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deformation. By using this stress-dependent chemical potential, insertion and extrac-
tion of lithium ions into a silicon particle is investigated. The distribution and evolution
of diffusion-induced stress during the insertion/extraction processes are numerically
KFJ"{"OMS_-' calculated. Critical particle size is obtained as a function of the charging/discharging
Eﬂ,““rg“fon battery rates. It is also found that when plastic deformation occurs, the hoop stresses on the
inite deformation particle surface, contrary to intuition, can become positive even during the charging
Diffusion Induced Stress (DIS) . . . .
process, which may explain some of the recent experimental observations.

Chemical potential . .
Lithiation © 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Because of the societal interest in energy storage and clean energy conversion devices, ionic transport and diffusion in
various solids under electrochemical driving forces have attracted much attention in recent years. For example,
Swaminathan and Qu (20073, b, ¢, 2009) had investigated the diffusion-induced stress in both planar and tubular solid
oxide fuel cells. Zhou et al. (20104, b) considered the stress-oxidation interaction in selective oxidation of Cr-Fe alloys used
in solid oxide fuel cells. Very recently, a number of studies have appeared on the diffusion-induced stress in silicon anode
in lithium ion batteries, e.g., Sethuraman et al. (2010), Bower et al. (2011), Gao and Zhou (2011), Haftbaradaran et al.
(2011), Huang and Zhu (2011) and Zhao et al. (2011a, b). In all these aforementioned works, the fundamental physics
involved is the atomic or ionic diffusion in solids under multiple driving forces. Atomic diffusion in a solid may change the
solid’s composition from its stoichiometric state. Such a deviation from stoichiometry usually is accompanied by a
volumetric change. If the volumetric change is not accommodated appropriately, it would generate a mechanical stress
field in the solid, which would in turn affect the diffusion process. Such stress and diffusion interaction is governed by the
thermodynamic equilibrium of the solids.

Although thermodynamic equilibrium of multi-component solids under mechanical stress has been the subject of
research since Gibbs’ time (Gibbs, 1906), the framework for solid state diffusion involving the change of composition while
remaining in the solid state was not established until much later (Li et al., 1966; Larche and Cahn, 1973). In their seminal
work, Larche and Cahn (1973) developed a thermodynamic framework for multi-component solids which reach
equilibrium under non-hydrostatic stress. The framework was based on the assumption that “there exists a certain
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identity which we shall call network which is embedded in the solid and permit the definition of a displacement and hence
a strain” (Larche and Cahn, 1973). Based on this assumption, a stress-dependent chemical potential was introduced to
account for the interaction between stress and diffusion. Since then, Larche and Cahn have used this general framework to
solve a number of material science and engineering problems (Larche and Cahn, 1973, 1978, 1982, 1985, 1987, 1992).
Recent works on the diffusion-induced stress in silicon anode in lithium ion batteries (e.g., Sethuraman et al., 2010; Bower
et al,, 2011; Gao and Zhou, 2011; Haftbaradaran et al., 2011; Huang and Zhu, 2011; Zhao et al., 20114, b), have all been
based on this general framework of Larche and Cahn.

In the framework of Li et al. (1966) and Larche and Cahn (1973, 1978), only the hydrostatic Cauchy stress (trace of the
Cauchy stress tensor) enters the stress-dependent chemical potential. As a result, the underlying diffusion equation is
actually independent of any accompanying stress field. To fully account for the two-way interaction between stress and
diffusion, Wu (2001) derived a different stress-dependent chemical potential in which, instead of the hydrostatic Cauchy
stress, the Eshelby momentum tensor (Eshelby, 1951, 1975) is involved. However, because of the particular approach used,
the elastic moduli used in Wu’s model must be those of the solid at its stoichiometry state, not at the current state.

In this paper, we present a new stress-dependent chemical potential for the finite deformation of solids. It is shown that
our new stress-dependent chemical potential reduces to that of Wu (2001) if the elastic moduli are invariant to the
compositional change, and to that of Larche and Cahn (1973) if both the elastic and the compositional strains are small.
Comparisons among these three stress-dependent chemical potentials are made numerically by using a simple
cause study.

As an example to illustrate the application of the newly developed stress-dependent chemical potential, insertion and
extraction of lithium ions into a silicon particle is investigated. The distribution and evolution of diffusion-induced stress
during the insertion/extraction processes are numerically calculated. Critical particle size is obtained as a function of the
charging/discharging rate. It is also found that when plastic deformation occurs, the hoop stresses on the particle surface,
contrary to intuition, can become positive even during the charging process.

2. Finite deformation kinematics and Kinetics

The kinematics of the motion of material particles in a continuum medium can be described by a continuous
displacement field u given by

u=x-X, (1)

where x is the position occupied at the current time t by the particle which occupied the position X in the initial
configuration (t=0). The deformation of the continuum can be described by the deformation gradient tensors

OX; ou; oX S5 ouy

)
Clearly, we have fiFy= 6y, where 6; is the Kronecker delta. The Lagrangian finite strain tensor is defined in terms of the
deformation gradient tensor

— 3
6X]+6X1+5X1 6X] 3)

1 1 /6y ou ouou
Ey =  (FuFy—0y) = j( 1, oy k _k)
The state of stress at a point in a continuum can be represented by the Cauchy stress tensor ¢ in the current (or
deformed) configuration. In addition to the Cauchy stress, the first and second Piola-Kirchhoff (P-K) stress may also be
introduced, respectively,

o =Ifwoig, Gy =If 1fimTkm, “4)

where | = det(Fj) is called the Jacobian that represents the volumetric change under the deformation Fj.
The static equilibrium of the material particles requires

869/, =0 or d0;i/ax; =0, )

3. Compositional change

Without loss of generality, we consider a solid substance A,B that consists of species A and species B. It is assumed that
the concentration of A in A,B may vary from x=0 to X;qx, Where X4 is the maximum possible concentration of A in A,B.
We note that the substance A,B may be a crystalline or an amorphous solid. In addition, the following derivation can be
easily extended to compounds with more than two species.

Furthermore, we assume that the solid in consideration can be represented by the network model of Larche and Cahn
(1973). Specifically, we assume that the lattice sites of species B form a network within which species A can move (diffuse).
This allows the definition of a displacement and hence a strain of the solid.
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Fig. 1. Decomposition of the total deformation.

Depending upon the materials and temperature, there might be a particular value of x=x, (which could be zero) so that
the solid substance A,B is in a stress-free stoichiometric state. In this paper, we identify this stress-free stoichiometric state
as the initial state, and material particles in this state will be identified by their Lagrangian coordinates X attached to
this state.

Deviation from its stoichiometric state may cause a volumetric change (deformation) of the solid. If the change in the
concentration of A is uniform throughout the solid, and the solid is not constrained mechanically, the deformation would
be uniform and no stress would be generated anywhere in the solid, albeit the solid has undergone a volumetric change.
Such a homogeneous deformation of the solid is inelastic since no stress is generated. Thus, it is called an eigen-
transformation. However, if the solid is constrained mechanically or if the concentration is not uniform throughout the
solid, stresses may be created due to the incompatibility of the eigen-transformation. In addition, plastic deformation may
also occur, which can also be considered as an eigen-transformation. Consequently, elastic deformation has to occur to
ensure that the total deformation is compatible. Therefore, the total deformation of the solid from its initial state may be
written as

F=FF, F'=FF, (6)

where F° represents the eigen-transformation due to the compositional change, F” represents the plastic deformation, and
F¢ represents the elastic deformation associated with F* so that the total deformation is compatible.

Eq. (6) represents a deformation that transforms the initial (undeformed) state of the solid to its final (current or
deformed) state. The total deformation can be viewed as a sequence of eigen-transformation represented by F* followed by
an elastic deformation represented by F°. The state of the solid after the eigen-transformation F* is called the intermediate
state. We note that the intermediate state is a stress-free state, and is not necessarily kinematically compatible. The three
states of the solids are schematically shown in Fig. 1, where for clarity, the Cartesian coordinate systems {e;ejex}, {e;e;e;l,
and {e;e;e,} have been used in the initial, intermediate and the final (current) states, respectively.

It follows from the first of (3) that the total Lagrange strain can be written as

E = }(F'F-I) = (F")"E°F* + E*, (7
where
E°=1[(F)'F-I, E*=J[F)F-I t)

can be regarded as the elastic strain and the eigenstrain, respectively.

4. Internal energy and chemical potential

Let xo and x4« be, respectively, the stoichiometric and maximum concentration of species A in A;B. Then, the deviation
from the stoichiometric concentration can be measured by c=(X—Xg)/Xmax- For brevity, c will still be called the
concentration in the rest of this paper without causing any confusion. If the total deformation gradient F=F°F* and the
concentration c are taken as the independent variables, the total internal energy density per unit volume in the reference
frame can be written as

II(F,c) = p(c)+ W(F,c) = p(c) +]*w(F,0), 9)

where ¢(c) is the internal chemical energy in the intermediate state per unit volume of the reference frame, W(F,c) is the
strain energy in the current state per unit volume of the reference frame, w(F,c) is the strain energy per unit volume
of the intermediate state, and J* is the Jacobian that transforms an infinitesimal volume element in the initial state to the
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corresponding volume in the intermediate, i.e.,
J* = det(F*). (10)

We note that writing W(F,c) as J*w(F,c) is to facilitate the derivations below. Also, for brevity, the dependence of I1 on
entropy and temperature is not explicitly expressed.
The chemical potential of species A per mole of species A is a thermodynamic function given by

Vo (aH(F,c)

wEF,c)= a2

)F = Uo(c)+T(F,c), (1D

Xmax

where Vo is the molar volume of A,B at the stoichiometric concentration, the notation (6/oc)r means that the partial
derivative is performed while keeping F constant, and

Vimo 0¢(C) _ Vo (U*W(F,0)]
s o= () -

Ho(C) =
max
are the stress-independent and stress-dependent parts of the chemical potential, respectively.

We note that the u(F,c) defined in (11) is typically not a true chemical potential. Often, it is a diffusion potential
(Swaminathan et al., 2007b). The interpretation of u(F,c) may differ depending upon the particular material system of
interest. Nevertheless, the mathematical form is the same and the derivations below equally apply.

The stress-independent part of the chemical potential may be written as

Uo(€) = 1 +RgTlog(y0), (13)

where 1§ is a constant that represents the chemical potential at a standard state, R, is the standard gas constant, T is the
temperature in Kelvin, and y is the activity coefficient which represents the effects of interactions (non-ideal) among the
atoms/molecules. We note that y may also depend on c. For a dilute solution, interactions among the atoms/molecules are
negligible, thus y ~ 1.

In the remaining part of this section, we focus on carrying out the differentiation in the stress-dependent part of the
chemical potential. Note that the strain energy depends not only on the deformation, but also on the stiffness C of the solid,
which may also be a function of the concentration c. Therefore, the derivative with respect to ¢ may be carried out in two
steps, first for fixed C, then for fixed deformation, i.e.,

% * oF*
1(F.c)= Lm0 (W) — Vo | (TWEOITy ) e (M(F,C)) 4 (14)
Xmax oc F Xmax aF;,] oc oc FF*
F.C
For convenience, we denote f*=(F*)~!. Making use of the well-known relationships
. sk
oI adet(F*) of
oFF = ToOFF =J*fj*;, oF = —f;c,}f;;-, (15)
iJ iJ kL
one can show
OF; a(Fme;‘Z”) af;i‘ ok %
(%) = (") —ruc Tl —Fudif = Fi s)
iy /FC ] F.C i
Thus,
aw(F,c)> (aw(F,c) aanﬁ> (aw(F,c)) -
- =— Feflh. 17)
( aFZ EC oF; aF;“.]‘ EC OFpa Jpe ™"
Consequently,
aJ*w(F,c aJ* ow(F,c
(%) = <,91F> W(E.C) +J*< a;f )> = Zjf i (18)
J F.C J/ Fc g /Fc
where
ow(F,c
ik = oW (E,0)—J* ( (e )> FunkfJ (19)
6me1 F,C

can be called the generalized Eshelby stress tensor in that for hyperelastic materials

ow(F,c) 1
aFemﬁ = J_*le(o-gm (20

which leads to the conventional Eshelby stress tensor (Eshelby, 1951, 1975)
Zik = [0k W(F,0)—0}, Fnk]. (21)
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It is not surprising that the Eshelby stress tensor naturally appears in the stress-dependent chemical potential. In fact,
as pointed out in Cleja-Tigoiu and Maugin (2000) that the Eshelby stress tensor often arises in problems involving
compositional/microstructural changes, because the Eshelby stress tensor provides a stress measure in the elastically
released intermediate configuration.

The appearance of the Eshelby stress brings the elastic energy into the chemical potential. Thus, the interplay between
a composition-generated deformation and another elastic field may become important via the interaction energy. This
marks the fundamental difference between the current model and the model of Larche and Cahn (1973, 1978). Further
discussions of this difference can be found in Wu (2001).

In conjunction with the first of (4), one can easily show that

Zxk = [BW(F,0)—0 R, Fnk] = 3W(F,0)—J o (22)
Finally, substituting (18) into (14) gives the stress-dependent part of the chemical potential
Vo oF; ow(F,c
TR0 = |z (2 +J*( ( )> . 23)
vc 6C FE,F*
Further, if the material is linearly elastic, one has
W(F,c)=J‘W(F,c), w(F,c)=1C uklEZEfd, (24)

where Cyy; is the elasticity tensor of the material in the intermediate state, which may depend on the concentration c. In
this case, (23) can be cast into a form that is more convenient to use

OCxys ¢
(F,0)= Lm0 {—11}:9 FC. B4 <f ol +1C§,},)EEEE} (25)

Xmax 3 oc imin ki~ 2 oc oc ikl

Clearly, three terms of right side of (25) represent the chemical potential contributions from first Piola-Kirchhoff stress
tensor, varying elastic modulus and elastic strain energy, respectively.

5. Special cases

In the rest of this paper, we assume. First, note that for hyperelastic materials under elastic deformation with isotropic
eigen-transformation F¢=(J<)'/I, (23) reduces to

__ B n .IC aW(FvC)
T(F,C) == Vm |:l—CZKK + % (T) FE‘FC:| . (26)

where J¢ =1+ 3nXpnac and Vi is the molar volume of species B in the initial state. # is the coefficient of compositional
expansion (CCE), which is a material property that characterizes the linear measure of the volumetric change due to unit
change of the concentration (Swaminathan et al, 2007c). For a given material, the CCE can be obtained either
experimentally, or by conducting molecular dynamic simulations (Swaminathan and Qu, 2009; Cui et al., 2011).

It is noted that, although the form of (26) is similar to that of Wu (2001), there is a significant difference between these
two results. The elasticity tensor C(c) appeared in (26) is evaluated at the current concentration ¢, while in Wu (2001) the
elasticity tensor is evaluated at the stoichiometric concentration. In other words, when explicitly written, Wu’s result is

actually
) . (27)
c=0/FF

Clearly, the difference between (26) and (27) becomes negligible when the concentration deviates slightly from
stoichiometry and/or the elastic modulus does not change significantly with respect to the concentration. In fact, these
were the assumptions implicitly used in Wu (2001). These assumptions are necessary because of the particular method
used in Wu (2001) to derive (27).

Next, again consider isotropic eigen-transformation F¢=(J)'/?I, J° = 1+ 3#xyqc. Further, assume that the deformation is
linearly elastic, and both the elastic strain and the eigenstrain are small so that terms of order ¢°E® or higher can be
neglected and J°~ 1. Under these assumptions, one can show that (23) reduces to

Ve | owd | 19Gu(0©

o m | _Zkk™ e e
TR0 = | - S o B (28)

¢ F
tFo=V |:CZKK le=o+ J (%

Xmax

This is identical to the result given by Larche and Cahn (1973). In other words, the result of Larche and Cahn (1973) is
valid only when both elastic strain and eigenstrain are small. For some problem, the eigenstrain may not be small. For
example, insertion of lithium into silicon can induce as much as 400% volume change. Clearly, J° can be significantly
different from unity.
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To compare the different levels of simplifications and their validity, we consider an idealized example in this section.
Imagine a spherical particle made of one mole of amorphous silicon (Si) atoms. For simplicity, we assume that particle is
encased within a rigid shell so that its volume cannot expand, as shown in Fig. 2. Next, assume that x moles of lithium (Li)
are inserted into the particle so that the concentration of Li in the Li,Si is ¢ = (X/Xmqx), where for Si, Xpqx = 4.4. Further, we
assume that Li is uniformly distributed throughout the spherical particle. Clearly, this is an extremely idealized example.
But, it will serve our purpose.

Under these assumptions, it is obvious that F=I and F°=I. Thus, one can easily write down the following:

F* = (]C)l/3l, F¢ — UC)71/3I‘ E¢ :%[UC)72/3_]} L (29)
We further assume that the Li,Si alloy is isotropic and linearly elastic, i.e.,
_ J° E(©) v e \2 | e re
WEO =50 (1 E’ +ERE). (30)
where Poisson’s ratio v is independent of ¢ and Young’s modulus is given by
E(c)=EO)[1 +NgXmaxCl- 31

The constant #g is the intrinsic material property that characterizes the variation of Young’s modulus with respect to Li
concentration c. Combining (29) and (30) leads to
_ 3BEQ) 23 qp2
W(F,c) = m[([ ) P11 (32)
For Li,Si under elastic deformation, the compositional expansion may be written as J* = 1+ 3#/XpaxC.
Making use of the above, the stress-dependent part of the chemical potential can be evaluated from (26)-(28). Shown
in Fig. 3 is the comparison among these different formulas versus c. The parameters used in the calculations are tabulated

rigid shell

N

Fig. 2. Illustration of spherical particle with a rigid shell.
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c

Fig. 3. 1(F,c) vs. c computed from (26) (this paper), (27) (Wu, 2001), and (28) (Larche and Cahn, 1973), respectively.
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Table 1
Material properties and initial parameters used in our model.

Ao, parameters of the activity constant —0.3063 eV/atom
By, parameters of the activity constant —0.4003 eV/atom
Dy, diffusivity of Si anode 1 x 1071 m?/s?
dy, characteristic strain rate for plastic flow in Si 1x1073s™!

Eo, elastic constant of pure silicon 90.13 GPa®

m, stress exponent for plastic flow in Si 4

Ry, gas constant 8.314] K~ ' mol~!
Ry, initial radius of unlithiated Si anode 200 nm

T, temperature 300 K

VB molar volume of Si 1.2052 x 10~° m?/mol
Xmax, Maximum concentration 4.4

o, coefficient of diffusivity 0.18¢

1, coefficient of compositional expansion (CCE) 0.2356

1k, rate of change of elastic modulus with concentration —0.1464°

vo, Poisson’s ratio of Si electrode 0.28

oy, initial yield stress of Si 0.12 GPa“

2 Liu et al. (2011).

b Rhodes et al. (2010).

€ Bower et al. (2011).

4 Haftbaradaran et al. (2011).

in Table 1. It is seen that for c less than 10%, these three formulas give very similar results. The results are different for
larger concentrations (i.e., larger eigenstrains) or larger elastic strains.

6. Spherical silicon particle

As an example to illustrate the use of the newly developed stress-dependent chemical potential, we consider a
spherical amorphous silicon (Si) particle of initial radius Ry (anode). Let the particle be immersed in a liquid electrolyte of
infinite extent containing lithium ions of sufficient concentration. Further, by neglecting the hydrostatic pressure in the
liquid electrolyte, the particle surface can be considered traction-free. Thus, the problem is spherically symmetric, i.e., in
the spherical coordinate system (R,®,®), the displacement field inside the Si particle can be written as

ug =uR,t), ug=1ue=0. (33)
The traction-free boundary condition is thus expressed as
0R(Ro,t) = 0re(Ro,t) = Ora(Ro,t) = 0. (34
During lithium insertion, the boundary condition for the Li flux at the surface can be written as
Jr(Ro,t) =Jo[1—c(Ro,1)], Jo(Ro,t) =Js(Ro,t) =0, (35)
where ]y is a constant representing the charging rate. It can be shown that (35) is a linearized form of the Butler-Volmer

equation (Chen et al., 2009). Upon discharging (lithium extraction), the boundary condition for the Li flux at the surface
should be changed to

.]R(Rovt) = _JOC(RO’t)v ]@(R07t) :.I(I)(Rovt) = O' (36)
Further, we assume that the lithiated state (Li,Si) remains amorphous so that its elastic properties are linear and
isotropic before plastic yielding occurs, and can be represented by Young’s modulus and Poisson’s ratio
E(c) = Eo(1 +1gXmaxC), v =Vo, (37)
where Ey and vq are the elastic properties of pure amorphous Si. The constant 5 represents the variation of Young’s
modulus with respect to Li concentration c.
Finally, assume that the eigen-transformation during lithiation is isotropic and given by
F =931, J°=1+43nXmaxC, (38)

where x;qx = 4.4 represents the saturation of Li in Li,Si, and # is the CCE (Swaminathan et al., 2007b).
We are now ready to derive the governing equations for the insertion/extract process. First, symmetry of the problem
dictates that the deformation is

F=<F1],F22,F33>=<1+GU/6R,]+U/R,]+U/R>, (39)

where the brackets stands for the diagonal of a matrix. If the plastic deformation is incompressible, i.e., det(F?) = 1, one can
write

F = Cp 1/ 7p 1\ 7, (40)
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where /Z,, is the plastic stretch in the radial direction. Combining (38) and (39) leads to
_ 1+0u/oR
F = (F},F,F5> =(°) 1/3<T'(1 +u/R)\/Ap,(14+U/R)y /2p>, 41)
where Fg, = F;, due to symmetry. Clearly, there are three unknowns, i.e., u, ¢ and 4,. Making use of (41) in (8) gives the
elastic strain
E° =1[(F)'F* 1] = (E},E.E5 > 42)
Let the elastic behavior be defined by the strain energy density in the reference frame

I E©) ( Voo

2 e e
21+ 1=z Cii) +ESEG)- (43)

W(F,c)=

The strain energy density in the intermediate state is simply w(F,c)=(W(F,c)/J°). The first P-K stress can then be
computed from (43) using (20). For the particular case considered here, it can be shown that the non-zero components of
the first P-K stress tensor are given, respectively, by

“E(c . o, 2E5+1
O'g = m [(1—V)ER+2VE@] ‘H_gw. (44)
0 _ -0 _ JCE(C) e e 258@+1
0 =% = T iyyi—2v BB TR 43)

In deriving (44) and (45), F°’F'F’=F has been used. The corresponding Cauchy stresses are given by

J142E¢
O 1q w12 TR 46)

TR= Trvd-2v) 126
E(c) e re 1
Op=0¢p= m(vER+E@)\/T72E§. (47)
To describe the plastic behavior, we first consider the rate of plastic deformation tensor
D’ =41 +17), (48)
where L? is the plastic part of the spatial gradient of the velocity
L’ =FFF (F) 1 (F) ' (F) . (49)

Since all three deformation gradient tensors are diagonal in the particular case considered here, the rate of plastic
deformation is simplified to

D’ =F'(F") ! = ’1—P<2,—1,—1>. (50)
24p
Next, consider the deviatoric part of the Cauchy stress
t=0- 2k 1= R7%0 (5 1,15, 1)
3 3
The corresponding effective stress is then given by
3
Teff = \/%\/Tijfijz |or—06 |- (52)
Finally, the viscoplastic behavior of Li,Si can be described by the following constitutive equation:
0G(0off)
p_ T eff)
DP = pra (53)

where G(a ) is the flow potential. Following Bower et al. (2011), we adopt the following power-law form for the flow
potential:

d m+1
Gloup= oy (T2-1) H(%E 1), (54)
m+1 Of of

where H(x) is the Heaviside step function, oy, do and m are material constants, which may depend on the Li concentration.
Clearly, oy is the unidirectional yield (Cauchy) strength, dy is the reciprocal of viscosity and m is the stress exponent (m=1
yields viscoelastic behavior). We note that this is a slightly modified version of the one used by Bower et al. (2011). The
modification is to ensure a smooth transition from the elastic to the plastic regimes. The material constants o, do and m
used in the numerical simulations are listed in Table 1.
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Making use of (54) in (53), and carrying out the derivative lead to

b _ do (Tt \" ey
D’ = sgn(or—0g) ~1) <2,-1,-1>H(-¥ 1), (55)
2 \ of oy
where sgn(x) is the Sign function. Combining (50) and (55) yields
iy _ g (Cetr "y (et
/lp =Sgn(or O'@)do( of 1) H( of 1). (56)

This is effectively the constitutive law governing the viscoplastic deformation of the Li,Si particle.
Other equations governing the insertion/extraction process include the only non-trivial mechanical equilibrium
equation
0 0_ 0
99k , 9%k %
OR R
and the only non-trivial continuity equation

o dx Un_g

=0, 67

Vﬁ.,at + R + R (58)
where
__ D couko

is the only non-zero component of the Li flux, D is the diffusivity, which may be stress and concentration dependent.

It can be shown that by using the elastic constitutive equations and the kinematic equations, the stresses, the elastic
strains and the chemical potential can all be expressed as functions of three independent variables, namely Li
concentration c, radial displacement u, and the radial plastic stretch 4,, all of which are functions of R and t. Therefore,
(56)-(58) form a system of three nonlinear partial differential equations (PDEs). The boundary conditions for these PDEs
are given by (34) and (35) for insertion and (36) for extraction. In addition, initial conditions are needed, which can be
specified by

c(R0)=0, uR0)=0, i,(RO)=1 (60)

These define a boundary/initial value problem that can be solved to obtain c, u, and /,. Once c, u, and /, are known as
function of R and t, other field quantities can be computed. For example, the stress o and g, can be obtained from (46)
and (47).

The above boundary/initial value problem does not seem to admit an analytical solution. It is solved numerically in this
study by using the COMSOL multiphysics software. In our numerical calculations, the activity constant and the diffusivity
are assumed to depend on Li concentration according to the followings (Haftbaradaran et al., 2011):

1 1
V=1ceXP (ﬁ [2(A0—2Bo)c—3(Ao—Bo)c?] ) (61)
g
B -0
D = DoD = Dy exp (%) . (62)
g

The values of Ap and By can also be derived from the mixing enthalpy of Li,Si by using first-principles calculations
(Shenoy et al., 2010). The constants in the above and other materials properties used in the numerical calculations are
given in Table 1.

For convenience, the following non-dimensional parameters are introduced in the numerical solution

R ~ D Dot u = VBRy VE RoJo

R=—, D=—, i==2, o=, . Jo= : 63
RO DO Ré RO JR DO .]O DO ( )

The numerical results presented here are all in terms of these non-dimensional parameters.

Let us first consider the cases where plastic deformation does not occur. Shown in Fig. 4 is the Li concentration
distribution along the radial direction at different times and under various charging rates. It is seen that within the
charging rate considered here, 1073 <J, <107, the concentration is rather uniform over the particle, even at very early
times. At later times (not shown) the concentration becomes almost uniform. To generate large distribution gradient,
higher charging rates are needed, which would generate extremely high stress.

The stress distribution corresponding to the cases shown in Fig. 4 is presented in Fig. 5. It is seen that the stresses are
rather non-uniform along the radial direction, although the Li concentration is relatively uniform (see Fig. 4). Furthermore,
even for a few percent of Li concentration, the stress can be as high as several hundreds of MPa. The results for the hoop
stress g also show that it is tensile in the inner core, and compressive in the outer shell. Intuitively, this seems to make
sense since Li has higher concentration in the outer shell as indicated in Fig. 4.
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Fig. 4. Li concentration distributions at different times and under different charging rates.

The evolution of stresses at the center and at a point on the particle surface is plotted in Fig. 6 under different charging
rates. One obvious observation is that stresses reach their maximum at the very beginning of charging, and decreases
dramatically afterwards, and eventually vanishes at full charge (not shown). The maximum stress increases monotonically
with increasing charging rate. In particular, we note that the hoop stress on the outer surface is always negative, or the
outer shell of the particle is always under compression. As will be seen later, this is not the case when plasticity is
considered.

Fig. 7 provides a perspective of the non-dimensional charging rates used in the above calculations, where the Li
concentration or capacity is plotted as a function of £],. First, it is rather interesting that all the data fall onto a single line,
indicating that charging time and charging rate are reciprocal. In other words, double the charging rate would reduce the
time to full charge by half. Second, the curve shows that the time to full charge depends on the charging rate J,. For
1073 <j, < 107", the time to full charge is between 20 < <2 x 10°. Since = (Dot/R2), one needs to know the diffusivity
and the particle radius in order to convert f to real time. For example, for Ro=100 nm, Dy=10"'¢ m?/s, the real time
corresponding to the above range of dimensionless time is between 33 min and 55 h. Fig. 7 also shows that charging gets
harder at higher capacity. For example, the figure shows that charging the anode to 90% capacity takes only about half the
time needed to fully charge it.

It is well known that the large stress induced by Li insertion may damage the Si anode during charging and discharging
(e.g., Cheng and Verbrugge, 2010). Damage is most likely to occur when the Si particle is greater than a critical size (e.g.,
Kim et al., 2011). This critical particle size can be estimated based on the fact that our numerical results show that the
maximum stress gy is a power-law function of the dimensionless charging rate J, i.e., Gmax = A(Jp)!/", where A and n are
constants depending on the material properties, the anode geometry, and how the maximum stress is defined. It then
follows the definition of ], that the critical radius for damage initiation is given by

Dojo.  BDg (ac>”
R = = -, 64
= JoVm ~ JoVm \Eo ®4
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where o, is the critical stress (a material property) at which damage occurs, and B is dimensionless constants that may
depend on the material properties, the anode geometry, and the particular failure criterion used. For example, if
Omax = Max{o 5} = 0. = 05, where oyis the yield strength and o is given in (52), is used as a failure criterion, the constants
for a spherical particle will be B=35 and n=1.3.

Eq. (64) shows that the critical particle size R. inversely depends on the charging rate Jo. Plotted in Fig. 8 are the R. vs. Jo
curves for several different values of .. For a given charging rate, one can identify the critical particle size beyond which
damage would occur. Similarly, one can also find the time needed to charge a particle at the highest possible charging rate
without causing damage. This information is shown in Fig. 9, where the time to 80% of full charge is plotted as a function of
the maximum possible charging rate without causing damage (plastic yielding in this case) for various yield strengths of
the Li,Si alloy.

To compare with available experimental data in the open literature, we have also carried out the same computations
and analyses for a Si wire anode. Without showing all the results, we only mention that, using the parameters in Table 1,
we found that B=18, and n=1.2 for the Si wire anode. The critical wire diameter predicted by (64) is about 220 nm when
the charging rate is C/10 (i.e., the anode is fully charged in 10 h). This is in good agreement with the experimental
observations under the same charging rate (Teki et al., 2009).

When plastic deformation is allowed, not only the magnitude of the stress is reduced due to yielding, the distribution of
stresses is also altered significantly. As Fig. 10 shows, the radial stress is positive at early charging stage, and gradually
becomes negative throughout the particle after certain charging time. More remarkably, the hoop stress, in the beginning,
is positive inside and negative near the surface, i.e., the surface is under compression. As charging progresses, the sign
switches, i.e., the hoop stress gradually becomes negative inside the particle, and positive near the surface, indicating that
the particle surface will be subjected to tensile hoop stress at some point during charging.



1292 Z Cui et al. / J. Mech. Phys. Solids 60 (2012) 1280-1295

Time to 80% Full Capacity (hour)

5,=23 MPa|
o,= 168 MPa |
-6,=510 MPa
5,= 860 MPa

300 400 500 600

R, (nm)
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Fig. 10. Stress distribution when plastic deformation is allowed.

To better visualize the evolution of the hoop stress, Fig. 11 plots the hoop stress at the center and at a point on the
particle surface as a function of time. It is seen that, at the center, the hoop stress (which equals the radial stress at the
center) starts from zero, raises to a positive maximum, then decreases gradually to a negative value. On the surface, hoop
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Fig. 11. Evolution of hoop stress at the particle (a) center and (b) surface under different charging rates. The insets are to show the behavior at short
charging time.

stress increases (negatively) first, reaches a (negative) maximum, then starts to increase and eventually becomes positive
increases with charging time. As pointed out by Zhu (2011), the positive hoop stress near the surface is caused by
plasticity. At the very early stage of charging, the surface is subjected to large compressive stress, which causes
compressive plastic yielding near the surface. As the charging progresses, the Li concentration near the center of the
particle increases. Consequently, the center region starts to expand as well. However, the outer region had already been
plastically compressed, which acts as a thin shell that constraints the center region’s expansion. As a result, tensile hoop
stress is generated near the particle surface. This reverse plasticity might explain the surface cracks observed in the
experiments (Ryu et al.,, 2011; Zhu, 2011).

Another interesting observation is that the center region of the particle remains elastic as shown in Fig. 12
where the distribution of plastic stretch is plotted along the radial direction at several different times. It is seen that
the elastic—plastic boundary moves inwardly toward the center of the particle during charging. But, even after a fairly long
charging time, the center regions still remains elastic. This is due to the fact that the stress field near the center region is
almost hydrostatic (at the center, or=0p), Which according to the yield criterion used does not facilitate plastic
deformation.

The discharging process can be simulated by using the boundary condition given by (36). The corresponding hoop
stresses at the center and on the surface are plotted in Fig. 13. On the surface, the hoop stress starts at zero, goes through a
maximum compressive stress, and eventually becomes positive. During discharging (Li extraction), the hoop stress on the
surface remains positive, and does not return to zero even at fully discharged state. There is clearly residual plastic
deformation. At the center, evolution of the hoop stress is similar to the hoop stress on the surface, except the sign is
switched. After the second insertion/extraction cycle (not shown), the stress hysteresis becomes stabilized.

In closing, we point out that, although not presented here, we have carried out simulations using several different
plastic constitutive laws. It appears that the solutions are very sensitive not only to the type of constitutive laws used, but
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also to the parameters used in these constitutive laws. This points out a critical need to accurately characterize the
viscoplastic behavior of Li,Si alloys either experimentally or through molecular dynamic simulations.

7. Summary

In this paper, an explicit and compact form of the stress-dependent chemical (or diffusion) potential is derived for
solids subject to finite strain deformation. The new stress-dependent potential reduces to that of Wu (2001) when the
elastic stiffness tensor does not change with the concentration, and to that of Larche and Cahn (1973) when both the
elastic and compositional strains are small.

As an example to illustrate the application of this new stress-dependent chemical potential, the stress fields in a
spherical amorphous Si particle induced by Li insertion/extraction are investigated in both elastic and elastic-plastic
regimes. In the elastic regime, we showed that the critical particle size is inversely related to the insertion rate and scales
up as a power law function of the yield strength (see (64)). In the elastic-plastic regime, we found that the hoop stress
becomes positive during charging, indicating the particle surface is subjected to tensile hoop stress. We postulated that
this tensile hoop stress near the particle surface is responsible for the radial cracks observed in experiments (Ryu et al.,
2011; Zhu, 2011). Further, we showed that the center region of the particle remains elastic during the entire Li insertion/
extraction cycle.
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