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NONLOCAL CONTINUUM DAMAGE AND MEASUREMENT OF CHARACTERISTIC LENGTH 

ABSTRACT 

z. P. a.z.nt.nd G. PIIHdier-Cabot 
Canter for Concrete and Geomatarial. 

Nortnwestem University 
Evanston, lliinoi. 

Damage such as cracking or void fo~tion is in many materials distributed 
and localizes only to a limited extent. The macroscopic treatment of such mate~ 
rials calls for a continuum description of damage, and this in turn necessitates 
a nonlocal definition of damage. Reasons for the nonlocal approach are briefly 
reviewed and the nonlocal damage model is summarized. Detailed attention is then 
focused on the experimental determination of the characteristic length which en
ters the spatial weighting function and characterizes tha nonlocal properties of 
the material. The basic idea is to compare the response of two types of speci
mens, one in which the tensile softening dameg. remains distributed and one in 
which it localizes. The latter type of speelman is an edge-notched tensile frac
ture specimen, and the former type of specimen is of the same shape but without 
notches. Localization of softening damage is prevented by gluing to the specimen 
surface a layer of parallel thin steel rods and using a cross section of a minimum 
posaible thickness that can be cast with a given aggregate. The characteristic 
length L is the ratio of the fracture energy (i.e., the energy dissipated per unit 
area, dimension J/m2) to the energy dissipated per unit volume (dimenaion J/m3). 
Evaluation of these energies from the present tests yields t - 2.7 times the maxi
mum aggregate size for concrete. 

REVIEW OF NONLOCAL DAMAGE CONCEPT 

Despite the existenca of powerful finite element programs, realistic predic
tions of failure of structures cannot be accomplished for the case of.brittle 
heterogeneous materials such as concrete, rocks, certain ceramics, ice, wood and 
various compOSites, which are characterized by distributed damage or cracking. 
The problem is the macroscopic strain-softening which causes localization insta
bilities, spurious mesh sensitivity and incorrect convergence. These difficul
cies may be overcome by developing a nonlocal damage model for such meterials. 

One very effective version of the nonlocal concept is the nonlocal continuum 
with local strain (1,6). The key idea is to prevent localization of damage to 
regions of zero volume by a nonlocal formulation of the stress-strain relation in 
which only the damage, i.e., strain-softening response is nonlocal while the elas
tic response is local. In contrast to the original nonlocal constitutive model 
in which all the variables were nonlocal, several modeling advantages are gained 
by this idea: 

(1) Lmbrication (overlapping) of finite elements, which was required in the 
original formulation and has complicated programming, becomes unnecessary due to 
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the aforementioned idea, i.e., the usual finite element meshes can be used. 
(2) In contrast to the original totally nonlocal model, the differential equa
tions of equilibrium for stresses, along with the boundary conditions, have the 
usual, classical form, i.e., the previous use of differential equilibrium equa
tions, boundary conditions and interface conditions with higher-order terms is 
avoided; this further means that the continuity requirements for finite elements 
remain the same as for the usual, local finite element codes. (3) The new formu
lation has been proven to exhibit no zero-energy spurious modes of instability, 
which were present in the original totally nonlocal formulation and had to be 
suppressed'by various artificial measures. 

It is rather simple to prove mathematically that, with the concept of non
local damage, the energy dissipation cannot localize into regions of vanishing 
volume. This has been verified by extensive numerical simulations in one as 
well as two-dimensions (3-6). 

The nonlocal damage formulation can take various forms depending on the 
type of application. For predominantly tensile cracking, considered smeared, a 
simple prototype relation of strain tensor £ij to stress tensor cr

km 
is (8): 

(1) 

in which Cijkm : elastic constants, ni - maximum principal strain direction, E' -
constant, and w - nonlocal damage, which is calculated as 

(2) 

in which <> • PQs*tive part~. £1 - maximum prinCipal strain, &1 - nonlocal maximum 
principal strain, ~, ! - coordinate vectors, V - volume of the body, and a'
empirical weighting function defined by the characteristic length of the material. 

When the material i8 characterized by unloading-at roughly consta~t slope, 
the softening daaage aay alternatively be described by a plasticity model with a 
degrading yield limit; this approach has also been generalized to a nonlocal form 
(8), considering the yield limit as a function of the nonlocal inelastic strain. 

A rather powerful approach is a nonlocal formulation of the microplane type 
in which the stress-strain relation is characterized separately on the planes of 
various orientations and the global response is obtained by summing the contribu
tions from all these planes on the basis of energy equivalence (variational prin
ciple). In this formulation, the concept of nonlocal damage is applied on the 
individual microplanes. 

It turns out that the nonlocal damage concept i$ relatively easy to implement 
in large codes. All that needs to be done i$ to determine at each integration 
point of each finite element in each loading step the nonlocal average of strain 
or some other quantity, and then, based on it, calculate the new value of the 
damage variable. Using a supercomputer, such calculations have already succeeded 
for problems with several thousand nodes, such as the problem of cave-in of a 
subway tunnel in a 80il scabilized by cemenc groucing, which exhib1cs stra1n
softening damage (8). 

CHARACl'ElUSTIC LENGTH AND ITS METHOD OF MEASUREMENT 

The characteristic length, i, is needed to define the weighting function 
a'(x,s) used in spatial averaging integrals such as Eq. 2. A convenient defini
tion is (6,2) 

with 
-(k(x)/i)2 

a(:! -~) • e -

(3) 

(4) 

in which for one dimension, I~I • x2 , k - .i,i'. 1.772; for two dimensions 11~1 = 
x2 + y2, k _ 2; and for three dimensions, 1~12 - x2 + y2 + z2, k - (6/;.rr)~ 
- 2.149. Vr(~) is a noraalizing coefficient which assures that the integral of
a' (x,s) over the entire body is always 1 for any point ~. 

- To determine the characteristic length, the baSic idea is to measure the 
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response of two cypes of specimens which are as similar as possible but such that 
in one type of specimen che damage, such as cracking, remains nearly homogeneously 
distributed while in the other type it localizes to the minimum volume that is 
possible for the given material. 

The restrained and unrestrained specimens shown in Fig. 1 were selected. As 
is see~ from the enlarged cross section at the bottom of Fig. 1, the longer sides 
of the -cectangular cross section are -cestrained by gluing to .them with epoxy a 
system of regularly spaced thin steel -cods, which have relatively large gaps be
tween them. These gaps, filled partially by epoxy, are quite deformable, because 
the elastic modulus of epoxy is much lower than that of concrece. Consequently, 
the set of Chin steel rods cannot develop any significant transverse stresses, 
and thus cannot incerfere appreciably with the POisson effect in concrete. Fur
chermore, by choosing che crOss sections of the rods to be much smaller chan the 

~l~-------- b '" 76. 2---------~)1 

epoxy 

a) resualned 

.... -OIl 
C 
~ 
~ 
OIl 
C!1 
OIl 

..c -OIl 
C 
~ 
Co 
.... 
00 

T 
0"1 
00 

J 

0 
N 

" 0 
...J 

0"1 
00 

i 
It.. 

~3.2 18 steel rods 

T 
\0 

00 
N 

1 

b) unrestrained 

12.5 a .. 12.5 

} 
rods glued 
only at the 

::L '--_--' gnps 
glued rod.s~b .. 16. 2f'-

~~~ ~8d'§d 

Fig. 1 Notched and unnotched specimens: cross section (cop), side view (bottom) 

81 



maximum aggregate size, the thin rods cannot affect the nonlocal properties of the 
material ~ the transverse direction. The rectangular cross section is elongated, 
so as to minimize the influence of the wall effect and the local stresses near the 
short sides of the cross section. 

The thickness of the cross section was chosen to be only 3-times the maximum 
aggregate size. The reason for this was to assure that the restraint due to steel 
rods affects the entire thickness of the specimen. For much thicker specimens, 
the restraint of the interior would be incomplete, and the strains could localize 
in the middle of the thickness. 

The'dimensions of the specimen are all indicated in Fig. 1. The ratio of 
water-cement-sand-gravel in the mix was 1:2:2:0.6, and the maximum size of the 
aggregate was da - 9.S3mm. ASTM Type I cement was used. The specimens were re
moved from their plywood forms at 24 hours after casting and were then cured for 
2S days in a room of relative humidity 9S% and temperature SO°F. 

The combined total cross section of the steel rods was selected so as to 
assure that the tangential stiffness of both the restrained and the unrestrained 
specimen would always remain positive. Consequently, the stability of the speci
men and strain localization could not depend on the stiffness of the testing 
machine. 

At the ends of the specimen, metallic grips were glued by epoxy to the sur
face of the steel rods. In the companion unrestrained specimens, the surface 
steel rods were glued to the grips only within the area under the grips. To 
assure the tensile crack to form away from the grips and run essentially normal 
to the axis, notches (of thickness 2.S mm), were cut by a saw into the unre
strained specimens (Fig. 1). 

The specimens were tested in tension in a closed-loop testing machine. The 
loading was stroke controlled and was made at a constant displacement rate which 
was 2XIO-S/s. Relative displacements on a base length of 120 mm (Fig. 1) were 
measured by two symmetrically placed LVDT gages mounted on one face of the speci
men, attached to the steel rods. Three specimens of each type were tested but 
only two tests on unrestrained specimens could be exploited because of technical 
difficulties in setting up the experiment. 

The plot of the average load versus displacement (mean of the measurements 
from the two LVDTs for each test) for the restrained and unrestrained specimens, 
which exhibit distributed and localized cracking, are shown in Fig. 2. The re
sults confirm that the incremental stiffness has indeed always been positive. It 
is seen that for the unrestrained specimens (unbonded rods) the load displacement 
curve quickly approaches that for the steel rods alone. On the other hand, for 
the restrained specimens the response curve remains for a long time significantly 
higher than that for the steel rods alone. 

No macrocracks were observed on the short exposed sides of the restrained 
specimens, but a series of tiny microcracks could be detected. It was also 
noticed that microcracking was somewhat more extensive farther away from the sur
face of the specimen, which is explained by the restraint of the steel bars. 

The results for the restrained specimens from Fig. 2 were converted to 
stress-strain curves for the restrained specimens with distributed damage; see 
Fig. 3. The final portion of the softening curve (shown dashed) had to be esti
mated by analogy with other test data. It may be noted that the relative scatter 
of the results in Fig. 3 is increased by the fact that the force in the steel is 
subtracted from the measured force values. This may explain why the measured 
response curve is not very smooth. 

EVALUATION OF CHARACTERISTIC LENGTH FROM TEST RESULTS 

Taking the continuum Viewpoint, we may consider the distributions of the 
macroscopic longitudinal normal strain along the gage length of the specimen to 
be uniform for the restrained specimen, and localized, with a piecewise constant 
distribution, for the unrestrained specimen. Further we assume that this locali
zation begins to develop right at the peak stress point. The fact that localiza
tion begins right at the peak stress point is indicated by some recent measure
ments of deformation distributions in tensile specimens (Raiss (S». 

The energy, Us' that is dissipated due to fracturing in the unbonded speci
men with localized strain was determined as the area under the curves of axial 
force P versus axial relative displacement u for loading and for unloading from 
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the peak stress point. We 1II&y now define the effective width h of the localized 
strain profile to be such that the stress-strain diagram for the localization zone 
(fracture process zone) would be the same as that for the bonded specimen with a 
homogeneous strain distribution. Thus, the balance of energy requires that Gf
hWs where Gf - Us/Ao - fracture energy of the 'material (dimension N/m) , and Ao is 
the cross section area of the net (ligament) cross section of the notched specimen 
From this, the effective width of the localization zone is obtained as 

(5) 

The characteristic length of the nonlocal continuum can now be determined; 
however, the precise formulation of the nonlocal continuum must be specified. We 
consider the nonlocal continuum formulation from Bazant and Pijaudier-Cabot (3) 
(1987b), in which nonlocal averaging is applied only to damage and all other 
variables are treated as local. For this nonlocal damage theory, the profile of 
the continuum strain within the localization zone of a tensile specimen has been 
calculated in Bazant and Pijaudier-Cabot (1987b). This nonlocal formulation is 
equivalent in terms of the overall displacement if the area under the curved 
strain profile is the same as the area under the rectangular strain profile which 
was implied in evaluating the test results according to Eq. 1. From the shape of 
this curve, one finds that the areas are equal if hI • ah, in which a a 1.93 apd 
hI - width of the zone of localized damage. Furthermore, for this nonlocal con
tinuum model it has been shown that hI - Bi, in which B c 1.89. It follows that 

aGf 
i - iiW 

s 
(6) 

Coefficients a and e are particular to the chosen type of nonlocal continuum 
formulation. For the one considered here they yield ale a 1.02. Thus, the char
acteristic length is essentially the same as the width of the strain-softening 
zone under the assumption of a uniform strain within the zone. This is approxi-
1II&tely true also for other variants of the nonlocal continuum formulation, and so 
we have, approximately 

Gf and lois have been evaluated from the measurements. The result is 

i - 2.7 da (8) 

in which da is the maximum aggregate size. 
The value of the characteristic length obtained in Eq. 7 for the present ex

periments is consistent with previous estimates obtained incaltbrat1ng the crack 
band model proposed by Bazant and Oh (Ref. 1). At that time the characteristic 
length was inferred indirectly, by using only the fracture test results and opti
mizing their fits for specimens of various geometries and sizes, 1II&de from dif
ferent concretes. In that study, the optimum fit was obtained approximately for 
i - 3da . 

In clOSing it should be noted that the present tests bear some similarity 
with the tests by which L'Hermite (4) discovered strain-softening of concrete. 
He tested with his co-workers specimens 1II&de by casting concrete into a steel pipe 
with an internal thread. Bonded to concrete by the thread, the steel pipe was 
loaded in tension and transmitted the tensile force to concrete. Since the pipe 
was elastic, the force it carried was easily determined by measuring the deforma
tion of the pipe, and the remainder of the tensile force could be ascribed to 
concrete. The steel pipe no doubt prevented the tensile cracking from localizing 
into a single 1II&jor crack. Companion tests in which concrete was bonded to the 
pipe only near the grips revealed significant differences in the strength limit 
and the post-peak behavior. L'Hermite's tests, however, had a drawback due to the 
fact that the steel envelope has a higher POisson ratio than concrete. As a re
sult, the concrete in the pipe must have been subjected in these tests to Sig
nificant lateral compressive stresses producing a confinement effect. Therefore, 
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these tests cannot be regarded as uniaxial and the presence of triaxial stresses 
complicates interpretation of the measurements. 
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