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Abstract We use a recent reformulation of the Breakage
Mechanics theory explaining comminution in wet granular
assemblies. By using a dataset for sands, we quantify the
relation between a geometric descriptor of the assembly (i.e.,
the mean grainsize) and the model constants that control the
suction air-entry value and the stress threshold at the onset
of crushing. Such relations are used to define two contrast-
ing scenarios for the coupling between degree of saturation
and yielding. In the first scenario, the suction air-entry value
scales inversely with the mean grainsize, while the energy
input for comminution is assumed to be independent of the
size of the particles. The outcome of this assumption is that
changes in degree of saturation are predicted to play a more
intense role in finer gradings. Conversely, if we assume that
also the energy input for grain breakage scales inversely with
the size of the particles, the effect of the degree of saturation
is predicted to be stronger in coarser assemblies. In other
words, the deterioration of the yielding stress due to grain-
size scaling effects is predicted to exacerbate the water sensi-
tivity of unsaturated crushable soils. This result provides an
interpretation for the evidence that solid–fluid interactions
have a noticeable role in the compression response of assem-
blies made of coarse brittle particles (e.g., gravels or rockfill),
while they tend to play little or no role in granular materials
characterized by a finer grading (e.g., sands).
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1 Introduction

The high-pressure compaction of granular materials is
accompanied by comminution [1,2]. As a result, it involves
changes in the grain size distribution [3,4] and alterations
of hydrologic properties like hydraulic conductivity [5–
7] and fluid-retention capability [8–10]. Hydro-mechanical
couplings in particulate media are apparent also in other
forms. For example, the stress threshold at the onset of plastic
strains in unsaturated soils depends on the amount of water
stored in the pores [11–13]. In other words, passing from
saturated to unsaturated conditions, the yielding threshold
tends to shift to larger values, postponing the onset of plastic
compaction. Similar effects have been found also in granu-
lar compounds prone to comminution, such as rockfill and
gravels [14,15], in which particle breakage can be triggered
by either external loading or changes in relative humidity
[15]. A number of civil and industrial problems interact with
these hydro-mechanical processes, including the quantifica-
tion of the deformations of earth dams [16], the design of
infrastructural materials [17] and the production of ceramic
and pharmaceutical products [18,19].

Although the interplay between mechanical and hydro-
logic processes is controlled by interactions at particle
scale, usual constitutive models capture hydro-mechanical
coupling via phenomenological fits. This strategy supports
the solution of engineering problems under specific condi-
tions, but it does not reconcile the macro-scale observations
with their microscopic origin, nor emphasizes the role of
microstructural attributes (e.g., pore size, particle geome-
try, etc.). Indeed, unsaturated soil mechanics suggests sev-
eral cases in which microstructural phenomena control the
macroscopic couplings. For example, as far as plastic yield-
ing is concerned, changes in degree of saturation have an
important role in fine-grained materials such as clays, pow-
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ders and silts[11,20,21], in which suction affects the forma-
tion and evolution of micro- and macro-pores [22]. Notice-
able effects of solid–fluid interactions have been found also
in coarse-grained soils, where the hydraulic effects are con-
trolled by intra-particle fractures [23,24]. By contrast, gran-
ular materials with a grainsize intermediate between the two
above mentioned end-members (e.g., sands) are controlled by
capillary effects due to inter-particle water menisci [25,26].
In this case, experiments have shown that the deformation
response of these geomaterials tends to be characterized by
minor suction effects, that become negligible when the sand
reaches a sufficient density [27].

Research on sands, however, supports the identification
of the basic mechanisms and provides opportunities for the-
oretical studies [28–31]. In fact, suction effects in these
materials can be explained via simple capillary interactions
[32]. In addition, as in all classes of soils, the compression
response of sands is dominated by the interaction among
multiple units [31,33], which makes them a very convenient
scheme to understand the influence of particle-scale phenom-
ena and hydro-mechanical interactions. Based on these con-
siderations, here we use a recent reformulation of the Break-
age Mechanics theory [34,35] for unsaturated granular soils
[37]. The most relevant feature of the theory is the ability to
account for the statistics of the grainsize distribution, thus
enabling particle-scale processes to be incorporated via scal-
ing functions and statistical homogenization [34]. Buscarn-
era and Einav [37] have linked this approach to the capillary
theory, thus providing a connection between solid–fluid inter-
actions, grainsize characteristics and particle comminution.
The main goal of the paper is to use the above mentioned
theory to investigate the coupling between grainsize proper-
ties and macroscopic yielding in unsaturated granular com-
pounds. To pursue this goal, we use a dataset of hydraulic
and mechanical properties of granular media. Data and the-
ory are eventually combined, with the purpose to infer the
possible grainsize-dependence of the constants that control
hydro-mechanical coupling at the macroscale.

2 Unsaturated breakage mechanics

Buscarnera and Einav [37] have studied the mechanics of par-
ticle breakage under unsaturated conditions in the frame of
continuum thermodynamics [38]. The most notable features
of their theory are the use of energy input and thermody-
namic potentials expressed as functions of mechanical and
hydrologic variables, as well as the incorporation of parti-
cle scaling laws inspired by microscopic solid–fluid interac-
tions. More specifically, the work input has been expressed
in accordance with the form suggested by Houlsby [28] for
unsaturated soils, while the Helmholtz free energy has been
assumed to be given by the sum of a strain-energy compo-

nent and a hydraulic term, both dependent on the evolving
grainsize characteristics. The resulting energy potential has
been obtained via statistical homogenization [34]:

Ψ
(
εe

i j , Sr , B
)

=
DM∫

Dm

g (B, x) ψ
(
εe

i j , Sr , x
)

dx (1)

ψ
(
εe

i j , Sr , x
)

= ψM
(
εe

i j , x
)

+ ψH (Sr , x) (2)

where x is the grain size that spans between the minimum and
maximum diameters (Dm and DM ); Ψ and ψ are the total
and specific grainsize Helmholtz energy potential, respec-
tively; the superscripts M and H correspond to mechanical
and hydraulic contributions, respectively; εe

i j indicates the
elastic strains of the skeleton; Sr is the degree of satura-
tion; g(B, x) is the probability density function representing
the current grainsize distribution (GSD), here expressed as a
function of the breakage index B. This index can be seen as a
scalar descriptor of the current GSD relative to the initial and
ultimate GSDs. Similar to the concept of damage variable D
used in continuum damage mechanics, the breakage index
B can be considered as a thermodynamic state variable that
spans from 0 to 1 to represent the transition from the initial
unbroken state to the ultimate comminuted state[34]. Accord-
ing to the theory, the grainsize dependence of the mechanical
and hydraulic potentials can be represented by using multi-
plicative decompositions of the following form:

ψK
(
εe

i j , Sr , x
)

= ψK
r

(
εe

i j , Sr

)
fK (x) (3a)

fK (x) = (x/Dr K )
nK (3b)

in which ψK
r is a reference free energy function, fK (x) a

grainsize scaling function and Dr K a reference grainsize. The
subscript K in Eq. (3) can coincide either with M (mechani-
cal) or H (hydraulic) and the grainsize scaling laws for each
component can be assessed on the basis of micro-scale con-
siderations. For example, mechanical contributions can be
defined by recognizing that larger particles statistically store
more strain energy due to their larger surface area and the
higher frequency of interparticle contacts [34]. To a first
order, in the case of spherical particles, this scaling attains
quadratic dependence (i.e., nM = 2). Similarly, the hydraulic
scaling function fH (x) can be defined on the basis of solid–
fluid interactions at particle scale. Indeed, in presence of cap-
illary interactions exerted by water menisci, the additional
forces can be quantified through the capillary theory [32],
thus suggesting a scaling law inversely proportional to the
grainsize (i.e., nH = −1).

The incorporation of these scaling functions in the sta-
tistical homogenization of Eq. (1) generates the following
expression of Helmholtz free energy potential
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Fig. 1 Grading indices ϑM and ϑH : dependence on mean particle size
D50 for a uniform initial GSD (where the minimum particle size, Dm ,
is assumed to be 1 μ)

Ψ
(
εe

i j , Sr , B
)

= (1 − ϑM B) ψM
r

(
εe

i j

)

+ (1 + ϑH B) ψH
r (Sr ) (4)

in which the evolving breakage index B appears in both the
mechanical and the hydraulic components. The indices ϑM

and ϑH are geometrical descriptors of the granular assembly
and depend on the scaling laws, as well as on initial and
ultimate grainsize distributions employed for the definition
of B.

Figure 1 illustrates an example of the dependence of these
grading indices on the average grainsize for the case of initial
uniform grading and ultimate fractal grading (see Appendix
A for more details on this procedure).

As shown by Buscarnera and Einav [37], Ziegler’s orthog-
onality principle allows one to define the work-conjugated
counterparts of the state variables in Eq. (4), as follows:

σ ′
i j = ∂Ψ

∂εe
i j

= (1 − ϑM B)
∂ψM

r

∂εe
i j

(5a)

ns = − ∂Ψ
∂Sr

= − (1 + ϑH B)
∂ψH

r

∂Sr
(5b)

EB = −∂Ψ
∂B

= ϑMψ
M
r − ϑHψ

H
r (5c)

where σ ′
i j = σ net

i j +sSrδi j is a generalized effective stress; ns
the smeared suction and EB the breakage energy. To com-
plete the framework, it is possible to include contributions
associated with plastic processes, such as frictional dissi-
pation and pore collapse [35]. Such effects generate inelas-
tic strain rates, ε̇ p

i j , that can be incorporated via a coupled
expression of the dissipation rate ([35]). In the case of cou-
pling between breakage and frictional dissipation, the yield-
ing condition can be expressed as follows:

EB

Ec
(1 − B)2 +

(
q

Mp′

)2

≤ 1 (6)

where p′ = 1
3σ

′
i i and q = √

3J2 =
√

3
2 si j si j are two

quantities associated with the first and second stress invari-
ants, respectively, Ec is the energy threshold to initiate par-
ticle crushing under isotropic stress conditions and M is
the stress ratio at frictional failure. The yielding condition
Eq. (6) is written as a function of the breakage energy, EB .
Hence, in analogy with fracture mechanics, the model pos-
tulates that crushing is initiated when an energy measure
attains a threshold value, here assumed to scale with the
constant Ec [36]. As a result, the conditions at the onset of
crushing do not depend directly on the hydrologic variables
(e.g., ns or Sr ), but such dependence is incorporated indi-
rectly via EB , depending on how this variable is affected by
the hydraulic state. Buscarnera and Einav [37] have found
that, given the different grainsize scalings of mechanical and
hydraulic components of the Helmholtz free energy, defor-
mations and solid–fluid interactions have opposite effects on
the breakage energy [see Eq. (5c)]. More specifically, capil-
lary effects reduce the energy available for particle crushing,
causing that further elastic deformations are needed to com-
minute the assembly. Solid–fluid interactions are therefore
predicted to generate a further energy barrier that requires
additional external loading to compensate the effects of cap-
illarity. In other words, this energy-based approach allows the
model to reproduce suction-hardening phenomena without
specific phenomenological assumptions at the macroscale.
This aspect can be easily shown with reference to isotropic
loading conditions (i.e., q = 0). From Eqs. (5) and (6), the
hydrostatic comminution pressure can indeed be expressed as
follows:

p′
C R (Sr , B) = p′

C R0
(B) χH B (Sr , B) (7)

where p′
C R0

indicates the comminution pressure for a fully
saturated medium and χH B is a capillary breakage factor
representing the effect of the degree of saturation. Since the
size of the elastic domain scales with the magnitude of p′

C R ,
changes in p′

C R dictated by fluctuations in Sr imply expan-
sions and/or contractions of the yield surface, possibly being
the cause of inelastic processes [37]. Notably, this result
derives from the scaling laws used for the energy poten-
tials, thus suggesting that the coupling between degree of
saturation and yielding can be seen as a natural outcome
of solid–fluid interactions at the micro-scale. These conve-
nient features of the theory, together with the possibility to
incorporate data about the grainsize characteristics of the
assembly, will be exploited in the following to elucidate
the implications of the constitutive assumptions (e.g., elastic
and retention models) and the possible existence of grainsize
dependencies in the quantities that control hydro-mechanical
coupling.
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3 Analytical inspection of hydro-mechanical coupling

According to the previous section, an appropriate descrip-
tion of elastic response and retention behavior should rely
on suitable energy potentials. Such potentials enter into the
expression of the breakage energy [Eq. (5c)], thus affect ini-
tial size and evolution of the yielding domain [Eq. (7)]. In this
section we explore such dependencies considering different
options for the hydro-mechanical energy potentials.

3.1 Elastic models

Linear elasticity (L-E) can be considered as the simplest
option for the strain-dependent component of the Helmholtz
free energy, and can be expressed in the following form:

ψM
r

(
εe
v, ε

e
s

) = 1

2

(
K εe

v
2 + 3Gεe

s
2
)

(8)

where K and G are the effective bulk and shear modulus,

while εe
v = εe

ii and εe
s =

√
2
3 ei j ei j indicate volumetric and

deviatoric elastic strains. The expression of the yield function
in the stress space can be derived by substituting Eqs. (8) and
(5) into (6), obtaining:

ϑM
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(1 − B)2

(1 − ϑM B)2
1

2

(
p′2

K
+ q2

3G

)
+

(
q

Mp′

)2

(9)

≤ 1 + ϑH

EC
ψH

r (Sr ) (1 − B)2

The two components of the hydrostatic comminution pres-
sure p′

C R in Eq. (7) are in this case characterized by the
following expressions:

p′
C R0

(B) = 1 − ϑM B

1 − B

√
2K Ec

ϑM
(10a)

χH B (Sr , B) = p′
C R

p′
C R0

=
√

1 + ϑH

Ec
ψH

r (Sr ) (1 − B)2

(10b)

Equation (10a) indicates that the stress threshold at the
onset of comminution (i.e. B = 0) in a saturated medium
evolves with B (a process referred to as clastic harden-
ing[39]). In addition, Eq. (10b) suggests that the expression
of the hydraulic part of the Helmholtz free energy plays a
direct role in determining how the breakage strength evolves
with Sr .

More sophisticated descriptions of the elastic behavior of
granular materials can also be used. A possible option is the
pressure-dependent hyperelastic model used by Nguyen and
Einav [40] and inspired by the hyperelastic model of Einav
and Puzrin [41], in which the Helmholtz free energy potential
takes following form:

ψM
r

(
εe
v, ε

e
s

) = pr

K̄ (2 − m)



2−m
1−m + 3

2
pr Ḡ


m
1−m εe2

s (11)

where 
 = K̄ (1 − m) εe
v + 1 , pr is a reference pressure

(here assumed to be equal to 1 kPa), m is a model constant
that controls the pressure dependence of the elastic stiffness
(for sands typically assumed to be 0.5) and K̄ and Ḡ are non-
dimensional elastic constants. Following the same procedure,
the two components of the comminution pressure p′

C R in
Eq. (7) can be derived as follows:

p′
C R0

(B) = pr
(1 − ϑM B)

(1 − B)
2

2−m

(
(2 − m) K̄ Ec

ϑM pr

) 1
2−m

(12a)

χH B (Sr , B) =
(

1 + ϑH

Ec
ψH

r (Sr ) (1 − B)2
) 1

2−m

(12b)

By comparing Eqs. (10) with (12) it is readily apparent that
changes in the main assumptions about the elastic behavior of
the assembly have implications also in terms of inelastic char-
acteristics, such as clastic hardening and suction-dependence
of the yielding thresholds.

3.2 Water retention models

The hydraulic part of the Helmholtz free energy can be
used to reproduce the water-retention response of the gran-
ular medium. A simple yet qualitatively efficient model
is the hyperbolic retention curve used by Buscarnera and
Einav [37], which is characterized by the following relation
between degree of saturation and smeared suction:

ns = Kw

(
1

Sr
− 1

)
(13)

where Kw is a material constant associated with the suc-
tion air-entry value (sAEV ) of the medium. A second option
explored in the following is inspired by the expression of
state surface proposed by Lloret and Alonso [42] and later
used by Alonso et al. [11]:

ns = Kwtanh−1 (1 − Sr ) = Kw
2

ln

(
2 − Sr

Sr

)
(14)

where Kw controls again sAEV . In the following the function
given by Eq. (14) will be referred to as logarithmic retention
model. The hydraulic part of the reference Helmholtz free
energy function can be obtained by integrating Eqs. (13) and
(14) with respect to Sr . For the hyperbolic retention curve,
the hydraulic potential takes the form:

ψH
r (Sr ) = Kw (Sr − ln (Sr )− 1) (15)
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Fig. 2 Grain size distribution (GSD) of Hostun sand. The initial GSD
is fitted through a uniform grading; the ultimate GSD is assumed to be
given by a power law.
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while for the logarithmic retention curve it reads as:

ψH
r (Sr ) = 1

2
Kw (Sr ln (Sr )+ (2 − Sr ) ln (2 − Sr )) (16)

The combination of strain-dependent and saturation-
dependent potentials eventually defines the characteristics
of both clastic yielding and suction-dependent hardening.

3.3 Calibration of model constants and prediction of
coupling effects

This section illustrates the strategy for the calibration of
the model constants with reference to an extensively tested
quartzitic granular material: Hostun sand. Different elasticity
and retention models are considered, discussing the effect of
the selected models on the predicted characteristics of clastic
yielding and suction-hardening. The considered sand is char-
acterized by a uniform grading, as illustrated by the GSDs
reported in Fig. 2, which were extracted from two different
studies [43,44]. The initial GSD can be fitted by Eq. (22),
using a mean grainsize D50 = 0.38 mm. As a result, the grad-

ing indices ϑM and ϑH are computed according to Eqs. (25a)
and (25b) (see Appendix A for more details on the mathemat-
ical expression of the initial grainsize distribution). Data on
the water retention response of Hostun sand are taken from
Lins and Schanz [45] for an initial void ratio of 0.66. The
optimization of the parameters of both hyperbolic and loga-
rithmic retention models is given in Fig. 3. The fit is mostly
based on capturing accurately the measured value of sAEV ,
while the mathematical expression of the retention model
influences the performance of the calibration at larger values
of suction (for example, the logarithmic equation tends to
capture more data points than the hyperbolic model). From
a mechanical viewpoint, at least one isotropic or oedometric
compression test is needed to determine stiffness parameters
and critical breakage energy Ec. For this purpose, here we use
an isotropic compression test reported by Daouadji et al. [44],
who identified the first stress state at which the particle grad-
ing of Hostun sand begins to evolve upon hydrostatic condi-
tions (Fig. 4a). The selected model parameters are collected
in Table 1. It can be noted that, while L-E provides only a
crude approximation of the measured compression response,
pressure-dependent elasticity (PD-E) provides a more accu-
rate prediction of the post-yielding response. Moreover, at the
end of the isotropic compression test (p = 15 MPa), the pre-
dicted GSD shows good agreement with the measured GSD
of the compressed specimen (Fig. 4b). The predicted suction-
hardening is an outcome of such calibrated parameters, and is
mathematically reflected by the factor χH B (Sr , B) appear-
ing in the analytical expression of the comminution pressure.
Substituting Eqs. (15) and (16) into Eqs. (10b) or (12b), the
factorχH B can be plotted against Sr (Fig. 5a). Figure 5b illus-
trates the predicted hydrologic-induced hardening in terms
of smeared suction ns. For this purpose, the retention curves
in Eqs. (13) and (14) have been used. Only the drying branch
of the retention response of Hostun sand has been consid-
ered for the sake of brevity. At large values of suction the
predicted magnitude of the comminution pressure increases,
thus causing the expansion of the predicted yielding domain.
As pointed out in the previous sections, this result is a direct
consequence of the fact that a larger value of the deformation
energy is needed to cause crushing at low values of Sr . The
pattern of the predicted suction hardening depends on the
selected hyperelastic functions. For instance, Fig. 5 shows
that PD-E tends to be associated with a suction-hardening
effect larger than that obtained with L-E. As far as retention
model is concerned, the hyperbolic retention curve predicts
significant expansion at low values of Sr , while the loga-
rithmic curve is associated with a weaker hardening effect
(Fig. 5a). In addition, while the logarithmic model predicts
the attainment of an asymptotic value for the size of the elastic
domain at very large suctions, the hyperbolic model predicts a
continuous increase of χH B upon drying (Fig. 5b). Although
to the authors’ knowledge there is no experimental valida-
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Table 1 Model parameters for Hostun sand

Grainsize properties Retention properties e0 = 0.66 Mechanical properties e0 = 0.69

D50 ϑM ϑH Kw for drying Kw for wetting pC R K K̄ ω Ec for linear
elasticity

Ec for P-D
elasticity

mm kPa kPa MPa MPa ◦ MPa MPa
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Fig. 4 Calibration of first yielding of Hostun sand based on a isotropic
compression test causing particle breakage and b GSD before/after
crushing (data after Daouadji et al.[44])

tion of such predictions, the simulated yielding domains have
qualitative traits which resemble those reported in the liter-
ature for a range of unsaturated particulate media (e.g. [13],
[21] and [46]).

Regardless of the selected model, the intensity of suction-
hardening is controlled by a scalar quantity that depends
on a specific set of model constants. Buscarnera and Einav
[37] have named this quantity capillary toughness number,
obtaining its expression by substituting the hydraulic poten-
tial (15) or (16) into the expressions (10b) and (12b)

ξCT = ϑH
Kw
Ec

(17)

This dimensionless factor reflects the effect of saturation
condition on χH B , and it is dependent on model constants
associated with the statistics of the particle grading (via ϑH ),

100

80

60

40

20

0

0.8 1.0 1.2 1.4 1.6 1.8 2.0

(a)

L-E & L-RC
L-E & H-RC
PD-E & L-RC
PD-E & H-RC

χ
ΗΒ

= p'
CR

/p'
CR0

S
r
(%

)

0.1

1

10

100

1000

0.8 1.0 1.2 1.4 1.6 1.8 2.0

(b)

L-E & L-RC
L-E & H-RC
PD-E & L-RC
PD-E & H-RC

χ
ΗΒ

= p'
CR

/p'
CR0

ns
(k

P
a)

Fig. 5 Relation between yield stress and a degree of saturation
b smeared suction

the suction air-entry value (via Kw) and the macroscopic
energy threshold for breakage (via Ec). For the case of PD-
E, the value here computed for Hostun sand is ξCT = 0.44.
The importance of this parameter on the model predictions
can be readily illustrated by considering a range of values for
ξCT (Fig. 6). In particular, increasing values of ξCT can be
associated with larger values of sAEV (i.e., with increasing
values of Kw) or, equivalently, with lower crushing strengths
(i.e., with decreasing values of Ec). Figure 6 suggests that
larger values of ξCT promote a stronger suction-hardening.
As a result, ξCT can be viewed as a measure of the sensitivity
of the yielding threshold to the state of saturation and, hence,
as a measure of the intensity of coupled hydro-mechanical
effects. The structure of ξCT reveals that such effect depends
not only on the grain size distribution but also on the compe-
tition between crushing resistance and water-retention capa-
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bility. On one hand, ξCT is inversely proportional to Ec, sug-
gesting that very high crushing resistance (and, hence, a lim-
ited possibility for internal energy dissipation) hinders the
coupling effects. On the other hand, ξCT is proportional to
Kw, suggesting that a pronounced water retention capacity
(and, hence, stronger solid–fluid interactions) can amplify
the coupling effects.

The role of particle breakage and degree of saturation on
the evolution of the hydrostatic yielding stress of Hostun sand
is illustrated in Fig. 7a. The figure shows that the predicted
rate of clastic hardening changes with the assumed elastic
model (with L-E associated with a sharper accumulation of
breakage and PD-E characterized by a more gradual increase
of the comminution pressure [40]). The value of the degree
of saturation causes in all cases a shift of the p′ − B curves,
predicting larger values of hydrostatic effective stress at the
onset of comminution in dryer specimens. Figure 7b illus-
trates the effect of the capillary toughness number ξCT on the
p′-B curves for PD-E and hyperbolic retention model (simi-
lar qualitative conclusions, however, could have been derived
through any other combination of elastic and retention mod-

els). As expected, the comminution pressure becomes more
sensitive to the saturation condition at larger values of ξCT .
A comprehensive description of clastic yielding and suction-
hardening can be obtained also for more general stress con-
ditions, such as triaxial compression. Figure 8 shows three-
dimensional plots of the yield surface on the p′-q-B space,
as well as in the p′-q-Sr space. In the latter case, the suction-
dependence of the predicted elastic domain closely resemble
the classical loading collapse yield surfaces that are widely
used in unsaturated soil models based on Cam-clay plasticity
(e.g., [11,47] and [48]).

4 Grainsize dependence of hydro-mechanical coupling

The previous section has shown that microstructural consid-
erations allow the prediction of changes in the mechanical
and hydrologic properties of crushable media. In particu-
lar, hydro-mechanical couplings emerge spontaneously from
the formulation, predicting suction-hardening in wet assem-
blies. Although the predicted couplings are an emanation of
the scaling laws defined at particle scale, the macroscopic
properties of the unbroken assembly come into play in defin-
ing such coupling terms (e.g., through the model constants
Kw and Ec). Such macroscopic constants embedded in the
energy potentials are calibrated via phenomenological con-
siderations. These quantities are indirectly linked with the
microstructural characteristics of the assembly and can be
considered to be dependent on fundamental properties such
as grain mineralogy, packing conditions, and initial grading.

Since the macroscopic constants of the unbroken assem-
bly are affected by the characteristics of the initial particle
grading, a phenomenological approach is pursued herein.
More specifically, data from the literature are collected in
the attempt to detect possible correlations between macro-
scopic model constants and geometric descriptors of the ini-
tial assembly (e.g., the mean grainsize, D50). For example,
Nakata et al. [1] investigated the high-pressure compression
of quartzitic sands characterized by different particle grad-
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Fig. 8 Yield surfaces on a p′ − q − B space plotted for Sr = 1 and b p′ − q − Sr space plotted for B = 0
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ings. Figure 9a presents the yield stress obtained from one-
dimensional compression tests. This quantity is plotted as
a function of the mean particle size D50, thus inferring a
decreasing trend of the yielding stress as the mean parti-
cle size increases. Also the hydraulic properties of granular
assemblies are affected by the initial grain size distribution.
Indeed, it has been extensively shown that capillary effects
are more intense in presence of finer gradings [49,50], being
the water retention curves of fine sands characterized by
larger air-entry values (sAEV ) compared to coarser assem-
blies [9,51] (Fig. 9b). The reformulation of the Breakage
Mechanics theory for unsaturated sands can provide guid-
ance to incorporate the grainsize dependence of the macro-
scopic quantities and predict its implications on the model
functions that control the hydro-mechanical coupling. In par-
ticular, since coupling effects are encapsulated in the capil-
lary toughness number ξCT , the latter factor can be used to
inspect the role of the grainsize characteristics on the inten-
sity of suction-hardening. The magnitude of ξCT is indeed
influenced by the model constants ϑH , Kw and Ec. While,
the index ϑH is inherently associated with a given particle
grading and can be determined in analytical form, the grain-
size dependence of Kw and Ec must be assessed through

experimental evidence. For this purpose, a dataset has been
constructed by collecting literature data on water retention
properties and compression response for a wide range of
granular materials. To quantify the dependence of Kw on
D50 a series of retention curves have been calibrated (for the
sake of brevity, only the logarithmic model has been used to
determine the value of Kw). Figure 10 illustrates an exam-
ple of such a calibration procedure with reference to four
sandy soils tested by Yang et al. [9] and characterized by a
different mean grainsize. By extending this logic to a larger
dataset, it has been possible to identify a correlation between
Kw and D50 (the collected data is summarized in Table 2;
Fig. 11). Although some scatter is observed because of fac-
tors that could not be sorted out from the data (e.g., packing
conditions, grain angularity, mineralogy, etc.), the observed
dependence between Kw and D50 can be accurately repre-
sented by a relation of the following form:

Kw = Kwre f

(
D50

Dref

)−a

(18)

where Kwre f is assumed to be equal to 1 kPa, while Dref and
a are two fitting parameters. Such inverse trend is explained
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by the evidence that larger capillary pressures are required
in finer soils to drain water from their pores ([49,50,52]). In
fact, the observed slope a = −1.074 can again be justified by
the capillary theory, by considering that the capillary pressure
needed to drain a small cylindrical tube scales inversely with
the tube diameter[32].

The conceptual origin of the dependence of Ec on D50 is
less obvious than it is for the suction air-entry value. Indeed,
as suggested by Einav [53], Ec can be considered as a prop-
erty of the entire assembly (i.e., as a constant associated with
a given mineralogy and particle angularity). Nevertheless,
since no specific evaluation of the energy threshold Ec has
been yet provided for a range of different mean particle diam-
eters, here we use a phenomenological strategy similar to that

used for Kw, in the attempt to quantify the possible correla-
tion between Ec and the mean grainsize of the initial assem-
bly, D50. The experiments carried out by Nakata et al. [1] are a
good starting point for this purpose. In fact, the data reported
in Fig. 9a suggests that the yield stress depends on both ini-
tial void ratio and mean particle size. Figure 12a shows a
series of one-dimensional compression tests performed on
Toyoura sand samples characterized by the same GSD but
different initial void ratios. The model constants that con-
trol the predicted compression response are calibrated on the
basis of the compression test performed on a sample with
Dr = 43 % (Appendix B provides a strategy to estimate the
yield stress (σv)C R and compute the associated value of Ec).
The selected value of Ec (0.25 MPa) is then used to predict
the compression response of the other two samples having
different relative density (i.e., Dr = 80 and 98 %). Only the
initial stiffness prior to breakage is recalibrated for the new
density conditions, while all the other parameters are left
unaltered. The figure shows that this strategy produces a sat-
isfactory prediction of the compression response. Such per-
formance is no longer maintained when tests on sand samples
with similar packing density but different mean grainsize are
considered. This is illustrated in Fig. 12b with reference to
one-dimensional compression tests on uniform silica sand. In
this series of compression experiments the elastic properties
remains substantially unchanged for values of D50 between
0.27 to 1.55 mm. By contrast, the yield stress decreases from
32.7 to 11 MPa, thus suggesting that Ec tends to decrease
passing from fine-grained to coarse-grained materials. Such
trend of reduction is corroborated by the calibration proce-
dure, which suggests that an optimal fit of the measured com-
pression response requires decreasing values of Ec.

Similar to the parameter Kw, a dataset can be constructed
by calibrating the high-pressure compression of sands for a
series of literature data. This dataset illustrates a clear cor-
relation between the model parameter Ec and the average
grainsize of a granular material, here summarized in Table 3
and Fig. 13. Such grainsize dependence of Ec can again be
described via a power law:

Ec = Ecref

(
D50

Dref

)−b

(19)

where Ecref is assumed to be equal to 1 MPa, while Dref

and b are two fitting parameters. A physical interpretation
of this trend line can be obtained by considering the size
dependence of the tensile strength of individual particles. As
suggested by McDowell and Bolton [39], the aggregate yield
stress under one-dimensional compression condition is asso-
ciated with the tensile strengthσ f of the grains, which in turns
scales inversely with the particle size according to a power
law σ f ∝ d−c [54], where the exponent c of such a power
law can in principle be estimated via linear elastic fracture
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Table 2 Calibrated Kw values
for different sands Source Material D50 Porosity Kw

mm kPa

[66] Coarse sand 0.715 0.341 1

[55] Beaver Creek sand 0.21 0.41 8

Processed silt 0.031 0.35 25

[61] London silt 0.028 0.382 50

Ottawa sand 0.15 0.5 10

[57] Sand(# 10,720) 0.55 0.41 2

Loamy Sand (# 10,741) 0.2 0.39 5

Sand (# 350) 0.27 0.33 4

[51] Local silty sand 0.14 0.34 5

Concrete sand 0.53 0.419 1

Pea gravel 7.38 0.429 0.05

[52] Tailings Sigma 0.025 0.347 50

[9] Granitic residual soil 0.08 0.408 10

Light grey beach sand 0.3 0.388 4

Light brown construction sand 1 0.37 2

Crushed granite 4.85 0.332 0.2

[45] Hostun sand 0.35 0.357 5

[58] Gravelly sand and residual soil mixture 4.75 0.32 0.1

4 0.391 0.5

2.4 0.319 1

0.79 0.339 5

0.32 0.368 15

Medium sand and residual soil mixture 0.67 0.432 0.8

0.6 0.411 1

0.5 0.415 1.5

0.4 0.416 3

0.32 0.417 15

[62] Fine sand 0.31 0.432 3

Siliceous gravel 5.6 0.517 0.1

mechanics or through the Weibull’s weakest link theory. It
is therefore reasonable to argue that assembly comminution
and grain fracture processes are intimately correlated. Nev-
ertheless, establishing a direct theoretical connection of the
grainsize dependence of the comminution pressure is a non-
trivial task. As a result, for the sake of simplicity, here we
evaluate the exponent of the power law in Eq. 19 through sim-
ple phenomenological considerations based on the collected
dataset (Fig. 13).

These considerations suggest two possible scenarios for
Ec, one in which this parameter is treated as a representa-
tive constant of the assembly (as originally argued by Einav
[53]), and a second one in which Ec scales inversely with the
average grainsize (as suggested by the dataset collected in
Fig. 13). These scenarios must be combined with the inher-
ent grainsize dependencies of ϑH and Kw to predict the role
of the average grainsize on the intensity of hydro-mechanical
coupling.

Figure 14 illustrates the implications on the predicted
suction-dependence of clastic yielding due to the two possi-
ble scenarios for Ec. This is done by plotting the computed
capillary toughness number ξCT against D50. The dotted line
illustrates the case in which Ec is assumed to be constant.
In this scenario, the effect of the grainsize on the coupling
terms derives only from capillary effects (i.e., from the grain-
size dependence of ϑH and Kw). In this case, finer grad-
ings are predicted to have larger values of ξCT , and hence a
larger suction-hardening. A radically different conclusion is
obtained by including the grainsize dependence of the crush-
ing resistance. Indeed, if also Ec scales inversely with the
mean grainsize (solid line in Fig. 14), the grainsize depen-
dence of ξCT is inverted, suggesting that coarse gradings
tends to have larger values of ξCT compared to finer soils.
This finding implies that, for increasing values of average
grainsize, the breakage energy threshold Ec decreases faster
than the capillary effects (ϑH Kw), thus originating a more
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Table 3 Calibrated Ec values for different sands

Source Material D50 e0 (σv)C R ϑM ω◦ K Ec
mm MPa MPa

[56] Ground quartz 0.08 0.84 5.5 0.737 10 2,600 0.51

[65] Ottawa sand, quartz, well rounded 0.6 0.59 25 0.773 69 10,000 0.30

0.48 0.49 35 0.77 69 12,000 0.36

[59] Crushed granitic gravelly sand 4.85 0.71 3.3∗ 0.789 10 2,000 0.03

[64] Ottawa sand 0.14 0.66 45 0.751 45 6,000 0.70

0.14 0.82 29 0.751 30 3,500 0.70

[44] Hostun sand 0.38 0.69 13.6∗ 0.767 20 3,400 0.24

[1] Silica sand, quartz 1.55 0.67 11 0.781 67 5,000 0.11

0.65 0.67 18 0.774 65 5,000 0.25

0.27 0.67 30 0.762 60 5,000 0.55

Toyoura sand, rounded quartz 0.2 0.82 17 0.757 62 5,000 0.25

[63] Silica, angular quartz 0.75 0.43 20 0.775 51 5,000 0.22

0.75 0.67 10 0.775 34 2,400 0.18

[15] Pancrudo rockfill 24.2 0.55 0.7 0.795 25 1,000 0.01

[4] Mono-quartz sand 0.1 0.75 20.8 0.743 69 2,500 0.50

0.19 0.74 21.5 0.756 38 4,000 0.34

0.33 0.83 14 0.765 69 2,200 0.33

0.71 0.73 9.8 0.775 25 3,000 0.14

0.85 0.75 7.9 0.776 40 3,000 0.10

1.51 0.75 6.6 0.781 50 3,000 0.08

2.3 0.75 1.2 0.784 55 3,000 0.07

[60] Melito rockfill, schist, angular 12.06 0.59 0.7 0.793 25 1,000 0.01

* indicates isotropic compression tests, for which (σv)C R is corresponding to pC R

pronounced water-sensitivity of coarser assemblies. In other
words, although the absolute value of both the energy thresh-
old for comminution and the additional energy barrier due to
capillarity are predicted to be deteriorated by particle size
effects, the power laws used to capture the grainsize depen-
dence of the model constants suggest that the relative effect
of solid–fluid energy interactions tends to be stronger at the

macroscale in presence of larger and more fragile particles.
The effect of the grainsize can be further inspected by plotting
the predicted suction hardening curves for different values of
D50 (corresponding to different values of ξCT , as shown in
Fig. 15). Three values of mean grainsize have been consid-
ered, labeled as fine, medium and coarse sand, respectively.
For the three cases, the predicted value of the hardening fac-
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tor ξCT has been computed, inspecting the two above men-
tioned scenarios for Ec. In accordance with Fig. 14, the com-
puted suction-hardening curves suggest a grainsize depen-
dence of the magnitude of the expansion/contraction of the
elastic domain due to changes in suction and/or degree of
saturation.

5 Conclusions

The paper has addressed the coupling between mechani-
cal and hydrologic processes in crushable media. The main
goal of the study has been to understand how particle-scale
processes and grainsize characteristics control the depen-
dence of grain crushing on suction and degree of saturation.
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Kw via Eq. (18).

For this purpose, we have adopted a continuum framework
inspired by the linkage of breakage mechanics and capil-
lary theory. First, we have calibrated the model parameters
for an extensively studied granular material (Hostun sand),
exploring the effect of specific choices for the hydro-
mechanical energy potentials (i.e., elastic potentials and
water retention models). This strategy has allowed us to
predict a possible influence of elastic and water-retention
properties on clastic hardening and suction-induced harden-
ing. The analyses have pointed out that the intensity of cou-
pling is controlled by a dimensionless factor (here referred
to as capillary toughness number, ξCT ) whose value is con-
trolled by the statistics of particle grading (i.e., by a grad-
ing index, ϑH ), as well as by the model constants that con-
trol the suction air-entry value (i.e., Kw) and the energy
input for initiating particle crushing (i.e., Ec). The grain-
size dependence of this non-dimensional number has been
investigated by collecting literature data on water-retention
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properties and high-pressure compression of granular media.
Two datasets have been constructed for the model para-
meters Kw and Ec. Given the macroscopic connotation of
the hydro-mechanical properties associated with them, the
two datasets have emphasized a correlation between the two
model constants and a descriptor of the initial assembly (i.e.,
the mean grainsize D50). Such relations have predicted two
contrasting scenarios for the coupling between degree of sat-
uration and yielding. In the first scenario, Kw (and, hence,
the suction air-entry value) scales inversely with the aver-
age grainsize, while the energy input initiating comminution
(i.e., Ec) is independent of the grainsize. Given the defi-
nition of ξCT , this assumption implies that changes in the
degree of saturation play a more intense role in finer grad-
ings compared to coarse-grained systems. Conversely, if we
assume that also Ec scales inversely with the mean grainsize
(as indicated by the collected data), the effect of the degree
of saturation is predicted to be stronger in coarser assem-
blies. In other words, the deterioration of the yielding stress
due to grainsize scaling effects is predicted to exacerbate
water-sensitivity of a partially saturated assembly made of
crushable grains. This result provides an interpretation for
the evidence that solid–fluid interactions have a noticeable
role in assemblies made of coarse particles (e.g., gravels),
while they tend to play little or no role in granular materi-
als characterized by a finer grading (e.g., sands). While the
particle-scale assumptions that have inspired these results
make reference to a specific class of particulate media (i.e.,
sands) and cannot be directly applied to a broader set of
unsaturated soils (e.g., clays, silts or rockfill), they confirm
that multi-scale models based on microscopic physical con-
siderations represent a promising approach to incorporate
microstructural descriptors and can disclose effects which
would not be immediately apparent from pure macroscopic
modeling.
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Appendix A: Grading indices for uniform grainsize dis-
tributions

If the probability for a given particle of size x to exist within
the interval (Dm, DM ) is assumed to be constant:

p (x) = 1

DM − Dm
(20)

it is possible to show that the corresponding cumulative grain
size distribution by number is given by:

F (x) =
x∫

Dm

p (y)dy = x − Dm

DM − Dm
(21)

By further assuming that the mass of each particle x is pro-
portional to x3, the cumulative GSD by mass is can be derived
as

F∗ (x) =
∫ x

Dm
p (y)y3dy

∫ DM
Dm

p (y)y3dy
= x4 − Dm

4

DM
4 − Dm

4 (22)

Then the corresponding probability density function by
mass can be derived as

g (x) = d F∗ (x)
dx

= 4x3

DM
4 − Dm

4 (23)

Equation (22) shows good agreement with the initial grading
of the commercial sands such as Hostun sand, as shown in
Fig. 2. As far as the probability density function of the GSD
at complete breakage, it is possible to use the expression
suggested by Einav (2007a):

gu (x) = (3 − α)x2−α

DM
3−α − Dm

3−α (24)

where α is the fractal dimension (usually set to be 2.7). It is
interesting to note that Eq. (23) is a particular case of equation
Eq. (24), obtained by setting α equal to −1.

The grading indices associated with the previously defined
GSD curves can be expressed as:

ϑM = 1 −
∫ DM

Dm
gu (x) x2dx

∫ DM
Dm

g0 (x) x2dx

= 1− 3

2

(
3−α
5−α

)(
DM

4−Dm
4

DM
6−Dm

6

)(
DM

5−α−Dm
5−α

DM
3−α−Dm

3−α

)

(25a)

ϑH =
∫ DM

Dm
gu (x) x−1dx

∫ DM
Dm

g0 (x) x−1dx
− 1

= 3

4

(
3−α
2−α

) (
DM

4 − Dm
4

DM
3 − Dm

3

) (
DM

2−α−Dm
2−α

DM
3−α−Dm

3−α

)
−1

(25b)

Both indices can be determined by specifing the maximum
and minimum particle size (the latter being usually assumed
to be 1 mm). In particular, by using Eq. (22) it is possible
to express the maximum grainsize DM as a function of the
mean grainsize D50, as follows:

DM =
(

2D50
4 − Dm

4
)1/4

(26)
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As a result, the two grading indices given in Eq. (25) can
be plotted as a function of D50 (1).

Appendix B: Yield stress upon one-dimensional compres-
sion

The vertical stress associated with the onset of comminu-
tion upon one-dimensional compression,

(
σ ′

V

)
C R0

can be
computed by enforcing the yielding condition for a K0

compression path. In this case, the stress path implies that
q = 3 (1 − K0) p′/ (1 + 2K0) or σv ′ = 3p′/ (1 + 2K0) .
Substituting these relations in Eq. (6), the yield stress for a
saturated linear elastic medium is given by:

(
σV

′)
C R0

= 3

1 + 2K0

√√√√√
2Ec

(
1 − ηK 0

2

M2

)

ϑM

(
1
K + ηK 0

2

3G

) (27)

where ηK 0 = 3 (1 − K0)
/
(1 + 2K0). In the case of

pressure-dependent elasticity, the yield function can be
obtained by combining Eqs. (5),(6) and (11):

ϑM (1−B)2

Ec

[
pr

K̄ (2 − m)

ζ
(

p′, q
)2−m

(1 − ϑM B)2−m
+ q2

6pr Ḡ

ζ
(

p′, q
)−m

(1 − ϑM B)2

]

+
(

q

Mp′
)2

≤ 1 + ϑH

Ec
ψH

r (Sr ) (1 − B)2 (28)

where

ζ
(

p′, q
) = p′

2pr
+

√(
p′

2pr

)2

− K̄ m

6Ḡ

(
q

pr

)2

(29)

The
(
σ ′

V

)
C R0

for pressure-dependent elasticity can again
be obtained by assuming a K0 compression path, as follows:

(
σV

′)
C R0

= 3

1 + 2K0

⎡
⎣ Ec

(
1 − ηK 0

2

M2

)

ϑM

(
pr ζK 0

2−m

K̄ (2−m)
+ ηK 0

2ζK 0
−m

6pr Ḡ

)
⎤
⎦

1
2−m

(30)

where

ζK 0 = ζ
(

p′, q
)

p′ = 1

2pr
+

√(
1

2pr

)2

− K̄ mηK 0
2

6Ḡ pr
2

(31)

The above relations have been used to identify the opti-
mal values of Ec allowing the mathematical capture of
numerous compression experiments available in the literature
(Fig. 13).
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