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ABSTRACT: The recently developed gap test exploits the size effect method to determine the effect of crack-
parallel compression σ xx on the material fracture energy, Gf , as well as the characteristic size cf of the fracture
process zone (FPZ). The previous gap tests demonstrated that the Gf of concrete can get doubled or reduced
to almost zero according to the T-stress (crack-parallel stress) level. A subsequent study of aluminum fracture
(Nguyen, Dönmez and Bažant, 2021) concluded that a similar effect exists in ductile fracture of polycrystalline
plastic-hardening metals.This paper strengthens this conclusion by presenting and interpreting further gap tests of
aluminum. Together with the results of the recent gap tests of crack-parallel stress effect in quasibrittle materials,
the experimental evidence shows that the linear elastic fracture mechanics (LEFM), its computational versions
XFEM and Phase-Field, and the cohesive crack models are inapplicable in the presence of significant crack-
parallel stress—not only for concrete and other quasibrittle materials but also for plastic-hardening polycrystalline
metals. On the other hand, the applicability of the crack band model with a realistic tensorial damage law is not
limited.

1 INTRODUCTION

A complicating feature of the plastic-hardening metals
is that large hardening yielding zone surrounding the
fracture front in which the material undergoes soften-
ing damage was studied analytically, considering only
σxx in the propagation direction, although the out-of-
plane normal and shear components, σzz and σ xz , of the
crack-parallel stress are also expected to play a signif-
icant role, as already confirmed for σzz in concrete (H.
Nguyen et al. 2020) and shown here for aluminum.
Asymptotic matching was used to formulate the gen-
eral scaling laws of plastic-hardening polycrystalline
metals. These laws were related to the material frac-
ture energy Gf as well as the effective radius of the
yielding zone, rp.

In this study, an extension of these gap tests and their
theoretical consequences is presented. The changes
in the energetic size effect are studied experimentally
over a much broader range of crack-parallel compres-
sive stress σxx and a broader size range. Then the size
effect method (Bažant et al. 1991; Bažant & Planas
1997; Nguyen et al. 2021) is used to deduce from
these changes the effect of σxx on the material fracture
energy, Gf , and on the effective radius rp of the yielding
zone (YZ) of aluminum.The effect ofσxx on the scaling

asymptotes of the small-scale-yielding is also clari-
fied. However, because the range of specimen sizes
in this study is much greater than the inhomogeneity
size (which is the size of a polycrystalline grain, about
2 to 50 micrometers), the change in the size of the
YZ and the fracture process zone (FPZ) can only be
distinguished using numerical models.

2 ASYMPTOTIC SCALING REGIMES

The analytical solution of the role of the large yield-
ing zone surrounding the fracture front was studied in
recent works (Bažant et al. 2022; Nguyen et al. 2021).
A brief review of the hardening plasticity and yielding
zone effect on fracture is given here.

The polycrystalline metals have very small FPZ,
of micrometer-scale, compared to the millimeter-scale
plastic hardening part or the yielding zone. This intro-
duces one more transitional range in the original SEL
of Type 2. That additional transition is shown in Figure
1. As shown in Figure 1, three size effects can be con-
sidered in the Al alloys and other polycrystalline met-
als; the transition from the FPZ to large-scale yielding,
the transition from the large-scale to small-scale yield-
ing, or LEFM (linear elastic fracture mechanics—the
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Figure 1. Description of the three transitional zones and the
asymptotes in fracture of plastic-hardening polycrystalline
metals.

large-scale asymptote for LEFM), and finally the
overall transition from the FPZ (micrometer-scale)
to small-scale yielding (LEFM). The second transi-
tion involves a deviation from the original size effect
law. The third transition corresponds to the SEL and
is probably the most important one among the three
transitional regimes.

3 REVIEW OF STRESS-STRAIN RELATION OF
PLASTIC-HARDENNING METALS

The plastic hardening response of metals can be
defined by the Ramberg-Osgood model for the uni-
axial stress-strain law (Fig. 2) (Ramberg & Osgood
1943).
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where εy = initial yield strain, σy = initial yield
strength; αp= empirical parameter (usually denoted
as α, although α is the standard notation for a dimen-
sionless crack length); and n = plastic hardening
exponent, typically 3 to 20. For analysis, it is help-
ful that the n, the hardening exponent, is so high
that the plastic strain dominates and the elastic strain
can be ignored. This assumption was the basis of the

Figure 2. (a) Stress-strain behavior of plastic-hardening
metals and response curves for various n(hardening expo-
nent). (b) Approximation when elastic strain is ignored;
Elastoplastic constitutive law with various n; (c,d) The
partition of strain energy into released and dissipated.

classical Hutchinson-Rice-Rosengren (HRR) theory
(Hutchinson 1968; Rice & Rosengren, 1968).

The advantage of the power law in Eq. (1) is that
the stress-strain law becomes self-similar for the strain
or stress magnitude. Together with the divided form
of the power-law singularity, broadly presented as
required (Nguyen et al. 2021), the deformation-field at
the near-tip asymptote becomes self-similar to radial
affine transformations, which makes it feasible for
an analytical solution. The uniaxial stress-strain rela-
tion is therefore stated as (Hutchinson 1968; Rice &
Rosengren 1968):
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The uniaxial yield stress, σ y, and the uniaxial yield
strain, εy, in Eq. (2-4) are the limiting parameters for
the effective (or equivalent) yield stress. These param-
eters point out the distinction of the power-law strain
from the previous (largely elastic) regime. The σ y in
Eq. (4) is the scalar effective stress.

Hutchinson and Paris in (Hutchinson & Paris 1979)
showed that the deformation theory of plasticity is
very accurate in this problem, although its use is a
simplifying assumption in the HRR theory and the
J -integral.

Figure 3. (a) Actual and equivalent (equal area or volume)
yielding zones; (b) displacement of the equivalent yielding
zone with the crack growth.

Figure 3 illustrates the yielding zone and the
approximately equivalent crack growth model. In Fig-
ure 3, the (r, θ ) are the polar coordinates centered at
the tip of the crack. The angle θ is measured from the
crack extension line and rp is the effective size of the
hardening part (or the yielding zone, YZ).

4 SIZE EFFECT DUE TO ENERGY RELEASE

The energy balance equation can be constructed by
using the physical similarities of the ductile and
quasibrittle failures with respect to the transitional
regimes, as used in (Nguyen et al. 2021). The energy
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release rates, Gs and Gp arise from two different loca-
tions in the structure. The Gs is the rate of energy
release from the elastic zone in the structure (or from
the undamaged volume of the structure). This energy
release is approximately proportional to the charac-
teristic size, D. Second, Gb is the energy release rate
from the elastic material traversed by the front of the
crack band. It does not depend on D. Note that there
is no plastic yielding zone in quasibrittle materials,
unlike the plastic hardening metals where the large
yielding zone causes a transition between the FPZ and
the elastic zone of the structure.

The yielding zone, which is typically of millimeter
scale, plays three roles in the failure mechanism. First,
it transfers the energy-flux to the FPZ via the yielding
zone. The energy is conserved in this transfer. Sec-
ond, the yielding zone dissipates energy in its wake,
with the rate of Gp, as the plastically strained material
undergoes unloading. Third, the unloading of the plas-
ticized material in the wake of the advancing yielding
zone releases its strain energy, with the rate of Gb.
The Gb is defined as the strain energy, (γcσN )2/2E′,
that was contained in the band of width 2rp prior to
the arrival of the yielding zone. Therefore, the energy
balance during fracture can be written as:

Gs + Gb=Gf + Gp (5)

We may use a fixed characteristic length scale for
Gb, similar to cf , defined by the yielding zone width
(2rp): Gb= (σ 2

N /E′)2rp. For Gs we can use the same
expression as in quasibrittle materials. Inserting in
(5) the energy release rate expressions, we obtain the
condition of energy conservation:

σ 2
N

E′
Dg0 + σ 2

N

E′
2rp=Gf + Gp (6)

Solving forσN , we get the size effect law for fracture
of plastic-hardening metals in small-scale yielding:

σN = σ0√
1+ D/D0

(7)

Eq. (7) has the same form as the SEL for quasibrittle
failures. However, the definitions of its coefficients are
not the same:

σ 2
0 =E′Gf /2rp + σ 2

p , D0= 2rp/g0 (8)

σ 2
p =

1

2
E′σy?yQp (9)

The asymptotes of this law have the same slopes as
SEL:

σN ⇒
D→0

σ0= constant, σN ⇒
D→0

D−1/2 (10)

The underlying assumption is that rp is about the
same for all specimen sizes. The “triaxiality number”
(Anderson 2017) is assumed to remain constant, too.

5 SIZE EFFECT METHOD FOR DUCTILE
FRACTURE

The size effect on structural strength is the main conse-
quence of fracture behavior, and the size effect method
is the most straightforward and unambiguous proce-
dure to identify the material fracture properties. Eq.
(7) can be restated as linear regression:

Y =AX + CwhereX =D; Y = 1/σ 2
N (11)

A= 1/σ 2
0 D0, C= 1/σ 2

0 (12)

The fracture energy, Gf , and the effective width of
the yielding zone, 2rp, can be obtained by fitting these
equations with the test results. The required test data
consist only of the peak loads (max. loads) of differ-
ently sized specimens with a sufficiently broad size
range. After getting the dimensionless energy release
rate g0 (and E′), one can find the A and C values by a
linear regression of the data in the plane (X , Y ). Then
one can get σ0= 1/

√
C and D0=C/A using these val-

ues from the regression analysis. Finally, the fracture
parameters can be obtained as:

Gf = (C− 1
2 − cp)g0/E′g2

0 A, rp= g0

2σ 2
0 A

(13)

6 GAP TESTS OF ALUMINUM

In the standard fracture specimens, the stresses
σxx, σzz , σxz parallel to the crack plane (x, z) are zero
or negligible. It has been implicitly assumed that the
cracks are planes with zero thicknesses. If this assump-
tion were correct, then no effect of σxx, σzz , σxz on the
crack propagation could be expected. Actually, the
FPZ, located in front of the crack tip, has always a finite
width, δy, measured normal to its plane.This is the fun-
damental characteristic of the blunt crack (Bažant &
Cedolin 1991) and crack band (Bažant 1993; Bažant
& Oh 1983) models, which revealed already in 1979
that, if δy is finite, the effect of σxx, σzz , σxz must be
important and the damage tensor inside the fracture
process zone must play a role, and that the scalar stress-
displacement law of the cohesive (or fictitious) crack
model is inadequate. Some role of the crack-parallel
compression in concrete has long ago been suspected
by a few researchers (Bažant 1993; Bažant & Cedolin
1979; Bažant & Oh 1983; Tschegg et al. 1995), but
a simple unambiguous test had been unavailable until
the new gap test was developed, in 2020 (Bažant et
al. 2022; H. Nguyen et al., 2020; H. T. Nguyen et al.,
2020; Nguyen et al. 2021).

The gap tests conducted here involve notched beam
specimens of aluminum, the 6061 series. The speci-
mens are scaled geometrically in compliance with the
2D scaling laws, with a fixed width of 10 mm, as shown
in Figure 4a, b. Their depths are 12, 24, 48 and, 96
mm. Figs. 4c, d show the results of standard three-
point bend tests (no crack-parallel compression). The
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Figure 4. The geometrical properties of the specimens; (b)
the scaled specimens of four sizes, with the fixed thickness;
(c) Load vs. mid-span deflection curves; (d) the post-failure
image showing the crack in the largest specimen.

deformed state of the largest specimen can be seen in
Figure 4d.

The resulting size effect curves are shown in Figure
5. The data points in Figure 5a represent the measured
peak values of nominal strengthσN for scaled gap tests
of 4 different sizes D= 12, 24, 48, 96 mm, and for three
different levels of crack-parallel compression.

In Figure 5a, the crack-parallel stress, σxx, is pre-
sented relative to the yield strength (fy) of the Al alloy,
which is has been measured as 450MPa in the uniax-
ial compression tests. The three solid curves display
the best-fit curves obtained by multivariate nonlin-
ear regression analysis of the data points with the
size effect law. The systematic pattern of the curves
shows the scatter to be relatively small compared to
the overall scatter of all data.

In Figure 5a, the LEFM size effect slope of −1/2
is still far from being achieved, even for the largest
specimens. This means that a much larger size would
be needed to reach the LEFM range (which is the
small-scale yielding range). Furthermore, the position
of the LEFM asymptote of −1/2 determines the frac-
ture energy, Gf (which is equal to Jcr and represents a
new way of measuring it). The LEFM is displayed as
the dashed line for the case of the largest crack-parallel
compression. A translation of the LEFM asymptote
to the right implies an increase of Gf . These LEFM
asymptotes for the three levels of crack-parallel com-
pression (σ xx) are shifted relative to each other (Fig.
5a), which means that the fracture energies of these
three cases are different.

The estimates of GFPZ , asapartof the 
Gf , can be
evaluated from the size effect curves and their cor-
responding fracture parameters. It is known that, for
the same crack-parallel stress σxx (also called the T -
stress), the size of the yielding zone in front of the
crack tip does not change and stays approximately the
same for every size, D. In other words, the dissipa-
tion of the energy from the wake of the yielding zone
is size-independent for the same T -stress. Thus, the
discrepancy in the size effect fits from the gap tests,
must be explained by a change of the energy dissipa-
tion in the micrometer-scale fracture process zone of
the polycrystalline metal.

Figure 5. (a) Measured size effect data of aluminum for
four different specimen sizes D and three different ratios of
crack-parallel stress σxx to yield strength fy , in logarithmic
scales; Experimentally obtained data on the dependence of
(b) fracture energy Gf and (c) half width of yielding zone rp
on the ratio of crack-parallel compressive stress σxx to yield
strength fy .

Consequently, the variation of the fracture energies
(Gf ) presented in Figure 5b results from a change of
both the FPZ (at the micrometer scale) and the yielding
zone. Nevertheless, this difference was around 10-30
mm, implying a much more marked contribution from
the yielding zone. To differentiate the contributions
from these two zones would require either micrometer-
scale gap tests or numerical computational results with
a realistic damage constitutive model for aluminum.
The numerical models for capturing the effects of
crack-parallel compression on the strength, size effect,
and fracture parameters, require a tensorial damage
constitutive law.The phase-field, XFEM, and cohesive
crack model cannot capture such effects.
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7 CONSEQUENCES FOR APPLICABILITY OF
LEFM (WITH XFEM), PHASE-FIELD AND
COHESIVE CRACK MODELS

Extension of the gap tests of aluminum to three differ-
ent levels of the crack-parallel compressive stress σxx
provides clear evidence of the effect of σxx on the size
effect, which is found to be strong. Regression analysis
of the gap tests of different sizes for the same σxx level
yields unambiguous evidence of the σxx effect on the
fracture energy Gf of aluminum. Increasing σxx from
0 to 0.4fy, causes Gf to approximately double and rp
to triple (see Fig. 5c). Although no tests were made at
|σxx|> 0.4fy, the extension of the curve of Gf versus
σxx is expected not to tend to 0 at σxx →−fy because,
in contrast to concrete, aluminum yielding under com-
pression in x-direction suffers no softening damages
and yields at increasing strength in the y-direction. To
reproduce the present experiments mathematically, a
fracture process zone of correct finite width, described
by a realistic tensorial damage constitutive model for
aluminum, will be used in subsequent work. The finite
element crack band model serves well for that.

Figure 6. Path dependence of Gf as a function of σxx (if
path dependence were absent, the terminal points encircled
by ellipses would have to coincide).

It might be thought that the aforementioned mod-
els could be used if the fracture energy, Gf , were
considered to be a function of σxx. However, this
is not possible because the dependence of Gf on
σxx is enormously path-dependent (H. Nguyen et al.,
2020; H. T. Nguyen et al., 2020), as shown in Fig. 6.
There is no way to shrink the FPZ to a line and thus
obtain a line crack, except if the crack-parallel stresses
are negligible, which is, however, a rare situation in
practice.

8 CONCLUSIONS

As a result of the gap tests, the classical fracture
mechanics dealing with line cracks is now seen to
be severely limited. Nevertheless, this fundamental
theory remains necessary for the understanding of
brittle and quasibrittle structural failures, for underpin-
ning blunt crack models, and for teaching the fracture
behavior of structures.
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