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We classify the lithiation process into three types, namely, two-phase, two-stage, and multi-phase

lithiation. We found that under a given charging rate, smaller electrochemical Biot number of b will

likely to result in two-phase lithiation, while larger b may lead to multi-phase lithiation. For the film

anode, intermediate b, or intermediate charging rate, will yield two-stage lithiation, and the Li

concentration during the first stage of the lithiation is determined by the relationship between b and

the charging rate (or more precisely the Li flux supplied to the Si/LixSi phase interface). Such two-

stage lithiation does not occur in the particle or fiber anode. VC 2013 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4824064]

Lithium (Li) ion batteries have gained tremendous atten-

tion in recent years.1–4 Major effort has been invested in

improving the storage capabilities of anode and cathode.

Among all the candidate anode materials, silicon (Si) has the

highest known theoretical charge capacity (>3500 mAh/g).5,6

However, crystalline Si (c-Si) anode may exhibit greater than

300% volumetric expansion after fully charged. Such large

volumetric expansion generates significant mechanical stress,

leading to fracture of the electrode.7,8 To overcome this fail-

ure mode, extensive effort has been devoted to understand

the underline mechanisms of Li insertion into Si.9,10

Based on experimental observations, the authors11,12

have developed a lithiation model that accounts for the

interfacial chemical interactions between Li and Si by intro-

ducing an electrochemical Biot number b ¼ ke
f Vmh0=D0,

where ke
f is the rate of chemical reaction at the Si/LixSi

interface, D0 is the rate of bulk diffusion of Li in LixSi, Vm

is the molar volume of Si, and h0 is a characteristic length of

the anode. Clearly, b characterizes the ratio between the rate

of interfacial chemical reaction and the rate of Li diffusion

in Si.11,12 The model predicts that first intercalation of Li

into c-Si will occur in a two-phase fashion, in which the

unlithiated (c-Si) phase is separated from the fully lithiated

(a-Li3.75Si alloy) phase by a rather sharp interface that

moves towards the unlithiated c-Si during the first lithiation

process. In other words, the concentration of Li is c ¼ 1

(equivalent to Li3.75Si) in the lithiated phase and c ¼ 0 in

the unlithiated phase. Such a two-phase lithiation phenom-

enon has been observed experimentally by several research

groups, e.g., Refs. 13–15.

Recently, TEM observations of an a-Si film seem to

indicate that the lithiation kinetics in the a-Si film are differ-

ent from that observed the c-Si film in that the lithiated

phase is not fully saturated with Li.15 Instead, the Li concen-

tration in the lithiated phase remains a constant c ¼ c1 < 1,

and the phase interface moves towards the a-Si phase until

the entire a-Si film is partially lithiated with Li concentra-

tion of c ¼ c1 < 1. After that, further lithiation causes Li

concentration in the partially lithiated phase to increase uni-

formly until full saturation, i.e., from c ¼ c1 to c ¼ 1. We

will call such kinetic process two-stage lithiation in order to

distinguish it from the two-phase lithiation discussed in the

previous paragraph. Such distinction is only semantic for

the convenience of later discussions. In essence, the above

defined two-stage lithiation becomes the two-phase lithia-

tion when c1 ! 1.

To understand the underline mechanism for the differ-

ent types of kinetic processes, we first consider a Si (a-Si or

c-Si) film with thickness h0. Assume that one surface of the

Si film is attached to a rigid substrate at �X ¼ 0 and a uni-

form flux of Li is prescribed on the other surface of the Si

film at �X ¼ 1 through the linearized Butler-Volmer equa-

tion,10 where �X is the dimensionless Lagrangian coordinate.

For simplicity, all materials are assumed isotropic. Under

these assumptions, the lithiation problem considered here is

one-dimensional. By following the framework developed in

Refs. 10 and 12, the governing equations for this one-

dimensional problem can be written in terms of the dimen-

sionless variables as

Ee
11 ¼

�2�

1� � Ee
22; for �Sð�tÞ < �X < 1; (1)
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(3)

where �X ¼ X1=h0, �D ¼ D=D0, �t ¼ D0t=h2
0, �u ¼ u=h0,

�S ¼ S=h0, and _d0 are non-dimensional coordinate, diffusiv-

ity, time, displacement and the location of Si/LixSi interface,

and characteristic strain rate for plastic flow in LixSi, respec-

tively. In addition, D0 is the diffusivity of Li in a-Si, Ee
11 and

Ee
22 are the elastic strains along X1- and X2-axis, � is the

Poisson’s ratio of pure Si, kp is the plastic stretch, r22 is the

Cauchy stress along the X2-axis, and ref f and rf are the
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effective stress and yield stress, respectively. The boundary

conditions at the interfaces are expressed as follows:

�J ¼ �J0ð1� cÞ; for �X ¼ 1; (4)

�J ¼ �x0b �RsðcÞ=xmax; for �X ¼ �S
þð�tÞ; (5)

�Vð�tÞ � d �Sð�tÞ=d�t ¼ �b �RsðcÞ; for �X ¼ �S
�ð�tÞ; (6)

where x0 � 0:2 is the minimum value to form an amorphous

Lix0
Si alloy, xmax ¼ 3:75 represents the saturation concentra-

tion of Li in LixSi, �RsðcÞ is the effective chemical reaction

rate, and ke
f is the effective forward reaction rate constant for

the Li-Si reaction. Note that b ¼ ke
f Vmh0=D0 determines the

nature of the diffusion/reaction kinetics at the Si/LixSi

interface.11,12

As a numerical example, we take �J0 ¼ 0:1 and b ¼ 0:6.

Material properties and other parameters are the same as

used in Refs. 12 and 16. Shown in Figure 1(a) is the Li con-

centration profile cð �X;�tÞ at different charging times. Clearly,

the lithiation process consists of two stages. In the first stage,

a sharp interface between the Si and the a-LixSi alloy is

formed, and moves towards the Si phase. During this stage,

the distribution of Li in the a-LixSi phase is rather uniform

and remains roughly the same value c1 � 0:6 until the entire

Si film has been partially lithiated. The second stage starts

when the entire Si film has been partially lithiated. Further

lithiation causes the Li concentration to increase almost uni-

formly throughout the partially lithiated film until Li reaches

its saturation. During the second stage, the charging proceeds

rather slowly because of the near zero Li concentration gra-

dient. Such a two-stage phenomenon has been observed

recently in thin a-Si films by in-situ TEM.15 As another

example, we computed the distribution of Li concentration

for �J0 ¼ 0:1 and b ¼ 50, see Figure 1(b). Clearly, this case

does not exhibit the two-stage phenomenon in that the Li

concentration in the partially lithiated phase continues to

increase as the phase interface moves forward. Furthermore,

unlike in the two-phase case, there are multiple Li concentra-

tions in the anode at any given time during the lithiation

process. For these reasons, we will call this phenomenon

multi-phase lithiation to distinguish it from the two-phase
and two-stage lithiations discussed earlier.

We note that the kinetics of the lithiation is controlled

by three rates, namely, the charging rate �J0, the diffusion

rate D0, and the chemical reaction rate ke
f . The competition

between the latter two rates can be represented by the non-

dimensional Biot number b. As pointed out in Refs. 11 and

12, under a given charging rate �J0, the overall lithiation

kinetics is controlled by chemical reaction when b� 1 and

by diffusion when b� 1. To understand how the overall ki-

netic process is affected by the Biot number b, we computed

cð �X;�tÞ in an a-Si film with different values of b. We are par-

ticularly interested in cð0;�t1Þ, and cð1;�t1Þ versus b, where �t1

is the time when the Li arrives at the substrate/anode inter-

face. By definition, cð0;�t1Þ and cð1;�t1Þ are the Li concentra-

tions at the anode/electrolyte interface and the substrate/

anode interface, respectively, when the moving front of Li

arrives at substrate/anode interface.

For visual convenience, we define �cð�tÞ ¼ cð1;�tÞ=cð0;�t1Þ
and plotted it in Figure 2(a) as a function of �t=�t1. If �cð�tÞ � 1,

one can say that the distribution of Li across the film thick-

ness is rather uniform at all times, which would be the case

for either the two-phase or the two-stage process. An increas-

ing �cð�tÞ means that the Li concentration at the anode/electro-

lyte interface increases with time, which corresponds to the

multi-phase lithiation phenomenon discussed earlier. It is

seen from this plot that for large b� 1, the Li concentration

at the anode/electrolyte interface ( �X ¼ 1) quickly reaches an

initial value, then continues to increase as the phase interface

moves toward the anode/substrate interface ( �X ¼ 0), indicat-

ing a multi-phase process. For example, in the case of

b ¼ 100, by the time the phase interface reaches the anode/

substrate interface, the Li concentration at the anode/electro-

lyte interface has more than 50% of the value at the sub-

strate/anode interface. On the other hand, for small b� 1,

the Li concentration at the anode/electrolyte interface

( �X ¼ 1) also quickly reaches an initial value and then

remains at this value until the phase interface reaches the

FIG. 1. Li concentration profiles at different times. (a) b ¼ 0:6 and (b)

b ¼ 50.

FIG. 2. (a) �cð�tÞ ¼ cð1;�tÞ=cð0;�t1Þ as a function of normalized time �t=�t1 for a

Si film anode and (b) �cð�tÞ ¼ cð1;�tÞ=cð0:1;�t1Þ as a function of normalized

time �t=�t1 for a Si particle anode.
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anode/substrate interface ( �X ¼ 0), indicating a uniform dis-

tribution of Li cð �X;�tÞ � cð0;�t1Þ for �t 2 ð0;�t1�.
To investigate whether the process is two-phase or two-

stage, we plot how cð0;�t1Þ varies with b in Figure 3(a). We

see that cð0;�t1Þ � 1 for b < 0:1. For this range of b, we also

learned from Figure 2(a) that cð �X;�tÞ � cð0;�t1Þ for �t 2 ð0;�t1�.
These are the characteristics of the two-phase lithiation dis-

cussed early, i.e., lithiation proceeds with a moving sharp

interface dividing the unlithiated Si phase and an almost

fully lithiated Li3.75Si phase. For 0:1 < b < 5, we see that

0 < cð0;�t1Þ < 1. For this range of b, we learned also from

Figure 2(a) that cð �X;�tÞ � cð0;�t1Þ for �t 2 ð0;�t1�. These are

the characteristics of the two-stage lithiation discussed early,

i.e., lithiation proceeds with a moving sharp interface divid-

ing the unlithiated Si phase and a partially lithiated LixSi

phase with x < 3:75. For b > 5, we see that cð0;�t1Þ � 0. For

this range of b, we learned also from Figure 2(a) that cð �X;�tÞ
is not uniform for �t 2 ð0;�t1�, and there is a significant spatial

gradient of cð �X;�tÞ. Therefore, it is the case of multi-phase
lithiation.

To summarize the foregoing discussions, we demon-

strated that the characteristics of lithiation kinetics are results

of the interplay between the charging rate �J0 and the electro-

chemical Biot number b. Under a given charging rate �J0, the

lithiation proceeds in a two-phase fashion for very small b,

in a two-stage fashion for intermediate b, and in a multi-

phase fashion for very large b. Moreover, the values of b
that distinguish these three types of kinetics processes also

depend on the charging rate �J0, and the transition from one

type to another occurs gradually. The correlation between �J0

and b can be found in Figure 4. Clearly, large �J0 has the

tendency to become more two-phase process while small �J0

is apt to multi-phase process.

We further note that there is no fundamental difference

between the first lithiation of a c-Si and an a-Si, except that

the interfacial chemical reaction rate is much slower between

c-Si and Li than between a-Si and Li, since it is much more

difficult for the Li to break the c-Si bonds than the a-Si

bonds. Under the boundary condition of �J0 ¼ 0:1, our model

predictions, see Figure 1(a), show that b � 0:6 in order for

c1 � 0:6, which is the value measured in Ref. 15. Since the

first lithiation of a c-Si film is observed to be two-phase,17

one may conclude from Figure 3(a) that b < 0:1 for a c-Si

film. In other words, the ratio of the chemical reaction rate of

lithiation into a-Si to that of lithiation into c-Si should be

greater than 6.

Now we turn our attention to the first lithiation of an a-

Si particle of radius R0. Since this case had been considered

in our previous work,12 we will reproduce only results that

are relevant to the discussions here. Similarly to the Si film

anode case, �cð�tÞ ¼ cð1;�tÞ=cð0:1;�t1Þ as a function of normal-

ized time �t=�t1 for a Si particle anode is plotted in Figure 2(b)

and the corresponding cð0:1;�t1Þ versus b curve is plotted in

Figure 3(b). Note that the �t1 here is taken to be the time

when the Si/LixSi interface is at very close to the center of

the particle, i.e., at �R ¼ 0:1, to avoid dealing with the singu-

lar behavior of the solution at �R ¼ 0. We note that excluding

the core �R ¼ 0:1 removes only 0.1% of the total volume of

the particle. Following the discussions on the film case, one

can see that b � 0:1 leads to the two-phase lithiation and

other b leads to the multi-phase lithiation. Careful parametric

studies show that there is no two-stage lithiation for the case

of particle anode.

In summary, we classify the lithiation process into three

types, namely, two-phase, two-stage, and multi-phase lithia-

tion. In the case of two-phase lithiation, the anode has a pure

Si phase and a fully lithiated Lixmax
Si phase at all times of the

charging process. In the case of the two-stage lithiation in the

film anode, the anode has a pure Si phase and a partially lithi-

ated phase Lix0
Si, where x0 < xmax remains a constant during

the first stage of the lithiation, which is defined as the dura-

tion from the start of the lithiation to the time when the Li

front arrives at the substrate/anode interface. In the second

stage, the Li concentration increases almost uniformly across

the partially lithiated phase. Typical features of a two-stage

lithiation are shown in Figure 1(a). In the case of multi-phase

lithiation, the anode contains “multiple phases” at all times

during the lithiation in that the Li concentration in the par-

tially lithiated region is not uniform, therefore multi-phase.

Figure 1(b) shows the features of the multi-phase lithiation.

We found that under a given charging rate, small b will

likely to result in two-phase lithiation, while large b may lead

to multi-phase lithiation. Equivalently, for a given b, higher

charging rate is likely to induce two-phase lithiation, while

lower charging rate may result in multi-phase lithiation. For

the film anode, intermediate b, or intermediate charging rate,

FIG. 3. (a) cð0;�t1Þ versus b for a Si film anode and (b) cð0:1;�t1Þ versus b
for a Si particle anode.

FIG. 4. cð0;�t1Þ versus b for different �J 0 in a Si film anode.
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will yield two-stage lithiation, and the Li concentration dur-

ing the first stage of the lithiation is determined by the rela-

tionship between b and the charging rate (or more precisely

the Li flux supplied to the Si/LixSi phase interface). Such

two-stage lithiation phenomenon does not occur in the parti-

cle or fiber anode. The reason is that the area of the interface

between the unlithiated and partially lithiated regions keeps

shrinking as the interface propagates toward the center of the

particle/fiber due to the spherical geometry; thus, the Li flux

at the Si/LixSi interface in such non-planar geometry cannot

remain constant as the phase interface propagates. This

makes it impossible to maintain a constant c1 as the phase

interface moves towards the center of the particle/fiber.

In closing, we want to point out that in order to under-

stand the basic mechanisms of the competition between bulk

diffusion and interfacial chemical reaction, the dependence

of materials properties (including the interfacial chemical

reaction rate) on the stress (or on Li concentration) was not

considered in this paper. Such dependence, as well as other

factors such as self-limiting lithiation18 may also play a role

in determining the lithiation characteristics.

This work was supported by NSF through No. CMMI-

1200075.
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