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ABSTRACT 

The lecture presents an overview of the recent results 
obtained at Northwestern University in stability analysis of 
structures exhibiting plasticity or damage. Stability is 
analyzed on the basis of thermodynamics and it is shown that 
a distinction must be made between stability of state and 
stability of path. It is possible that the immediate post
bifurcation states on every path are stable, and then the 
stable path, i.e. the path which actually occurs, is that 
which maximizes the internally produced entropy increment 
along the equilibrium path. This criterion reduces to the 
condition that the second-order work of controlled 
displacements minus the second-order work of controlled loads 
must be minimized. Stability of iterations in a step-by-step 
algorithm depends only on the stability of state and has 
nothing to do with stability of path. The proposed concept 
of stable path is shown to be in agreement with what is known 
from Shanley's theory of plastic buckling. Numerical finite 
element applications to various structures exhibiting 
plasticity with damage are presented. They deal with the 
problem of multiple plastic strain-softening shear bands or 
multiple interacting propagating damage fronts. Generally it 
is found that stable response path is that for which the 
damage is localized, e.g. into a sinble shear band or a 
single propagating damage front. 

1. INTRODUCTION 

Material damage, which may be manifested either by 
degradation of the yield limit or by degradation of the 
material stiffness tensor, or both, has a profound 
destabilizing influence on structures. It leads to 
bifurcations of the loading path, whose number for a large 
structural system can be very high. The detection of these 
bifurcations in large-scale finite element analysis of 
structures and the selection of the correct, i.e. stable, 
post-bifurcation path represents a challenge in computational 
plasticity. The purpose of the present lecture is to give an 



overview of the recent researches in this field by a team of 
investigators at Northwestern University, in which some new 
advances have been achieved both in the basic stability 
concept and in its numerical implementation in finite element 
codes. The principal new result is the concept of a stable 
post-bifurcation path,'which must be distinguished from the 
concept of a stable equilibrium state, and a general, 
thermodynamically based criterion of stable path applicable 
to arbritrary loading, in which both displacement control and 
load control can be mixed. The lecture presents only the 
essential results with numerical applications, while for 
details and evaluations the original recent papers need to be 
consulted [1-5]. 

2. THE CONCEPTS OF STABLE STATE AND STABLE EQUILIBRIUM PATH 

2.1 Thermodynamic Approach 

We consider an arbritrary discrete or discretized 
structure characterized by the folumn matrix of generalized 
displacements 9 - (ql'··.q ~, and the associated column 
matrix of forces f-( f l , ... f ~ . The force increments are 
related to the displacemen~ increments as d! - K (~)dg 
where K is a (n x n) square matrix of incremental stilfnesses 
of the- structure which are based either on the isothermal or 
the isentropic (adiabatic) tangential moduli of the material, 
and v is the unit vector of the direction of d~in the n-di
mensIonal displacement space. The stiffness matrix in 
general is a function of v, however, normally it is constant 
within sectors of various v directions. In plasticity, the 
reason for the dependence of K on the orientations v is the 
difference in stiffness between-loading and unloading~ 

In the case of inelastic behavior, stability of a 
structure cannot be analyzed on the basis of the principle of 
minimum potential energy, which follows from Lagrange
Dirichlet theorem and Lyapunov stability definition for 
dynamic systems. Direct application of the dynamic stability 
concept is extremely difficult in the case of inelastic 
structures, principally because of discontinuous jumps in the 
values of K due to transitions between loading and unloading. 
Far simpler, and from the physics viewpoint more fundamental, 
is to approach stability from the viewpoint of 
thermodynamics. 

The stability of any thermodynamic system, including a 
structure, is determined by the second law of thermodynamics, 
which tells us that if there exists a deviation from the 
initial equilibrium state in which the entropy of the system 
increases, the deviation must happen, and if the entropy 
decrea-ses, the deviation cannot happen. The implication of 
the second law is that if we calculate the entropy change for 
all p~ssible (kinematically admissible) deviations from the 
initial equilibrium state and find the entropy increment to 
be always negative, n~ deviation from the initial state can 
happen, and so the initial equilibrium state is stable. On 
the other hand, if we find that at least one deviation yields 
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a positive increment of entropy, such an increment must 
happen, spontaneously, and so the initial state is not 
stable. This serves as the fundamental thermodynamic 
criterion of stability, and for the case of elastic systems 
one can show that this criterion leads to the principle of 
minimum potential energy. 

A further conceptual difficulty, however, arises in the 
case of inelastic systems. Inelastic behavior, by 
definition, is a dissipative process, and therefore, as long 
as further inelastic deformations are not impossible, an 
inelastic system cannot be in an equilibrium state, from the 
strict thermodynamic ~iewpoint. This fact has been widely 
recognized in the theory of constitutive relations, and the 
dissipative processes which produce inelastic response have 
been characterized by internal variables, whose values are 
typically far from thermodynamic equilibrium even though the 
structure may be in mechanical equilibrium. Unfortunately, 
however, the method of internal variables makes it impossible 
to analyze stability of an inelastic structure. By 
introducing internal variables, which is equivalent to 
admitting that the system is not in thermodynamic 
equilibrium, the question of stability cannot even be posed. 
Stability is a concept which makes sense only for the states 
of thermodynamic equilibrium. 

To resolve this conceptual difficulty, the concept of 
tangentially equivalent elastic structure has been introduced 
(l,2J. This is an elastic structure whose elastic 
stiffnesses are equal to the tangential stiffnesses K(v) of 
the actual inelastic structure at each stage of loading. 
Obviously, the tangentially equivalent elastic structure is 
different at every stage of loading, and is also different 
for each different sector of loading directions v for which 
different values of K are applicable. If there is-mechanical 
equilibrium, the tangentially equivalent elastic structure is 
in thermodynamic equilibrium (the actual inelastic structure 
is not), and the question of stability can then be posed. 
Without this concept, the question of stability is 
meaningless. 

Introduction of a tangentially equivalent elastic 
structure also resolves another conceptual difficulty having 
to do with the constitutive equation. For states at or near 
thermodynamic equilibrium, the properties of a thermodynamic 
system are characterized by an equation of state (a well 
known example is the equation of ideal gas). Inelastic 
constitutive equations describe material properties at states 
which are far away from thermodynamic equilibrium, since the 
dissipative properties have not yet terminated. Therefore, 
inelastic constitutive equations are not equations of state, 
from the thermodynamic viewpoint, and so equilibrium 
thermodynamics cannot be applied. On the other hand, the 
stress-strain relations or the force-displacement relations 
for the tangentially equivalent elastic structure do 
represent equations of state, and it is this fact which makes 
application of equilibrium thermodynamics legitimate (l,2,6J. 
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2.2 Criteria in Terms of Entropy Change and Second-Order Work 

The stability analysis can be extended to arbitrary 
structural systems which are not thermally isolated from the 
surroundings. As shown by Guggenheim [7J, one may separate 
from the total entropy increment SS the external entropy 
increment due to influx of heat from the surroundings, in 
which case the second law of thermodynamics requires the 
positiveness of the internally produced entropy increment 
(SS)i . Thus, a structure is stable (i.e., remains in its 
initiRl state) if (SS) < 0 for all possible So or Sf. From 

jn ~ -this condition it can Be shown that stability depends on the 
second-order work 

(1) 

in which T - absolute temperature. The structure is stable 
if this expression is positive for all possible deviations 
from the initial state of mechanical equilibrium (positive 
definiteness), and is unstable if the foregoing expression is 
negative at least for one possible deviation from the initial 
state (in which case this expression is indefinite) [l,2J. 
It can further be shown that, if geometrical nonlinearities 
of strain are insignificant, the second-order work can 
alternatively calculated as 

2 J 1 T J 1 T S W - 2 6~ 6! dV - 2 6! ~S! dV 
v v 

(2) 

where V - volume of the structure, e, 0 - 6 x 1 column 
matrices of small strains and stresses;- and C - 6 x 6 
tangential moduli matrix of the material (which is different 
for loading and unloading). For finite element computations, 
Eq. 1 is normally more efficient than Eq. 2. For the special 
case of fixed boundary displacements, the foregoing criterion 
of stability of equilibrium was in the theory of plasticity 
postulated by Hill [8J, albeit without thermodynamic 
derivation. 

Information on the stability of an equilibrium state is 
not all that is needed in inelastic structural analysis. To 
decide which equilibrium response path will occur after a 
bifurcation, a narrower concept of stable equilibrium path 
needs to be introduced [1,2). The problem is that, in 
inelastic structures, bifurcations of the equilibrium 
response path can happen at a stable state, and the immediate 
p~st-bifurcation states on all the equilibrium paths 
emanating from the bifurcation point can be stable. So, 
stability of state does not decide which post-bifurcation 
psth will be followed. This situation has been demonstrated 
to occur even in the elementary case of Shanley bifurcation 
in plastic column buckling, in which both the undeflected and 
deflected equilibrium states immediately above the tangent 
modulus load are stable states, even though, as discovered by 
Shanley in 1947, the undeflected equilibrium state cannot be 
attained in a continuous loading'process, i.e. the column 
must deflect once the tangent modulus load is exceeded. 
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The decision as to which post-bifurcation path occurs 
must be based on the analysis of the approach to new post
bifurcation equilibrium states rather than the deviations 
from the initial equilibrium state at bifurcation. Because 
the structure is inelastic, analysis of the approach toward a 
new equilibrium state is not equivalent to the analysis of 
deviations from the initial equilibrium state (the 
deformations are irreversible). Progress along the 
equilibrium response path of a structure may be imagined as a 
series of infinitesimal deviations from equilibrium and 
restorations of equilibrium. Now, with regard to the 
restorations of equilibrium, another form of the second law 
of thermodynamics, enunciated by Gibbs, needs to be applied; 

When there are several possible equilibrium states 
infinitely close to an initial nonequilibrium state, the 
structure will approach that state for which the entropy (in 
the general case the internally produced entropy) is 
maximized. 

Using the concept of a tangentially equivalent elastic 
structure, it has been shown that, on approach to the new 
equilibrium states on post-bifurcation branches ( 0 -

1,2, ... ), the internally produced entropy increment is 
expressed as 

1 T (0) 1 T (0) 
T(~S)in - -~z 2 SSAS~A + 2 S~BSSB - ~g~ (3) 
Here we consider the general case in which some of the 
displacements, represented by SgA are controlled, and the 
remaining forces, represented by S!B' are controlled; i.e., 
we ?fcomp~gj thET c0t-umn matrt&jsTof displacement and forces 
as ~ - (~A' ~B) , 9 - (SA' 9 ); (0) labels the quanti
ties associatea with the pos~-bifurcation branches numbered 
as 0 - 1, 2, ... ,. Only the response variables carry the 
labels (0), while the prescribed variables are the same for 
all the branches. 

An interesting new result expressed by Eq. 3 is that the 
stability of path is not governed by the second-order work of 
f?rce increments on displacement increments, but by the 
dlfference between two second-order works, namely the second
order work of prescribed displacement increments along the 
equilibrium path on the corresponding force increments, minus 
the second-order work of the prescribed force increments 
along the equilibrium path on the corresponding displacement 
increments. The difference of these two second-order works 
must be maximized, as a consequence of the second law of 
thermodynamics applied to the approach to the new equilibrium 
s ta te [1, 2 J . 

In the special case of displacement control only, Eq. 3 
yields for stable path the following criterion: 

2 1 ( T T 
S W - -T(~S)in- ~z - 2 6f 0) 69 - t 69(0) ~(0)69(0)_ ~~? (4) 

while in the case of load control only, Eq. 3 yields the 
criterion: 
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(5) 

Eq. 5 as well as 3 seems to be a new result, while Eq. 4 has 
been used by several investigators before, albeit without a 
thermodynamic proof; e.g. (9-17). 

2.3 Bifurcation 

The well known criterion of equilibrium path bifurcation 
of an inelastic structure can be obtained as the special 
limiting case of the foregoing thermodynamic analysis if the 
tangential stiffness matrix varies continuously during the 
progress of loading along the equilibrium path. The first 
bifurcation is known to occur in such a manner that the 
loading increments along both the main equilibrium path and 
the secondary path occur with the structure undergoing 
loading. So the same( natrix, ~2 tpplies for two different 
loading increm~rp 6g and 6flJ) ,which means that the 
equations ~ 69 - o! and ~ 6g- - 6!, for prescribed in-
crements 6f, must be simultaneousLl satisfiAd for two dif
ferent displacement increments 69' ) and &9\~J Subtracting 
thef,)two(tquations, one concludes that the equation ~ 
(6~ -6S ,- Q must be satisfied for a nonzero vector in 
the parenthesis, which means that matrix K must be singular. 
This is a well known condition, following from Hill's method 
of linear comparison solids. It should be noted, however, 
that if the tangential moduli of the material change along 
the equilibrium loading path discontinuously, the first 
bifurcation need not occur when ~ is singular. 

Bifurcations of equilibrium path can generally be 
avoided by introducing small imperfections, which of course 
always exist in reality. When imperfections are present, the 
foregoing theoretical analysis appears to be unnecessary. 
However, analysis of imperfect systems is more complicated 
than the analysis of perfect systems. Furthermore, in 
principle, one would have to examine all possible 
imperfections, and just by considering only some kinds of 
imperfection one cannot be sure that no bifurcation occurs 
near a path that is not excited by the imperfection 
considered. Moreover, study of the perfect system is 
important since it can provide information on the entire 
structure of the solution near the bifurcation state for all 
possible imperfections. 

2.4 Stability of Iterations of Loading Step 

With regard to the step-by-step solution algorithms in 
which thi solution of every loading step is iterated many 
times, it need:to be observed that stability of these 
iterations depends exclusively of the state of the structure, 
and has nothing in common with the stability of the 
equilibrium response path, In other words, it is possible, 
if the structure is stable, that the iterations converge to a 
stable state, but not to the. stable path, i.e. converge to 
the wrong path which cannot be followed by the structure in 
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practice. The reason is that/while iterating the solution of 
a certain loading step, one considers only deviations from 
the initial equilibrium state and makes no comparison of 
changes on approach to every possible final state. 

In numerical analysis of structures with plasticity or 
damage, it is frequently assumed that if the iterations 
converge, the solution must be correct. But this is not 
true. 

3. EXAMPLES OF APPLICATIONS 

3.1 Elastoplastic Buckling 

The most instructive simple application of the foregoing 
criteria is provided by buckling of elastoplastic columns. 
Consider a simply supported perfect column of length 1, 
consisting of two rigid bars connected at midheight by an 
elastoplastic link of vanishing length (Fig. 1). As the 
axial compressive load, P, is increased, column shortens, but 
beginning with the tangent modulus load of Shanley, P

t
, it 

can also deflect. It has been shown [1) that 

r X I, ..J 
1 I 

~ 
Y ) 

(6) 

in which X - &ql/l l , Y - &q /2h; ql - midspan deflection,. q2 
- axial relative displacement of the ends, h - cross section 
thickness, Po - initial axial load before buckling; and for 
Y>X (loading only): e - I, ~ - 1; for -X ~ Y ~ X (loading -
unloading): e - e , ~ - 1; for Y < -x (unloading only): e
I, ~ - e , e - E ~E ; Et' E - tangent modulus and unloading 
modulusuof ¥he m~teFial in ¥he elastoplastic link. From Eq. 
6 one obtains 

(7) 

which represents the second-order work of load increments on 
the displacement increments. Eq. 7 looks like a quadratic 
form, but it is not a quadratic form because parameters e and 
~ change discontinuously, and because X appears with an ab
solute value. As a consequence, the plot of the second-order 
works (entropy surface) versus the nondimensional displace
ments X and Y (Fig. 1) is a patch-up of quadratic surfaces 
rather than a single quadratic surface. The quadratic 
surfaces are joined continuously, with a continuous slope, 
but with discontinuous curvature. Stability is indicated by 
the fact that every path from the origin in Fig. 1 leads 
downward. If not, the state is unstable. I t is now 
interesting to note that at Shanley'S tangent modulus load, 
PO-P

t
, the surface indicates stability, despite the fact that 



Fig. 1 Shanley'S elastoplastic column and surfaces of 
second-work (minus the internally produced entropy 
increment) at tangent modulus load Pt , intermediate 
load, and reduced modulus load Pro 
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a portion of the surface is cylindrical. The same is true, 
under conditions of load control, for all the values of axial 
load up to the reduced modulus load Po - Pt , for which a 
portion of the surface is a hyperbolic parabaloid. Only at 
the reduced modulus load, a horizontal path from the origin, 
indicating a state of neutral equilibrium, becomes available, 
which represents the critical state of stability limit. 
Above the reduced modulus load, ascending paths exist, which 
indicates instability. The column parameters for which the 
surface is plotted and other details are given in [1]. 

For Po ~ P t , there are bifurcations and the deflected 
equilibrium paths are shown in Fig. 1 by the solid descending 
curves. Evaluating the second-order works along the 
deflected and undeflected paths, and taking the difference, 
one obtains [1]: 

for displacement control: 

(8) 

.for load control: 

(9) 

in which Pr is the reduced modulus load of Engesser. 

From these expressions, as well as from the comparison 
of points 1 and 2 on the deflected and undeflected 
equilibrium paths in Fig.l, it follows that the second-order 
work along the equilibrium path is minimized for the 
deflected path if the axial displacement is controlled, and 
is maximized for the deflected path if the axial load is 
controlled. In either case, it means that the deflected path 
is the path which must occur in reality, i.e., is the stable 
path. This of course agrees with what has been well known on 
the basis of experiments as well as analysis of imperfection 
influence. Nevertheless, this simple example convincingly 
illustrates that minimization of the second-order work along 
the equilibrium path, which has been in the past tacitly 
assumed for all the situations, is the correct condition of 
stable path only for the case of displacement control, while 
under load control the opposite condition, namely the 
maximization of the second-order work, is applicable. 

3.2 Propagation of Interacting Shear Bands 

As another example, we now briefly summarize the 
analysis of stable propagation of shear bands in an 
elastoplastic material with a degrading yield limit, recently 
presented by Droz and Ba~ant [3]. We consider a concrete 
block loaded in compression, and assume the material to be 
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governed by the Mohr-Coulomb yield criterion, which permits 
the strength limits in tension and compression to be 
different and can describ~ internal friction. The flow rule 
of the material is assumed to be associated, i.e., obeying 
the normality condition. Strain-softening is introduced by 
changing the value of the plastic hardening modulus H', which 
is normally positive, to a negative value. So H' represents 
the softening parameter. The plasticity model is 
characterized by the

9
following parameters: Young's elastic 

modulus, E ~ 21 x 10 MPa; Poisson ratio, Vo - 0.15; c~hesion, 
C - 5 x 10 MPa; internal frictgion angle rp - 45 , and 
softening modulus H' - -4.45 x 10 MPa. We analyze by finite 
elements the response of a two-dimensional rectangular block 
of width 30cm and height 55cm, compressed uniaxially in the 
direction parallel to the longest side. 

The constitutive relation, which could be used to 
describe concrete, exhibits strain-softening. This is 
however an unacceptable feature of the local continuum, as 
indicated by stability analyses which show that strain
softening tends to localize into a zone of vanishing volume 
if the finite element mesh is refined to zero size (cf. 
[10). As a consequence, the structure is predicted to fail 
with a zero energy dissipation, an unacceptable behavior. 
Therefore, strain-softening must be restricted to a zone of a 
certain size which is a material property. This can be 
achieved by some form of a nonlocal approach. A rather 
effective nonlocal model, which is simple to implement in 
finite element programs, has recently been presented in [18-
19). In this latest nonlocal formulation, only those 
variables which cause nonloca1 strain-softening are subjected 
to a nonlocal description, while the other variables are 
non1oca1. In particular the total strains remain local 
variables. In that case, the variational derivation of the 
differential equations of motion or equilibrium and of the 
boundary conditions from the principle of virtual work leads 
to field equations and boundary conditions which are of the 
standard form, whereas in the totally nonlocal formulations 
additional terms arise in the field equations and boundary 
conditions. 

The present strain-softening plasticity model is 
identical to that introduced by Ba~ant and Lin (20). The 
variable which introduces strain-softening is the plastic 
strain increment, £P, which is defined as the plastic shear 
strain increment that is equivalent to the plastic increment 
tensor in terms of work. The strain £P is processed through 
a spatiAl averaging operator using a bell-shaped weighting 
function. The size of the averaging zone, corresponding to 
the so;called representative volume of a statistically 
heterogeneous medium, is determined by the characteristic 
length of the material, £, a material property related to the 
size of inhomogenities in the microstructure. For the 
present computations, the characteristic length was assumed 
to be .2 - l2cm. 

1 I 

Calculations have been made with two regular meshes, 
mesh 1 with the finite element size h1 - 3cm, and mesh 2 with 
h - 6cm. Two kinds of boundary conditions, namely 
l&bricated (laterally sliding) ends and bonded fixed ends, 
have been considered. The loading platten on top as well as 
the base platten were assumed to be perfectly rigid. The 
loading in compression was implemented by prescribing small 
increments of vertical displacements at the top end, which 
were equal at all the boundary nodes. Four-node 
isoparametric finite elements and a constant stiffness 
(initial stiffness) algorithm [21J have been used in 
computations. The specimen was assumed to be in the state of 
plane strain. To initiate the strain-softening plastic 
zones, an imperfection was introduced, assuming that there is 
a weak zone in the middle of the specimen in which the 
cohesion value is 1% less than in the remaining finite 
elements. The weak zone is indicated by the shaded finite 
elements in Fig. 2a, 3a, 4a, and Sa. 

Mesh 1 - Sliding Boundary. The calculations of Droz and 
Ba~ant [3) indicate that failure occurs through the formation 
of two symmetric inclined shear bands intersecting each 
other. Fig. 2b represents the force-displacement curve 
(dashed line). Fig. 2c shows the pattern of the symmetric 
shear bands just after the peak load. The stars represent 
the points in which there is active plastic loading in the 
strain-softening range, and the circles represent the points 
which are elastically unloading or reloading after previously 
experiencing plasticity. An interesting point to note is 
that the width of the two shear bands is obtained 
approximately equal to the characteristic length, £. 

Another calculation was carried out assuming that all 
the parameters were the same except that two interior nodes 
have been slightly displaced laterally so as to introduce 
asymmetry. The results reveal that just after the peak load 
one of the two diagonal shear bands unloads while the other 
remains active (Fig. 2d). The force-displacement curve 
(solid line in Fig. 2b) is the same for the two calculations 
after the peak-load point, at which a bifurcation takes 
place. The bifurcation is caused by a breakdown of symmetry 
in the specimen response, and represents a consequence of 
instability due to strain-softening of the material. 

According to the criterion of stable path, the path that 
occurs in reality after the bifurcation point must minimize, 
for the present con~i tions of displacement contro 1, the 
second-order work 6 W - 6f6u/2 where f is the applied force 
on top of the specimen and u is the prescribed displacement 
on top. Computations indicate that a smaller value of the 
second-order work is obtained for the asymmetric response 
mode (see Fig. 2b). This shows that the symmetric response 
mode represents a spurious, unstable path, even though it 
consists of a succession of equilibrium states which are 
stable, as can be checked according to the second-order work 
criterion of stability. 
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The symmetric response path is found to correspond to 

the formation of two inclined shear bands as shown in Fig. 
2c. The asymmetric response path is found to correspond to a 
behavior in which first two symmetric shear bands initiate, 
but then, after the bifurcation state, only one shear band 
continues loading with strain-softening while the points of 
the other shear band reverse to elastic unloading. 

Mesh 1 - Fixed Boundary. The same analysis has been 
performed also for a specimen in which the nodes at the top 
and bottom ends are not allowed to displace laterally. A 
regular square mesh of elements is again used. The 
calculations indicate asymmetric response which consists of 
two intersecting inclined shear bands, of which one exhibits 
continued strain-softening and the other undergoes elastic 
loading after the peak-load point (Fig. 3b,c). In this case 
the asymmetric response has been obtained even without 
assuming any asymmetric initial imperfection, merely as a 
consequence of the numerical round-off errors, which occur 
with a slight asymmetry. 

Another calculation has been performed under conditions 
of enforced symmetry. Only one half of the finite element 
mesh with the boundary conditions of symmetry on the vertical 
symmetry axis has been used in this case. The computations 
indicated a symmetric response mode with two intersecting 
inclined shear bands which are both active even after the 
peak-load point. It may be noted that in implementing the 
spatial averaging in the finite element program, one must 
first create an image field with respect to the axis of 
symmetry, and then let the averaging zone protrude to the 
other side of the axis of symmetry and take for averaging the 
image values as if no symmetry assumption were made. 

Again the condition of minimum second-order work along 
the path indicates that the stable response path is the 
asymmetric one. Note that this path leads, after the 
bifurcation point, to a steeper descent. 

Mesh 2 - Sliding Boundary. The results obtained by the 
coarse mesh appear to be different from those described 
previously. After the spread of plasticity from the assumed 
weak zone, the specimen fails with active plasticity only, 
i.e., strain-softening. No unloading is observed in this 
case, even if the loading steps are extremely refined. The 
force-displacement curve is similar to that obtained 
previously (Fig. 4b) but the failure pattern is totally 
different as no shear bands are found (Fig. 4c). The same 
results are obtained if the two internal nodes mentioned 
previously are considered to be initially slightly displaced 
in the lateral direction. 

Mesh 2 - Fixed Boundary. The same calculations have further 
been performed with a regular mesh for the fixed boundary 
condition, and a very stiff response of the specimen has been 
found in this case. .The peak load is much higher (see the 
dashed line in Fig. 5b), and no tendency to the development 
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of shear bands is observed (Fig. 5c). When the two 
aforementioned internal nodes are assumed to be initially 
slightly displaced in the lateral direction, the same type of 
response is found (Fig. 5d), except that a few more points 
which undergo unloading are present and the load-deflection 
curves descends, consequently, slightly steeper. 

It may be noted that, from the results obtained with the 
coarse mesh (mesh 2), one may conclude that a shear band 
cannot be modelled with a nonlocal plasticity theory if the 
element size h is greater than a certain fraction of the 
characteristic length, 1.. In particular, computational ex
perience indicates that for h > 1./n, modelling of shear bands 
is impossible, and for h ~ 1./n, modelling is possible, in 
which n is an empirical coefficient found to be equal to 
approximately 3.5. Further numerical experience indicated 
that this conclusion about shear band width remains valid for 
different choices of the characteristic length 1.. It should 
also be mentioned that further refinements of the mesh 
indicate that the solution converges correctly. 

In the case that a coarse finite element mesh has to be 
used in calculations, a different approach to the modelling 
of shear bands is needed. A shear band, represented as a 
discontinuity must be embedded in the finite elements by 
enriching the distribution functions of displacements with a 
discontinuous displacement field. Such an approach was 
recently proposed by Ortiz, Leroy and Needleman (1986). 

It may also be mentioned that the problem with the use 
of coarse finite elements in formally identical to that 
encountered in the modelling of tensile fractures. Such 
fractures, too, can be modelled with large finite elements in 
which a discontinuous shape function is embedded, as by shown 
Droz (23). 

3.3 Propagation of Interacting Damage Bands or Cracks 

Fig. 7 shows an example of tensioned rectangular panel 
calculated at Northwestern University by F. B. Lin. The 
material undergoes strain-softening described by the Tresca 
plasticity criterion whose yield limit decreases as the 
function of the effective plastic strain. A square mesh of 
finite elements is used, in this case without a nonlocal 
approach, since the element size h is assumed to be equal to 
the characteristic length 1. of the material. The initial 
yield limit in the two central elements on each side of the 
panel is assumed to be slightly less than in the other 
elements. At each stage of softening, one can find two 
solution paths for the load increment: (1) the softening 
band grows symmetrically, being two elements wide, and (2) 
the softening extends asymmetrically in only one row of 
elements while the adjacent elements start unloading. The 
states obtained in each of these solutions are stable if the 
loading is displacement controlled. This has been checked on 
the basis on the condition of minimum second-order work along 
the path. 
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Only path 2, however, i.e. the localized path of a 

single-element width of the cracking front, is stable. So 
the response becomes asymmetric. This has been concluded 
from the values of the second-order work along the two paths. 
However, if the present conditions of path stability are not 
included in the finite element program, and no disturbance to 
symmetry is introduced, the result of calculation is path I, 
i.e. the symmetric path, with crack front of two-element 
width. This occurs despite the fact that the iterations in 
each loading step converge well. Yet such a solution is 
incorrect, since it does not maximize the changes of internal 
entropy. 

In damage propagation problems, frequently there may be 
interaction between two or more damage fronts. This problem 
is entirely analogous to the interaction between the tips of 
two or more cracks. There are typically bifurcations, due to 
the fact that only one damage band (or one crack) may extend 
or several of them may extend simultaneously. 

Fig. 7 shows some recent results for problems with 
interacting damage bands (or crack tips) [4,5). Initially 
the damage bands in the rectangular panel are symmetric, and 
it is possible that either both fronts extend or only one 
extends while the material at the other front loads. These 
two possibilities cause that a bifurcation of the equilibrium 
response path in the stress-displacement diagram is possible 
at each stage of loading. The response for two propagating 
damage fronts is shown in Fig. 6 and 7 by the dashed lines, 
and the response for the case where a single damage front 
propagates is shown by the solid response curves. 
Calculation of the second-order work along the loading path, 
under conditions of prescribed displacements at the ends, 
indicates that invariably the localized path is the stable 
path. The symmetric cracks in the panels shown in Fig. 6 and 
7, therefore, become asymmetric, propagating only on one 
side. A symmetric propagation is in fact impossible under a 
continuous loading process. Thus, a symmetric crack can 
occur only due to other actions, for example when it is cut 
artificially. It may be noted that a similar conclusion 
about the propagation of symmetric cracks or damage bands in 
a tensile specimen have been obtained by Rots [24,25) 
although without a proof that the localized path (a single 
cracking band extending) is the only possible (i.e. stable) 
solution. 

Fig. 8 also shows the surface of second-order work as a 
function of the relative axial displacement at the ends of 
the panel, 6ufb, and relative rotation of the end cross sec
tions, 60. The equilibrium response paths of the panel are 
labelled on the surfaces as I, 2. 3. It is found that while 
the symmetric damage bands are stable, under displacement 
control conditions, the loading path which leads to these 
paths is unstable because it leads to smaller entropy (this 
is apparent from the heights of points I, 2 and 3 seen from 
the surfaces). 
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3.4 Localization of Strain-Softenin& in Ellipsoidal Domains 

After showing some finite element solutions, it may be 
refreshing to also present the results of a localization 
problem where exact analytical solution is possible, and can 
serve as a yardstick for measuring ihe correctness of finite 
element programs. It is the problem of localization of an 
initially uniform state of strain in an infinite space into 
an ellipsoidal region. Solutions of bifurcation stales 
leading to localization states have been obtained by Rudnicki 
and Rice [26), Rice [27) and Rudnicki [28]. But they were 
limited to Drucker-Prager elastoplastic material and did not 
analyze stability as such. The solution for a general 
material and the condition of stability has been obtained in 
[29,30) . 

A uniform state of strain in an infinite solid will 
undergo localization into an ellipsoidal region when the 
following 6 x 6 matrix ceases to be positive definite. 

(10) 

Here I = unit matrix, Qt - matrix of tangential moduli for 
furth~r loading from the given initial state of uniform 
strain, Qu = matrix of tangential moduli for initial 
unloading from the same initial state, and Q = 6 x 6 matrix 
of Eshelby coefficients for an elastic elli~~oidal inclusion. 
Matrix Q depends on the elastic moduli D as well as the 
aspect -~atios of the ellipsoid. The coefficients of matrix 
Q were expressed by Eshelby (32) in terms of elliptic 
I~tegrals, and Kinoshita and Mura [33J generalized this 
solution to anisotropic material properties. The condition 
of instability for localization into an infinite layer in an 
infinite space can be obtained as a limiting case of Eq. 9. 

The positive definiteness of matrix Z is a condition of 
stability of state. The implications of t6is condition have 
been numerically studied for a broad range of material 
properties. Some such results, obtained by Bazant and Lin 
(1988) are plotted in Fig. 9 which pertains to a Drucker
Prager softening material with elastic shear modulus G, 
plastic hardening-softening modulus H, dilatancy ratio ~, and 
internal friction coefficient p'; a 1 and a) are the princi
pal axes of elliptical localization region As seen from 
Fig. 9, as the elliptical ,"gion is g~tting flatter, 
instability occurs at a sma} c lC'Jwnward softening slope H « 
0). It is interesting te. n'Jte t.h2t unless the ellipsoid is 
very elongated, the value 01 H at the stability limit is 
rather high. 

In the light of the foregoing discussion, one must 
suspect that the localization of strain may first occur as a 
stable bifurcation before it can occur as an instabilily. It 
has been proven that this is indeed so [311. While the 
instability occurs only after the peak load, and occurs at 
rather far after the peak load unless the ellipsoidal region 
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is very elongated, the bifurcation of equilibrium response 
path at increasing strain occurs in the form of ellipsoidal 
localization already when the peak load is reached. The 
thermodynamic criterion of stable path can further be used to 
verify that the localization must.occur right at the peak 
load, provided the infinite solid is loaded with a continuous 
increase of the stresses. 

However, there exist certain types of loading for which 
stable states of uniform strain in the softening range beyond 
the peak stress point can be reached. This can happen, for 
example. when the value of H is s~ddenly changed by heating 
or other external environmental circumstances. 

4. CONCLUSIONS 

1. To be able to pose the question of stability of a 
structure exhibiting plasticity or damage, and to answer this 
question, it is necessary to introduce the concept of a 
tangentially equivalent elastic structure, which makes it 
possible to apply thermodynamics to the analysis of 
stability. 

2. The structure is stable if the internally produced 
increment of the tangentially equivalent elastic structure is 
obtained to be negative for all kinematically possible 
deviations from the initial state. 

3. In the case of bifurcations of the loading path, 
which are ubiquitous in structures with plasticity or damage, 
one must distinguish the concepts of stable state and stable 
path because it is possible that all the immediate post
bifurcation states on all the post-bifurcation branches are 
stable, but only one branch can be followed in practice. The 
stable path is that for which the internally produced 
increment of entropy is maximized. This reduces to the 
condition that the second-work of prescribed displacement 
increments on the response force increments minus the second
order work of the prescribed force increments on the response 
displacement increments must be minimized. 

4. Stability of iterations of a loading step depends 
only on the sta~il ity of state, and gives no information on 
the stability of path. 

5. The predictions are in agreement with the well known 
Shanley'S theory of plastic buckling. 

6. Applications to various structures with damage due 
to either degradation of the yield limit or to dpgradation of 
material stiffness show that generally the stable path is 
that which produces localization of damage. 

"1 In the case nf interactive damage front.s. examples 
show that their simultaneous propagali0n is tisually not a 
stable response path. 
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