ice before the polygonal crack could (cf. Bazant and Li 
1996, for concrete). The polygonal cracks may be assumed to initiate when the 
average stress in layer Db reaches the tensile strength I:, and since the average 
stress is roughly the elastically calculated stress for the middle of layer Db, the 
criterion of bending crack initiation may simply be written as (Jb + N/h = I: 
where (Jb = (12Me/h3 )(h - Db)/2 = (6Me/h2 )(1- Db/h). This criterion, however, 
can be correct only when h is sufficiently larger than Db, i.e., asymptotically for 
hI Db -+ 00. The case h < Db is physically meaningless. For h >:::: Db, M can 
be reasonably approximated as the plastic bending moment, which may be ap
proximately taken as 1.5 x larger than the elastic bending moment for the same 
material strength. This condition is satisfied by replacing the aforementioned ini
tiation criterion with: 

6Me N , 
h2q(O + h = It, 

2+€ 
q(~) = 1 +( (3) 

This replacement is justified by noting the large-size asymptotic expansion 1 I q( ~J = 
(1+Db/h)/(1+2Db/h) = (1+Db/h)(1-2Db/h+O/h2+ ... ) = 1-Dblh+O/h + 
(·)/h3 + ... , and realizing that factor l/q(O and the original factor (1- Db/h) are 
both valid only up to the first two terms of the asymptotic expansion in powers of 
Ilh, which are common to both (cf. BaZant and Chen 1997). The approximation 
by function q(O achieves the asymptotic matching of the size effects at both very 
large and very small sizes. 

Now substitute M = -Ne = NfLeh into (2) (N is negative when compressive); 
fLe = elh ~ = constant < 0.5 (according to the numerical results of Bazant and 
Kim, 1995, fLe ~ 0.45, since the average crack depth a at maximum load is about 
O.Sh). Then Me may be expressed from (2) and substituted into (3). Furthermore, 
one must take into account the condition of vertical propagation of the radial 
bending cracks, which may be written as 9 = G f where G f is the fracture energy 
of ice. Thus, the critical value of normal force (compressive, with eccentricity e) 
may be written as 

(4) 

• 
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Algebraic rearrangements eventqally lead to the following equation: 

(5) 

To decide the value of a, note that a finite fracture process zone (FPZ) of a 
certain characteristic depth 2c f which is a material property must exist ~t the 
tip of vertically propagating radial crack in ice. This zone was modeled III the 
numerical simulations of Bazant and Kim (1998) as a yielding zone. The tip of 
the equivalent LEFM crack lies approximately in the middle of the FPZ, i.e., at a 
distance cf from the actual crack tip, whose location is denoted as £to. In struc.tures 
of different sizes, the locations of the actual crack tip are usually geometflca~ly 
similar, i.e., the value of ao = aolh may be assumed to be constant when Ice 
plates of different thicknesses h are compared (BaZant and Planas '1998). Thus, 
denoting g'(ao) = dg(ao)/dao, one may introduce the approximation 

g(a) ~ g(ao) + g'(ao)(cJlD) (6) 

Substituting this into (5) and rearranging, one gets for the size effect the formula: 

(7) 

Consider now the special case in which the size dependence of q(€) is neglected, 
i.e. q(€) = 1 (this is justified when € = hi Db is large because q(€) approaches 1 
as Ilh, which is much faster than the asymptotic trend of (8), which is 1/.../h,). In 
this special case, (7) reduces to the classical size effect law with non-zero residual 
strength a r (proposed by BaZant, 1987): 

in which ho 
- g'(ao) 
- Cf ' )' g\ao 

J.Le I' ar = -3-- t 
J.Lw 

(8) 

(9) 

This formula was shown to agree with the numerical simulations by BaZant and 
Kim (1998), which in tUrn were shown not to disagree with the experimental data 
that exist (Fig. Ih,j). 

In theory, aN for h ---> 0 could be calculated from plasticity because the strength 
limit is reached simultaneously in the entire cross section (as h «: fracture process 
zone length). But in practice the plastic limit analysis is inapplicable because the 
foundation provided by water behaves always elastically, causing that there is no 
plastic limit load (unless water leaks to the top of ice, but even in that case the 
load capacity depends on inelastic deflections whose calculation does not lend itself 
to simple formulae). 

4. Horizontal Force Exerted on Obstacle by Moving Ice 
Another important problem of scaling is the force P that a moving ice plate of 
thickness h exerts on a fixed structure, idealized as a rigid circular cylinder of 
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Figure 3: (a) Ice plate moving against an obstacle, (b) radial cleavage crack, (c) 
resulting size effect when the cohesive zone length is ignored, (d) diverging V-cracks. 

diameter d. The nominal strength of the structure may in this case be defined as 
aN = Plhd. Several mechanisms of break-up are possible. 

One is the elastic buckling of the floating plate (e.g. Slepyan 1990). Although 
the present interest is in fracture, it may be mentioned that the elastic buckling 
failure exhibits a reverse size effect of the type aNcr = "'(dlh)...jjjFJ v'h (Bazant 
2000) where", is a dimensionless parameter depending on d/h. Thus, only very 
thin floating plates can fail by buckling. 

Consider now a long radial cleavage crack in the ice plate, propagating against 
the direction of ice movement (Fig. 3a,b). The ice exerts on the structure a pair 
of transverse force resultants F and a pair of tangential forces T in the direction 
of movement; T = F tan cp where cp = effective friction angle. Considering the ice 
plate as infinite, we have Kr = (F/h)J2/rra The energy release rate is 

9 = .!. [aIh] =.!. ~ [lC(a)F2] = F2 dC(a) 
h aa F h da 2 2h dt?- (10) 

where a = crack length «Fig. 3a,b) and C(a) = load-point compliance of force..~ 
F. Using Irwin's relation, we have 9 = KJ/ E = 2F2 /rr Eh2a. Equating this to 
(10), we thus get dC(a)/da = 4/rrEha. This expression may now be integrated 
from a = d/2 (surface of structure, Fig. 3a,b) to a. Thus one gets C(a), and 
from it the opening deflection 8 = C(a)F = (4F/rrEh) In(2a/d). Now note that 
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there is likely to be at least some amount of local ice crushing at the structure, 
and so the relative displacemen{ between the two flanks of the crack must be 
less than d. Setting 8 = -Xd «( < 1), we obtain from the foregoing expression 
for 8 the relation a = ld exp (1fEh-XdI4F) (note that aid is not constant but 
increases with d' hence \he fracture modes are not geometrically similar, and so 
the LEFM pow~r scali~g cannot be expected to apply). Now we substitute this 
into KJ = (Flh)J21fla, set KJ = Ke = JEGf where Ke = fracture toughness 
of ice, and write uNhd = P = 2T = 2(Ftanip) wh~re ip = friction angle. After 
some rearrangements, this yields the size effect relatIOn 

(ll) 

in which r = UN I U e and de and U e are constants defined as de = 4G f 11f EX
2 
, U e = 

~1fExtan ip. Eq. (ll), plotted in Fig. 3c, represents the law ofradial cleavage size 

effect in an iIiverted form. Note that, for d « dc, UN ~ Jdeld, which is the 
LEFM scaling for similar cracks. 

So far, the length 2cf of the cohesive zone of the radial cleavage c~ack was 
considered negligible compared to a. If this is not so, then the log-log SIze effect 
plot (dashed curve) is found to start from the left with a horizont~ asymptote and 
then gradually approach the curve in Fig. 3c (see the formula III BaZant 2001). 
As seen in Fig. 3c, the size effect is getting progressively weaker with increasing d 
(although no horizontal asymptote is approached). The reason is that the cracks 
are dissimilar, i.e., the ratio aid increases with d. 

Another observed mechanism (e.g., Sanderson 1988, ch. 7) consists of diverging 
V-shaped cracks; Fig. 3d,e. To estimate in a crude manner the complementary 
energy IT* , we may consider only the stresses within the wedge between the cracks 
(Fig. 3f). From a well-known solution (Timoshenko and Goodier, 1970), Ur ~ 
-Pk8 cos iplrh, uep = Ur", = 0 where Ur, uep and urep are the stress components III 
polar coordinates r, ip, and k8 = 1 / (0 + ~ sin 20), 0 being the inclination angle 
of the cracks (Fig. 3d). The displacement at r = d/2 (structure surface) is U = 
J:;2(urIE)dr = (Pk8IEh)ln(2a/d). Then IT* = ~Pu = (P2k8/2Eh)ln(2a/d). 
The complementary energy before fracture may be estimated as the value of IT* 
for B = 1f, i.e. ITo ~ (P2/21fEh) In(2ald). The total energy release due to ~-cracks 
in the ice plate is ~IT* = IT* -ITo. The condition [a~IT* /aa]p = 2hG f YIelds 

(12) 

To determine crack length a and angle 0, one could use two conditions: 1) the 
opening displacement at the crack mouth, 6, must be equal to Xd/(2 cos 8), which 
means that the load-point displacement of force P must be u = (xd/2) tan 0, and 
2) P should be minimized with respect to B. However, the solution is quite compli
cated and will not be pursued here. Besides, there is also the question of a possible 
simultaneous axial (radial) cleavage crack, and the question of simultaneous ice 
crushing. Unlike the radial cleavage fracture, the V-shaped crack mechanism can
not accommodate continuous movement of the ice and can occur only from time 
to time. 

A further possible break-up mechanism is the compression fracture of the ice 
plate in contact with the obstacle. This mechanism also leads to a pronounced 
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size effect. A simplified formula for it was derived in BaZant and Xiang (1997) and 
BaZant (2000) (also BaZant 2001, 2002). 

Finally, the ice floe can fracture globally, upon impact. It can be approximately 
treated as a deep beam loaded by distributed forces representing the inertia forces, 
and by a concentrated reaction from the obstacle. This type of fracture of quasib
rittle materials has been treated in various works, and a strong size effect due to 
ene;gy release has been shown to exist (for a review, see BaZant and Chen 1997, 
Bazant 1999, 2001, 2002). 
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