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The coupling between solid state diffusion and mechanical stress arises in a number of important tech-
nological applications. The theory that describes such coupling is termed chemo-elasticity. In this paper,
a solution approach is developed for two-dimensional chemo-elasticity problems. First, a coupled system
of nonlinear partial differential equations is derived in terms of an Airy stress function and the solute
concentration. Then, this coupled system of nonlinear equations is solved asymptotically using a pertur-
bation technique. Finally, based on this approach, asymptotic solutions are obtained for three fundamen-
tal problems in two-dimensional chemo-elasticity, namely, a circular hole in an infinite plate under
uniaxial tension, a straight edge dislocation and a disclination.
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1. Introduction

In this paper, chemo-elasticity refers to the coupled theory of
solid state diffusion and deformation in elastic solids. It deals with
the thermodynamics of mechanically stressed solids that may
change their composition through either solute redistribution
within the solids, or mass exchange with the surrounding environ-
ment. Chemo-elasticity problems may arise in a number of techno-
logical areas including ionic solids in fuel cells (Swaminathan et al.,
2007a,b), intercalation in batteries (Burch and Bazant, 2009; Bai
et al., 2011; Cogswell and Bazant, 2012; Cui et al., 2012a,b,
2013a,b), and the growth of porous biogenic single crystals
(Kienzler et al., 2006; Fratzl et al., 2010), just to name a few. In these
applications, the solute is driven into or out of a host solid by various
(electro-) chemical and mechanical deriving forces. A free-standing
stress-free material element may expand (or shrink) to accommo-
date the solute insertion or extraction. However, such volumetric
change may be restricted by either the surround materials or by
the mechanical constraint imposed by the boundary conditions.
Restriction to the composition-induced volumetric change will lead
to mechanical stress in the solid. On the other hand, the stresses in
the solid may affect solute diffusion in the solid. For instance, in thin
film electrodes deposited on a substrate, the volumetric changes are
restricted by the underlying current collector (Graetz et al., 2004). In
the biomimetic growth of porous single crystals, cavities form and
grow to accommodate significant volume reduction caused by
crystallization of the amorphous precursor. However, formation of
cavities gives rise to stress concentration and could increase the risk
of failure (Fratzl et al., 2010). It is, therefore, of interest to investigate
the interactive effects of the presence of the solute in the matrix on
the mechanical stress fields.

Although chemo-elasticity problems have been investigated
since the 1930s, e.g., (Fowler and Guggenheim, 1939), the
development of a systematic framework is due to Larche and
Cahn (1973). For a solid under chemical equilibrium, they showed
that it is possible to introduce a set of modified material properties,
namely open-system elastic constants, which account for the
interplay between the non-uniform stress field and concentration
within a linearized regime. This method hinges upon linearization
of the chemical field in terms of stress components, and has been
employed in the study of dislocations (Larche and Cahn, 1985;
Sofronis, 1995), precipitates and inclusions (Johnson and
Voorhees, 1985; King et al., 1991) and redistribution of solute in
various interstitial sites in crystalline metals (Johnson and Huh,
2003; Voorhees and Johnson, 2004).

In this paper, we build upon Larche and Cahn’s general frame-
work (Larche and Cahn, 1973), and develop a solution approach
to two-dimensional chemo-elasticity problems. By using the Airy
stress function, we derive a coupled system of nonlinear partial
differential equations for the Airy stress function and the solute
concentration. Since an analytical solution does not seem to be
feasible, we present a perturbation scheme that leads to an asymp-
totic solution for the coupled system of nonlinear equations. The
small parameter ĝ used in the perturbation scheme is a dimension-
less parameter representing the coupling between the mechanical
and chemical fields. Based on this approach, we obtain analytically
the asymptotic solutions up to the second order of ĝ for three
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fundamental problems in two-dimensional chemo-elasticity,
namely, a circular hole in an infinite plate under uniaxial tension,
a straight edge dislocation and a disclination. We also demonstrate
that, for traction-prescribed problems, the leading order term in
our asymptotic solution is equivalent to the solution obtained by
Larche and Cahn (1973) using the open-system elastic constant
approach.

The paper is arranged as follows. In Section 2, we derive the
three-dimensional governing equations in chemo-elasticity. The
corresponding two-dimensional equations are derived in Section 3
by introducing an Airy stress function. This system of two-dimen-
sional equations are solved in Section 4 by an asymptotic approach
whereby the field quantities are expanded in terms of the pertur-
bation parameter ĝ. This asymptotic approach allows us to reduce
the governing coupled nonlinear equations into a set of linear
decoupled equations which can be solved recursively to obtain
the higher order elastic and concentration fields. Using this asymp-
totic perturbation method, we investigate the disturbance of the
concentration field as well as the elastic fields caused by the emer-
gence of a hole, dislocation, and disclination under plane stress
and/or plane strain conditions in an infinite medium. The connec-
tion between the asymptotic approach and the method of open-
system material constants is also discussed. Finally, in Section 5,
we conclude by summarizing the main findings of this work.

2. Governing equations for solid state diffusion

Without loss of generality, we consider an elastic solid AxB that
consists of species A and species B. It is assumed that the concen-
tration of A in AxB may vary from x = 0 to x = xmax, where xmax is the
solvability of A in B. One may also view species A as the solute and
species B as the solvent. Furthermore, we assume that the solid in
consideration can be represented by the network model of Larche
and Cahn (1973), namely, the lattice sites of species B form a net-
work within which species A can move (diffuse). This allows the
definition of a displacement field and hence a strain field of the
solid. To simplify the mathematics, we will only consider small
strain deformation in the rest of this paper.

In the following, it is convenient to define molar concentration
of the solute per unit volume of the solvent as c ¼ x=Vm, where Vm

is the molar volume of the pure solvent in its stress-free state. We
assume that the solute-free solvent corresponds to a stress-free
state, and the compositional change of the mixture causes a volu-
metric deformation according to

ec
ij ¼ gxdij ¼ gVmcdij; ð1Þ

where dij is the Kronecker delta, g is the coefficient of compositional
expansion (CCE), which is a material property that characterizes the
linear measure of the volumetric change due to unit change of the
composition (Swaminathan et al., 2007a,b). For a given material,
the CCE can be obtained either experimentally, or by conducting
molecular dynamic simulations (Swaminathan and Qu, 2009; Cui
et al., 2012a,b,c). The total strain caused by the compositional
change and applied load can be written as

eij ¼
1
2
ðui;j þ uj;iÞ ¼ ee

ij þ ec
ij; ð2Þ

where ui is the displacement and ee
ij is the elastic strain. The total

strain needs to satisfy the compatibility condition,

epkieqljeij;kl ¼ 0; ð3Þ

where epki is the permutation symbol.
We further assume that the solid is linear elastic so that its elas-

tic state is uniquely determined by the elastic strain energy
function
w ¼ E
2ð1þ mÞ ee

ije
e
ij þ

mee
kkee

mm

1� 2m

� �
; ð4Þ

and the stress tensor is thus given by

rij ¼
@w
@ee

ij

¼ E
ð1þ mÞ ee

ij þ
mee

kk

1� 2m
dij

� �
; ð5Þ

where E and v are the Young’s modulus and Poisson’s ratio, respec-
tively, of the solid, which are assumed to be independent of the sol-
ute concentration. This assumption is valid for most solids under
dilute solute concentration. Eq. (5) can be inverted to give

ee
ij ¼

1
E
½ð1þ mÞrij � mrkkdij�: ð6Þ

In the absence of body forces, the stress needs to satisfy the static
equilibrium equations,

@rji

@xj
¼ 0: ð7Þ

In this stressed-solid, the chemical potential of species A will
depend on the stress (Larche and Cahn, 1973). By assuming small
strain and composition-independent isotropic elasticity, the
stress-dependent chemical potential (more precisely, the diffusion
potential of species A in species B) can be derived from the general
expression of (Swaminathan et al., 2007a,b; Cui et al., 2012a,b,c),

l ¼ l0 þ RgT log
c

cmax � c
� Vmgrkk; ð8Þ

where l0 is a constant representing the chemical potential at a
standard state, Rg is the standard gas constant, T is the absolute
temperature, c is the molar concentration of the solute, and
cmax ¼ xmax=Vm corresponds to the saturation state of the solution.
The particular choice of the potential ensures that the stoichiome-
tric state has the lowest energy (i.e., l! �1 as c ! 0), and the
state of saturation has the highest energy (i.e., l!1 as c! cmax).

The governing equations presented above are valid within the
elastic solid of interest. The stress and solute concentration within
the solid depend also on what happens at the boundary of the
solid. Therefore, boundary conditions are required in order to
uniquely determine the stress and solute concentration fields.

Consider an elastic solid X with surface S with outward unit
normal vector ni. As usual, the mechanical boundary conditions
can be prescribed as

rijni

��
Sr
¼ pj; uijSu

¼ Ui; ð9Þ

where Su þ Sr ¼ S and pj and Ui are, respectively, the prescribed
traction and displacement on the boundary. The chemical boundary
conditions can be specified as

ljSl
¼ ls; � cD

RgT
r~l

����
SJ

¼ Js; ð10Þ

where Sl þ SJ ¼ S, and ls and Js are, respectively, the prescribed
chemical potential and the flux on the boundary.

3. Two-dimensional plane problems under electrochemical
equilibrium

We assume that all field quantities are functions of x1 and x2

only, i.e.,

u1 ¼ u1ðx1; x2Þ; u2 ¼ u2ðx1; x2Þ; u3 ¼ u3ðx1; x2Þ; c ¼ cðx1; x2Þ:
ð11Þ

Further, for plane strain, we assume

e33 ¼ e23 ¼ e13 ¼ 0: ð12Þ



128 H. Haftbaradaran, J. Qu / International Journal of Solids and Structures 56–57 (2015) 126–135
And, for plane stress, we assume

r33 ¼ r23 ¼ r13 ¼ 0: ð13Þ

In both cases, the Hooke’s law given in (6) in conjunction with (1) is
reduced to

e11

e22

� �
¼ 1� sm2

E
1 �m=ð1� smÞ

�m=ð1� smÞ 1

� � r11

r22

� �

þ ð1þ smÞgVmc
1
1

� �
;

ð14Þ

e12 ¼
r12ð1þ mÞ

E
; r33 ¼ s½mðr11 þ r22Þ � EgVmc�; ð15Þ

where, the parameter s ¼ 0 for plane stress, and s ¼ 1 for plane
strain.

Furthermore, the total strain needs to satisfy the compatibility
equation (3), which is reduced to only one non-trivial equation,

@2e11

@x2
2

� 2
@2e12

@x1@x2
þ @

2e22

@x2
1

¼ 0: ð16Þ

Let us now introduce the Airy stress function uðx1; x2Þ by

r11 ¼
@2u
@x2

2

; r22 ¼
@2u
@x2

1

; r12 ¼ �
@2u
@x1@x2

: ð17Þ

With the help of (14)–(17) and (2), we can rewrite (16) as

r4uþ gVm
E

1� sm
r2c ¼ 0: ð18Þ

Next, consider the case when the chemical field is in equilibrium,
i.e., the chemical potential given by (8) is a constant leq over the
entire domain and independent of time, i.e.,

leq � l0 ¼ RgT log
c

cmax � c
� Vmgrkk ¼ constant; ð19Þ

where, according to (17) and the second of (15), the hydrostatic
stress in (19) can be expressed as

rkk ¼ ð1þ smÞr2u� sEgVmc: ð20Þ

We now have derived a system of two partial differential equations,
(18) and (19), for the two unknowns, u and c. In conjunction with
the boundary conditions (9) and (10), they form a boundary value
problem for the field quantities u and c. Once u and c are known
for a given set of boundary conditions, the corresponding two-
dimensional chemo-elasticity problem under chemical equilibrium
can be obtained, because the corresponding stress, strain and dis-
placement fields can be obtained from u and c by using (17), (14)
and (2).

We note that the boundary value problem for u and c is nonlin-
ear due to the nonlinear relationship between the solute concen-
tration c and the hydrostatic stress rkk. Proving the existence and
uniqueness of this nonlinear boundary value problem rigorously
is beyond the scope of the present study. Nevertheless, engineering
intuition seems to indicate that the solution to certain boundary
conditions should exist and unique. In what follows, we will inves-
tigate such solutions for a few important engineering problems.

To this end, we rewrite the governing equations (19) and (18)
into the following dimensionless form,

ĝð1þ smÞ �r2û� sĝ�cmaxĉ ¼ log
ĉ

1� ĉ
� log

ĉeq

1� ĉeq
; ð21Þ

ð1� smÞ �r4ûþ �cmax
�r2ĉ ¼ 0; ð22Þ

where
ĉ ¼ c
cmax

; û ¼ u
E‘2 ; ĝ ¼ gVmE

RT
; �cmax ¼ gVmcmax;

�leq ¼
leq � l0

RgT
; ĉeq ¼

e�leq

1þ e�leq
; ð23Þ

where ĉeq is essentially the solute concentration in the absence of
the stress, and ‘ is a characteristic length pertinent to the problem.
The barred harmonic and biharmonic operators operate with
respect to the spatial coordinates normalized by the length scale
‘. By solving this system of equations, one can obtain the
dimensionless solute concentration ĉ, and the dimensionless Airy
stress function û.

Once the dimensionless stress function û and solute concentra-
tion ĉ are known, the corresponding strain field can be obtained
from (14) and (15). Integrating (14) gives the expressions of the dis-
placements u1 and u2. As a result of the integrations, the expres-
sions of u1 and u2 contain unknown functions f ðx2Þ and gðx1Þ,
respectively. Substituting u1 and u2 into (15) yields two second
order ordinary differential equations for f ðx2Þ and gðx1Þ, respec-
tively. Solutions of these differential equations with proper
boundary conditions provide the complete solution to the chemo-
elasticity problem. Detailed steps in obtaining the displacement
fields in polar coordinate systems are discussed in Appendix B.

Under chemical equilibrium, the flux vanishes. Thus, the only
nontrivial chemical boundary condition is the first of (10), which
can be written as

l0 þ RgT log
c

cmax � c
� Vmgrkk

� �����
S

¼ leq: ð24Þ

The mechanical boundary conditions (9) still hold. Clearly, this sys-
tem is highly nonlinear. Explicit analytical solution does not seem
to be possible. In Section 4, we will attempt an asymptotic solution
for small ĝ.

Before closing this section, we remark that the chemical equi-
librium condition (19) means that the system under consideration
is open to and maintains in equilibrium with a reservoir of infinite
extent that maintains a constant chemical potential leq. Therefore,
leq represents the magnitude of the chemical loading. Further, con-
dition (19) means

c ¼ cmax exp
leq �l0 þgVmrkk

RgT

� �
1þ exp

leq �l0 þ gVmrkk

RgT

� �� ��1

:

ð25Þ

In other words, the concentration is bounded by 0 < c < cmax, unless
the hydrostatic stress has singularities (! �1), in which case, c ¼ 0
and/or c ¼ cmax may be possible.

4. Asymptotic solutions of two-dimensional plane problems
under chemical equilibrium

We begin with the ansatz,

ĉ ¼ ĉeqð1þ ĉ1ĝþ ĉ2ĝ2 þ � � �Þ; û ¼ û0 þ û1ĝþ û2ĝ2 þ � � � : ð26Þ

Next, substituting (26) into (21) and (22), and expanding the
logarithm function into power series of ĝ. Then, in the resulting
equations setting ĝ ¼ 0 yields,

�r4û0 ¼ 0; ð27Þ

setting the coefficient of ĝ to zero yields

ð1þ smÞ �r2û0 � s�cmaxĉeq ¼
ĉ1

1� ĉeq
; ð28Þ

ð1� smÞ �r4û1 þ �cmaxĉeq
�r2ĉ1 ¼ 0; ð29Þ



Fig. 1. A plate with a circular hole subject to uniaxial tension.
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and setting the coefficient of ĝ2 to zero yields

ð1þ smÞ �r2û1 � s�cmaxĉeqĉ1 ¼
ĉ2

1� ĉeq
� 1� 2ĉeq

2ð1� ĉeqÞ2
ĉ2

1; ð30Þ

ð1� smÞ �r4û2 þ �cmaxĉeq
�r2ĉ2 ¼ 0: ð31Þ

Equations for higher order terms can be similarly derived.
It can be easily shown that (27)–(31) reduce to

�r4û0 ¼ 0; ĉ1 ¼ ð1� ĉeqÞ ð1þ smÞ �r2û0 � s�cmaxĉeq
� �

; ð32Þ

�r4û1 ¼ 0; ĉ2 ¼ ð1� ĉeqÞ½ð1þ smÞ �r2û1 � s�cmaxĉeqĉ1� þ
1� 2ĉeq

2ð1� ĉeqÞ
ĉ2

1;

ð33Þ

�r4û2 ¼ �
�cmaxĉeqð1� 2ĉeqÞ
2ð1� smÞð1� ĉeqÞ

�r2ĉ2
1: ð34Þ

Clearly, these equations are linear. More importantly, the mechan-
ical and chemical fields are decoupled for û0 and û1 in that their
governing equations are independent of the solute concentration.
In fact, their governing equations are identical to the two-dimen-
sional elasticity equations. Therefore, one can take advantage of
the known elasticity solutions. Once û0 and û1 are known, the sol-
ute concentration ĉ1 and ĉ2 can be evaluated without the need of
solving any additional equations. In other words, once the elasticity
solutions are known, the corresponding chemo-elasticity solutions
can be obtained without solving additional equations. Of course,
to obtain the second order stress fields, Eq. (34) will need to be
solved.

We also note that the governing equations for the stress func-
tions û0 and û1 are identical to their counterparts in two-dimen-
sional elasticity. It then follows from (17) that the corresponding
stresses should also be the same as their counterparts in two-
dimensional elasticity. This seems to indicate that the two leading
order terms in the stress field are decoupled from the solute con-
centration c. However, this is true only for problems under pre-
scribed traction boundary conditions, where the equilibrium
equations can be solved without invoking the constitutive equa-
tions. For problems under displacement-boundary conditions, the
equilibrium equations will need to be solved in conjunction with
the constitutive equations (14) and (15), which results in the cou-
pling between the stresses and the solute concentration c.

In the following, we will follow the approach outlined above to
derive the solutions to some chemo-elasticity problems that have
well-known corresponding elasticity solutions.

4.1. A Circular hole in a tensile field under chemical equilibrium

Consider a plate of infinite extent containing a circular hole of
radius a. Let the plate be subjected to a uniform tension r1 in
the x2-direction, see Fig. 1. Further, we assume that the plate is
embedded in an infinite reservoir so that it maintains a uniform
chemical potential �leq throughout. It then follows from (19) that

�leq ¼ log
ĉ1

1� ĉ1
� ĝ

r1

E
¼ log

ĉeq

1� ĉeq
; ð35Þ

where c1 ¼ ĉ1cmax is the solute concentration far away from the
hole, and ĉeq is the concentration in the absence of the stress. Our
goal is to find the non-uniform distributions of stress and solute
concentration near the hole under chemical and mechanical equi-
librium. Since it is a plate, we will consider the deformation to be
plane stress, i.e., s ¼ 0.

For convenience, we have introduced the dimensionless polar
coordinates q and h such that x1 ¼ ‘q cos h and x2 ¼ ‘q sin h, and
the radius of the hole is taken as the characteristic length in (23),
i.e. ‘ ¼ a. Therefore, the boundary conditions are

rrr jq!1 ¼
r1

2
ð1� cos 2hÞ; rhhjq!1 ¼

r1

2
ð1þ cos 2hÞ;

rrhjq!1 ¼
r1

2
cos 2h; ð36Þ

rrr jq!1 ¼ 0; rrhjq!1 ¼ 0; ĉjq!1 ¼ ĉ1: ð37Þ

Taking advantage of the known elasticity solution for a hole under
tension, we anticipate that

û0 ¼
r̂1q2

4
ð1þ cos 2hÞ � r̂1

2
log q� r̂1

2
1� 1

2q2

� �
cos 2h; ð38Þ

where r̂1 ¼ r1
E . It can be shown by substitution that û0 is a bihar-

monic function that satisfies the first of (32). The corresponding
stress components are

rð0Þrr ¼
r1

2
1� 1

q2

� �
� r1

2
1� 4

q2 þ
3
q4

� �
cos 2h; ð39Þ

rð0Þhh ¼
r1

2
1þ 1

q2

� �
þ r1

2
1þ 3

q4

� �
cos 2h; ð40Þ

rð0Þrh ¼
r1

2
1þ 2

q2 �
3
q4

� �
sin2h: ð41Þ

Consequently, the second of (32) yields

ĉ1 ¼ ð1� ĉeqÞ 1þ 2 cos 2h
q2

� �
r1

E
: ð42Þ

It can be easily verified that the above stress fields satisfy the
boundary conditions at infinity q!1, and at the traction-free sur-
face of the hole q ¼ 1 as stated in (36) and (37). The stresses corre-
sponding to û1 must then satisfy homogeneous boundary
conditions at both q!1 and q ¼ 1. Since û1 must also satisfy
the homogeneous biharmonic equation, see the first of (33), one
can conclude that

û1 ¼ 0;rð1Þrr ¼ rð1Þhh ¼ rð1Þrh ¼ 0: ð43Þ

This result indicates that the presence of the chemical field does
not affect the stress field up to the first order in ĝ. It is shown in



Fig. 2. Solute concentration on the hole surface.
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Appendix A that the leading order solutions (39)–(42) are consis-
tent with the results of Larche and Cahn (1985).

The second of (33) suggests that

ĉ2 ¼
1
2
ð1� ĉeqÞ 1� 2ĉeq

	 

1þ 2 cos 2h

q2

� �2 r1

E

� �2

: ð44Þ

To obtain the second order stress field around the hole, one needs to
solve (34). By making use of (44), we can recast (34) into

�r4û2 ¼ �16�cmaxĉeqð1� ĉeqÞð1� 2ĉeqÞ
r1

E

� �2 1
q6 : ð45Þ

The solution of (45), satisfying the zero traction boundary condi-
tions at q ¼ 1 and q!1, is

û2 ¼ ��cmaxĉeqð1� ĉeqÞð1� 2ĉeqÞ
r1

E

� �2 1
4q2 þ

1
2

log q
� �

; ð46Þ

which leads to the following stress fields,

rð2Þrr ¼ ��cmaxĉeqð1� ĉeqÞð1� 2ĉeqÞ
r12

E
1

2q2 1� 1
q2

� �
; ð47Þ

rð2Þhh ¼ ��cmaxĉeqð1� ĉeqÞð1� 2ĉeqÞ
r12

E
1

2q2

3
q2 � 1
� �

; ð48Þ

rð2Þrh ¼ 0: ð49Þ

Now let us focus on the hoop stress rhh, and the solute concentra-
tion c,

rhh ¼ rð0Þhh þ rð2Þhh ĝ2; ĉ ¼ ĉeqð1þ ĉ1ĝþ ĉ2ĝ2Þ; ð50Þ

where

ĉeq ¼
e�leq

1þ e�leq
¼ ĉ1

e
ĝr1

E þ 1� e
ĝr1

E

� �
ĉ1

: ð51Þ

The expressions given in (50) can be further simplified by expand-
ing ĉeq given in (51) into power series of ĝ, and retaining only terms
up to the order of ĝ2. Thus,

rhh

r1
¼ 1

2
1þ 1

q2

� �
þ 1

2
1þ 3

q4

� �
cos 2h

� �cmaxĉ1ð1� ĉ1Þ 1� 2ĉ1ð Þr
1

E
1

2q2

3
q2 � 1
� �

ĝ2; ð52Þ

ĉ
ĉ1
¼ 1þ 2ð1� ĉ1Þ ĝr

1

E
cos 2h

q2

þ 2ð1� ĉ1Þð1� 2ĉ1Þ ĝr1

E
cos 2h

q2

� �2

: ð53Þ

Several observations can be made. First, note that the stress concen-
tration factor, i.e. the ratio of the maximum hoop stress which
occurs at q ¼ 1, h ¼ 0 over the far field stress r1,

rhh

r1
���
q¼1; h¼0

¼ 3� �cmaxĉ1ð1� ĉ1Þð1� 2ĉ1Þr
1

E
ĝ2; ð54Þ

is smaller than 3 only when ĉ1 < 0:5, suggesting that the chemical
field could both magnify or attenuate the stress concentration
depending on the magnitude of the far-field solute concentration.
Second, appearance of the hole disturbs the solute distribution,
and creates a ‘‘concentration’’ of the solute concentration near the
hole. To the leading order, the concentration factor of the solute
concentration near the hole is 2ð1� ĉ1Þĝr1=E, which occurs at
h ¼ 0 and h ¼ p. The disturbance of the hole decays as 1=q2, and
the solute concentration, as expected, approaches the prescribed
value ĉ1cmax as q!1. Third, the second order effect of the stress
on concentration is always positive if the prescribed initial solute
concentration is less than half of the solvability, i.e. ĉ1 < 0:5, or vice
versa. Fourth, if the prescribed initial solute concentration is cmax,
i.e., ĉ1 ! 1, then the concentration will remain as cmax without
being disturbed by the hole, unless the applied stress field is infi-
nite. Clearly, this theoretical limit is not possible under the chemical
condition unless the applied stress is infinite, see (25). Finally, it is
clear that the appearance of a hole will not disturb the solute con-
centration unless a stress is applied.

To visualize the effect of the hole, the variation of solute con-
centration on the hole surface ĉða; hÞ=ĉ1 is plotted as a function
of h in Fig. 2. The solid line is for the case when the mechanical
and chemical fields are decoupled, i.e., ĝ ¼ 0. The dashed lines
are for ĝr1=E ¼ 0:1, and ĉ1 ¼ 0:1 and ĉ1 ¼ 0:6, respectively. It is
seen that the concentration at h ¼ 0 is amplified by the tensile
stress, while the concentration at h ¼ p=2 is attenuated by the
compressive hydrostatic stress.

4.2. An edge dislocation under chemical equilibrium

Consider a large elastic solid containing a straight edge disloca-
tion of Burgers vector b in the x2-direction. Let the dislocation core
be located at x1 ¼ x2 ¼ 0, and the line of dislocation is perpendicu-
lar to the x1–x2 plane. Further, we assume that the solid is embed-
ded in an infinite reservoir so that the solute concentration far
away from the dislocation core is given by c1 ¼ ĉ1cmax. Here we
consider plane strain conditions, i.e., s ¼ 1. Thus, the far-field in-
plane stresses vanish, and the only non-zero component of stress
is r33 ¼ �E�cmaxĉ1. It follows from (19) that

�leq ¼ log
ĉ1

1� ĉ1
þ ĝ�cmaxĉ1 ¼ log

ĉeq

1� ĉeq
: ð55Þ

This equation establishes the relation between the far field concen-
tration ĉ1, and the stress-free equilibrium concentration ĉeq. Our
goal is to find the non-uniform distributions of stress and solute
concentration near the dislocation under chemical and mechanical
equilibrium.

Since the Burgers vector is in the x2-direction, the displacement
field needs to satisfy the following displacement jump condition

uhðr;0Þ � uhðr;2pÞ ¼ b: ð56Þ

Motivated by the known elasticity solution, we consider

û0 ¼ �
1

4pð1� m2Þq cos h log q; ð57Þ



Fig. 3. A straight edge dislocation.
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which satisfies the first of (32). Naturally, we choose b, the magni-
tude of the Burgers vector, as the characteristic length, i.e. ‘ ¼ b.
Hence x1 ¼ bq cos h, x2 ¼ bq sin h. The corresponding stresses are

rð0Þrr ¼ rð0Þhh ¼ �
E

4pqð1� m2Þ cos h;

rð0Þrh ¼ �
E

4pð1� m2Þq sin h: ð58Þ

It follows from Appendix B that the corresponding displacements
are

uð0Þr ¼
b cosh

8pð1� mÞ �
bhsinh

2p
� bð1�2mÞcosh logq

4pð1� mÞ þ bð1þ mÞ�cmaxĉeqq;

ð59Þ

uð0Þh ¼
b

8pð1� mÞ sin h� b
2p

h cos hþ bð1� 2mÞ
4pð1� mÞ sin h log q: ð60Þ

We note that the last term in (59) represents a uniform deformation
induced by the uniform solute concentration ceq.

The first order concentration field follows directly from substi-
tuting (57) into the second of (32),

ĉ1 ¼ �ð1� ĉeqÞ
1

2pð1� mÞ
cos h
q
þ �cmaxĉeq

� �
: ð61Þ

To obtain the first order stress field, we notice that according to the
first of (33), û1 must be biharmonic. By trial and error, we found that

û1 ¼ �
1þ m
1� m

�cmaxĉeqð1� ĉeqÞû0; ð62Þ

which is obviously biharmonic. Thus, the first order stresses are
simply

rð1Þrr ;r
ð1Þ
rh ;r

ð1Þ
hh

h i
¼ �1þ m

1� m
�cmaxĉeqð1� ĉeqÞ rð0Þrr ;r

ð0Þ
rh ;r

ð0Þ
hh

h i
: ð63Þ

The corresponding displacements can be calculated following the
approach outlined in Appendix B,

uð1Þr ¼ �
bð1þ mÞ

8pð1� mÞ2
�cmaxĉeqð1� ĉeqÞð1þ 2 log qÞ cos h

� bð1þ mÞð�cmaxĉeqÞ2ð1� ĉeqÞq; ð64Þ

uð1Þh ¼ �
bð1þ mÞ

8pð1� mÞ2
�cmaxĉeqð1� ĉeqÞð1� 2 log qÞ sin h: ð65Þ

Here it is noteworthy to point out that the displacement field is sin-
gle-valued. Except for a uniform strain field, the first order solution
obtained above can also be obtained by the method of open-system
elastic constants of Larche and Cahn (1973), see Appendix A.

To obtain the second order solution, we substitute (61) and (62)
into the second of (33),

ĉ2 ¼
ð1� ĉeqÞĉeq�cmax

2pð1� mÞ2
ð3� m� 2ĉeqð2� mÞÞ cos h

q
þ

þ 1
2
ð1� ĉeqÞð3� 4ĉeqÞð�cmaxĉeqÞ2 þ

ð1� ĉeqÞð1� 2ĉeqÞ
8p2ð1� mÞ2

cos h
q

� �2

:

ð66Þ

The second order stress function must satisfy (34),

�r4û2 ¼ ��cmaxĉeq
ð1� ĉeqÞð1� 2ĉeqÞ

4p2ð1� mÞ3
1
q4 : ð67Þ

A particular solution to the above inhomogeneous biharmonic
equation is given by

ûp
2 ¼ ��cmaxĉeq

ð1� ĉeqÞð1� 2ĉeqÞ
32p2ð1� mÞ3

ðlog qÞ2: ð68Þ
Again, through trial and error, we found that

û2 ¼
�c2

maxĉ2
eqð1þ mÞ
ð1� mÞ2

ð1� ĉeqÞ½3� m� 2ĉeqð2� mÞ�û0 þ ûp
2; ð69Þ

renders a second order displacement field which is continuous
across the slip plane. The associated second order stress and dis-
placement fields are

rð2Þrr ¼
�cmaxĉeqð1� ĉeqÞ
ð1� mÞ3

�
�cmaxĉeqð1� m2Þ 3� m� 2ĉeqð2� mÞ

� �
rð0Þrr

�ð1� 2ĉeqÞE
16p2q2 log q

�
; ð70Þ

rð2Þhh ¼
�cmaxĉeqð1� ĉeqÞ
ð1� mÞ3

�
�cmaxĉeqð1� m2Þ½3� m� 2ĉeqð2� mÞ�rð0Þhh

�ð1� 2ĉeqÞE
16p2q2 ð1� log qÞ

�
; ð71Þ

rð2Þrh ¼
ð�cmaxĉeqÞ2ð1� ĉeqÞ

ð1� mÞ2
ð1þ mÞ½3� m� 2ĉeqð2� mÞ�rð0Þrh ; ð72Þ

and the corresponding displacements are

uð2Þr ¼
b�cmaxĉeqð1þ mÞð1� ĉeqÞ

16p2ð1� mÞ3q
ð1� 2ĉeqÞ½log q� ð1� mÞ cosð2hÞ�

þ bð�cmaxĉeqÞ2ð1þ mÞð1� ĉeqÞ
8pð1� mÞ3

� ½3� 2ĉeqð2� mÞ � m�ð1þ 2 log qÞ cos h

þ bð1þ mÞ
2

ð�cmaxĉeqÞ3ð1� ĉeqÞð3� 4ĉeqÞq; ð73Þ

uð2Þh ¼
bĉeq�cmaxð1þ mÞ
16p2ð1� mÞ2q

ð1� ĉeqÞð1� 2ĉeqÞ sinð2hÞ

þ bðĉeq�cmaxÞ2ð1� ĉeqÞ½3� 2ĉeqð2� mÞ � m�ð1þ mÞ
8pð1� mÞ3

� ð1� 2 log qÞsinh: ð74Þ

An important quantity associated with a dislocation is its line
energy W. Making use of the solutions above, it is straightforward
to calculate,

W
W0
¼ 1� 2ĉeqð1� ĉeqÞð1þ mÞ

1� m
�cmaxĝ

þ
3ĉ2

eqð1� ĉeqÞ½3� 2ĉeqð2� mÞ � m�
ð1� mÞ2

ð�cmaxĝÞ2; ð75Þ

where W0 ¼ Eb2

8pð1�m2Þ log R
R0

is the line energy of an edge dislocation in
a solid without any solute. Fig. 4 shows how dislocation line energy
varies with ĉeq for ĝ�cmax ¼ 0:1, 0.2 and m ¼ 0:3. The presence of sol-
ute concentration below the saturation level, i.e. ĉeq < 1, decreases
the self- energy of the dislocation. Note that the first order solution
yields an underestimate of the line energy over a wide range of ĉeq.



ˆeqc

Fig. 4. Plots of dislocation line energy for m ¼ 0:3, Eq. (75).
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The solutions derived above are valid under plane strain condi-
tions. The corresponding plane stress solutions are summarized in
Appendix C.

4.3. A wedge disclination under chemical equilibrium

Consider an infinitely extended elastic medium containing a
wedge disclination defined by the displacement boundary
condition

uhðr;0Þ � uhðr;2pÞ ¼ rx; ð76Þ

where x is the wedge angle. Further, the solid is embedded in an
infinite reservoir so that the solid is under chemical equilibrium.

Since there is no characteristic length in this problem, the for-
mulation should remain valid for any arbitrary length scale ‘,
where q ¼ r=‘ . Under plane strain conditions, the classical stress
function

û0 ¼ �
x

8pð1� m2Þq
2 log q; ð77Þ

is taken as the zero order solution of the chemo-mechanical prob-
lem. The corresponding stresses are

rð0Þrr ¼ �
Ex

8pð1� m2Þ ð1þ 2 log qÞ;

rð0Þhh ¼ �
Ex

8pð1� m2Þ ð3þ 2 log qÞ;rð0Þrh ¼ 0: ð78Þ

The corresponding displacement field is

uð0Þr ¼
‘qx

8pð1� mÞ ½1� 2ð1� 2mÞ log q� þ ‘ð1þ mÞ�cmaxĉeqq;uð0Þh

¼ �q‘xh
2p

: ð79Þ

The procedure to obtain the higher order stress, concentration
and displacement fields are analogous to those outlined in the pre-
ceding sections. In the following, only the results are summarized
here.

ĉ1 ¼ �ð1� ĉeqÞ
xð1þ log qÞ

2pð1� mÞ þ
�cmaxĉeq

� �
; ð80Þ

û1 ¼ �
1þ m
1� m

�cmaxĉeqð1� ĉeqÞû0; ð81Þ

rð1Þrr ;r
ð1Þ
rh ;r

ð1Þ
hh

h i
¼ �1þ m

1� m
�cmaxĉeqð1� ĉeqÞ rð0Þrr ;r

ð0Þ
rh ;r

ð0Þ
hh

h i
; ð82Þ

uð1Þr ¼��cmaxĉeqð1� ĉeqÞð1þ mÞ‘q xð1þ2logqÞ
8pð1� mÞ2

þ�cmaxĉeq

" #
; uð1Þh ¼ 0;

ð83Þ
ĉ2 ¼ �cmaxĉeqð1� ĉeqÞ
x½3� m� 2ĉeqð2� mÞ�

2pð1� mÞ2
ð1þ log qÞ

þ 1
2
ð�cmaxĉeqÞ2ð1� ĉeqÞð3� 4ĉeqÞ

þ ð1� ĉeqÞð1� 2ĉeqÞ
x2ð1þ log qÞ2

8p2ð1� mÞ2
; ð84Þ

û2 ¼
�cmaxĉeqð1� ĉeqÞ
ð1� mÞ2

�
ð1þ mÞ�cmaxĉeqð3� m� 2ð2� mÞĉeqÞû0

� ð1� 2ĉeqÞx2

32p2ð1� mÞ q
2ðlog qÞ2

�
ð85Þ

rð2Þrr ¼
�cmaxĉeqð1� ĉeqÞ
ð1� mÞ3

�
ð1� m2Þ�cmaxĉeq½3� m� 2ð2� mÞĉeq�rð0Þrr

� ð1� 2ĉeqÞEx2

16p2 logqð1þ log qÞ
�
; ð86Þ

rð2Þhh ¼
�cmaxĉeqð1� ĉeqÞ
ð1� mÞ3

½ð1� m2Þ�cmaxĉeq½3� m� 2ð2� mÞĉeq�rð0Þhh

� ð1� 2ĉeqÞEx2

16p2 ½1þ log qð3þ log qÞ�; ð87Þ

rð2Þrh ¼ 0; ð88Þ

uð2Þr ¼ ð�cmaxĉeqÞ2ð1� ĉeqÞ
3�m�2ĉeqð2�mÞ

8pð1�mÞ3
‘qxð1þmÞð1þ2logqÞ

þ�cmaxĉeqð1� ĉeqÞð1�2ĉeqÞ
‘qx2ð1þmÞ
16p2ð1�mÞ3

½1�mþð1þ logqÞ logq�

þ1
2
ð�cmaxĉeqÞ3ð1� ĉeqÞð3�4ĉeqÞð1þmÞ‘q; ð89Þ

uð2Þh ¼ 0: ð90Þ

It seen that the stress is logarithmic singular at the disclination core
q ¼ 0. This is a much weaker singularity than the stress field at the
dislocation core. In fact, the disclination line energy is bounded over
any finite region encircling the core. Therefore, the line energy can
be calculated as

W ¼ 1
2

Z R

0

Z 2p

0
rqqee

rr þ rhhee
hh þ 2rrhee

rh

	 

dhdr; ð91Þ

where, in theory, R!1. In practice, however, infinite crystals do
not exist and R is usually taken as the size of the crystal or the dis-
tance between the disclination and other defects. If the R is taken as
the characteristic length, i.e., ‘ ¼ R. Then, the line energy (91) can be
evaluated by using the solutions derived above,

W
W0
¼ 1� 2ĉeqð1� ĉeqÞð1þ mÞ

1� m
�cmaxĝ�

ĉeq½7� m� 3ð3� mÞ�
1� m

ð�cmaxĝÞ2
 �

;

ð92Þ

where

W0 ¼
Ex2ð3� 4mÞ

64pð1� mÞ2ð1þ mÞ
;

is the line energy of a wedge disclination in a solid without any sol-
ute. Fig. 6 shows how the disclination line energy varies with ĉeq for
ĝ�cmax ¼ 0:1, 0.2 and m ¼ 0:3. The presence of solute concentration
below the saturation level, i.e. ĉeq < 1, decreases the self- energy
of the dislocation. Note that, unlike in the case of dislocation, the
first order solution yields an underestimate of the line energy over
a wide range of ĉeq (Figs. 3 and 5).



Fig. 5. A wedge disclination in an infinitely extended domain.

Fig. 6. Plots of disclination line energy for m ¼ 0:3, Eq. (92).
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5. Summary and conclusions

In this paper, governing equations for two-dimensional chemo-
elasticity problems were formulated in terms of an Airy stress
function and the solute concentration. A perturbation approach
was developed to solve these equations asymptotically. This newly
developed approach provides a powerful tool to solve two-dimen-
sional chemo-elasticity problems. To illustrate the solution proce-
dure, three fundamental problems in chemo-elasticity were solved,
namely, a circular hole in an infinite plate under uniaxial tension, a
straight edge dislocation and a disclination.

In addition to developing the solution methodology for two-
dimensional chemo-elasticity problem, other major findings of
the present study include the followings.

1. For traction-prescribed chemo-elasticity problems, the OSEC
solution of Larche and Cahn (1973) corresponds to the leading
term in our asymptotic solution. When the problem contains
displacement boundary conditions, the OSEC solution may not
yield the correct displacement fields.

2. When a plate containing a circular hole is subjected to uniaxial
tension, the stress concentration near the hole is reduced unless
the far-field solute concentration is greater than 50% of the solv-
ability. In addition, the uniaxial tension leads to higher solute
concentration near the equator, and lower concentration near
the poles.

3. In the presence of solute concentration, the self-energy (line
tension) of a straight edge dislocation could be reduced by
almost 20%. This implies that dislocations in such coupled
chemo-mechanical field are easier to bow out. Consequently,
yield strength might be reduced.
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Appendix A. Open-system elastic constants

Larche and Cahn (1973, 1985) had proposed an approach that
uses the open-system elastic constants (OSEC) to solve chemo-
elasticity problems. In this Appendix, we will show that the OSEC
approach is in essence the first order solution presented in this
paper. For simplicity, we will consider only plane stress deforma-
tion. The proof for plane strain deformation can be obtained
analogously.

According to Larche and Cahn (1985), the OSEC for isotropic sol-
ids are defined as

E�ðĉÞ ¼ E
1þ ĝ�cmaxĉð1� ĉÞ ; m�ðĉÞ ¼ m� ĝ�cmaxĉð1� ĉÞ

1þ ĝ�cmaxĉð1� ĉÞ : ðA:1Þ

They argue that the OSEC are ‘‘not sensitive to the composition. It is
then appropriate to use the values of the open-system constants, at
a composition near the average composition of the specimen’’.
According to the notation in this paper, the ‘‘average composition
of the specimen’’ is ĉeq. Thus, replacing ĉ in (A.1) by ĉeq leads to

E�ðĉeqÞ ¼
E

1þ ĝ�cmaxĉeqð1� ĉeqÞ
;

m�ðĉeqÞ ¼
m� ĝ�cmaxĉeqð1� ĉeqÞ
1þ ĝ�cmaxĉeqð1� ĉeqÞ

: ðA:2Þ

Making use of (A.2) in the Hooke’s law (14) and the first of (15)
leads to

e11

e22

� �
�

e11

e22

� �
� �cmaxĉeq

1
1

� �
¼ 1

E�ðĉeqÞ
1 �m�ðĉeqÞ

�m�ðĉeqÞ 1

� � r11

r22

� �
;

ðA:3Þ

e12 ¼ e12 ¼
½1þ m�ðĉeqÞ�r12

E�ðĉeqÞ
; ðA:4Þ

where eab is defined as the strain with respect to the uniform defor-
mation �cmaxĉeq induced by the uniform concentration ĉeq. If one
treats rab and eab as the stress and strain fields in a surrogate mate-
rial with effective elastic constants E�ðĉeqÞ and m�ðĉeqÞ, then the ori-
ginal chemo-elasticity problem can be reduced to a corresponding
elasticity problem in this surrogate problem. Thus, one may simply
use the existing elasticity solutions as the solutions for the
corresponding chemo-elasticity problem by replacing the elastic
constants with the OSEC E�ðĉeqÞ and m�ðĉeqÞ. This greatly facilitates
the solution to the chemo-elasticity problems.

As pointed out by Larche and Cahn (1985), the solution from the
above OSEC approach is valid ‘‘far away from spinodals and critical
points’’ since only the average solute concentration is used.
Another point worth mentioning is that the strain eab obtained
from the OSEC approach differs from the strain in the actual
chemo-elasticity problem by �cmaxĉeqdab. In other words, the actual
strain in the chemo-elasticity problem is eab ¼ eab þ �cmaxĉeqdab.
Thus, to obtain the displacement field for the chemo-elasticity
problem, one must use eab instead of eab. This leads to difficulties
in using the OSEC approach to solve chemo-elasticity problems
when displacement boundary conditions are prescribed, particu-
larly if ĉeq is not spatially uniform.

Next, we show that the solution obtained from the OSEC
approach is the first order term in the asymptotic solution
obtained in this paper. To this end, we make use of (26) in (14)
in conjunction with (17) to obtain
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eð0Þ11 þ ĝeð1Þ11

eð0Þ22 þ ĝeð1Þ22

" #
¼ 1

E
1 �m
�m 1

� � rð0Þ11 þ ĝrð1Þ11

rð0Þ22 þ ĝrð1Þ22

" #
þ �cmaxĉeqð1þ ĉ1ĝÞ

1
1

� �
;

ðA:5Þ

where

rðnÞ11 ¼ E
@2ûn

@�x2
2

; rðnÞ22 ¼ E
@2ûn

@�x2
1

; n ¼ 0;1:: ðA:6Þ

It then follows from the second of (32) that

ĉ1 ¼ ð1� ĉeqÞ �r2û0 ¼
1� ĉeq

E
rð0Þ11 þ rð0Þ22

� �
: ðA:7Þ

Substituting (A.7) into (A.5) and neglecting terms containing ĝ2

yield

eð0Þ11 þ ĝeð1Þ11

eð0Þ11 þ ĝeð1Þ11

" #
��cmaxĉeq

1
1

� �
¼ 1

E�ðĉeqÞ
1 �m�ðĉeqÞ

�m�ðĉeqÞ 1

� � rð0Þ11 þ ĝrð1Þ11

rð0Þ22 þ ĝrð1Þ22

" #
:

ðA:8Þ

Comparing (A.8) with (A.3) shows that the strain and stress fields
obtained from the OSEC approach are indeed the first order solu-
tions from the asymptotic approach developed in this paper, i.e.,

eab ¼ eð0Þab þ ĝeð1Þab ; rab ¼ rð0Þab þ ĝrð1Þab : ðA:9Þ
Appendix B. Displacements in polar coordinate systems

In a polar coordinate system (q; h), the displacements are
related to the strains through

@ûr

@q
¼ err;

@ûh

@h
¼ qehh � ûr; erh ¼

1
2

1
q
@ûr

@h
þ @ûh

@q
� ûh

q

� �
; ðB:1Þ

where ûr ¼ ur=‘, and ûh ¼ uh=‘. Integration of the first of (B.1) with
respect to q in conjunction with the Hooke’s law (14) gives

ûr ¼
Z
ð1� sm2Þ rrr

E
� rhh

E
m

1� sm

� �
þ ð1þ smÞ�cmaxĉ

h i
dqþ f ðhÞ;

ðB:2Þ

where f ðhÞ is an arbitrary function of h and

rrr

E
¼ 1

q
@û
@q
þ 1

q2

@2û
@h2 ;

rhh

E
¼ @

2û
@q2 ;

rrh

E
¼ � @

@q
1
q
@û
@h

� �
: ðB:3Þ

Integration of the second of (B.1) in conjunction with (B.2) and the
Hooke’s law (14) gives

ûh ¼ q
Z
½ð1� sm2Þ � m

1� sm
rrr

E
þrhh

E

� �
þ ð1þ smÞ�cmaxĉ�dhþ gðqÞ

�
Z Z

½ð1� sm2Þ rrr

E
�rhh

E
m

1� sm

� �
þ ð1þ smÞ�cmaxĉ�dqdhþ FðhÞ;

ðB:4Þ

where FðhÞ ¼
R

f ðhÞdh and gðqÞ is an arbitrary function of q. To
determine FðhÞ and gðqÞ, we substitute (B.2) and (B.4) into the third
of (B.1) so the shear strain erh is expressed in terms of the displace-
ments. We can then rewrite the first of (15) as

1
2

1
q
@ûr

@h
þ @ûh

@q
� ûh

q

� �
¼ rrhð1þ mÞ

E
: ðB:5Þ

Clearly, Eq. (B.5) depends on û. For the dislocation problem consid-
ered in Section 4.2, Eq. (B.5) for the zeroth order solution is

sin hþ p½FðhÞ � gðqÞ þ qg0ðqÞ þ F 00ðhÞ� ¼ 0: ðB:6Þ

In this case, the solutions are

FðhÞ ¼ h cos h� sin h
2p þ C1 cos hþ C2 sin h; gðqÞ ¼ C3q: ðB:7Þ
For all the other cases considered in this paper, Eq. (B.5) reduces to

FðhÞ � gðqÞ þ qg0ðqÞ þ F 00ðhÞ ¼ 0: ðB:8Þ

And, the solutions are

FðhÞ ¼ C1 cos hþ C2 sin h; gðqÞ ¼ C3q: ðB:9Þ

In the above, Cn, n = 1, 2, 3, are constants to be determined by the
boundary conditions.
Appendix C. Dislocation solutions under plane stress conditions

û0 ¼ �
1

4p
q cos h log q; ðC:1Þ

rð0Þrr ¼ rð0Þhh ¼ �
E

4pq
cos h; rð0Þrh ¼ �

E
4pq

sin h; ðC:2Þ

uð0Þr ¼
b cos hð1þ mÞ

8p
� bh sin h

2p
� bð1� mÞ cos h log q

4p
þ ĉeq�cmaxbq; ðC:3Þ

uð0Þh ¼
bð1þ mÞ

8p
sin h� b

2p
h cos hþ bð1� mÞ

4p
sin h log q; ðC:4Þ

ĉ1 ¼ ð1� ĉeqÞ½ð1þ smÞ �r2û0 � s�cmaxĉeq� ¼ �ð1� ĉeqÞ
cos h
2pq

; ðC:5Þ

û1 ¼ ��cmaxĉeqð1� ĉeqÞû0; ðC:6Þ

rð1Þrr ;r
ð1Þ
rh ;r

ð1Þ
hh

h i
¼ ��cmaxĉeqð1� ĉeqÞ rð0Þrr ;r

ð0Þ
rh ;r

ð0Þ
hh

h i
; ðC:7Þ

uð1Þr ¼ �
bð1þ mÞ

8p
�cmaxĉeqð1� ĉeqÞð1þ 2 log qÞ cos h; ðC:8Þ

uð1Þh ¼ �
bð1þ mÞ

8p
�cmaxĉeqð1� ĉeqÞð1� 2 log qÞ sin h; ðC:9Þ

ĉ2 ¼ �cmaxĉeq
ð1� ĉeqÞ2

2p
cos h
q
þ ð1� 2ĉeqÞð1� ĉeqÞ

8p2

cos h
q

� �2

; ðC:10Þ

û2 ¼ ð�cmaxĉeqÞ2ð1� ĉeqÞ2û0 � �cmaxĉeq
ð1� ĉeqÞð1� 2ĉeqÞ

32p2 ðlog qÞ2;

ðC:11Þ

rð2Þrr ¼ �cmaxĉeqð1� ĉeqÞ �cmaxĉeqð1� ĉeqÞrð0Þrr �ð1�2ĉeqÞ
E

16p2q2 logq
� �

;

ðC:12Þ

rð2Þhh ¼ �cmaxĉeqð1� ĉeqÞ �cmaxĉeqð1� ĉeqÞrð0Þhh �ð1�2ĉeqÞ
E

16p2q2 ð1� logqÞ
� �

;

ðC:13Þ

rð2Þrh ¼ 0;

uð2Þr ¼ �ĉeq�cmaxð1� ĉeqÞuð1Þr �
bĉeq�cmax

16p2q
ð1� ĉeqÞð1� 2ĉeqÞ½cosð2hÞ

� ð1þ mÞ log q�; ðC:14Þ

uð2Þh ¼ �ĉeq�cmaxð1� ĉeqÞuð1Þh þ
bĉeq�cmax

16p2q
ð1� ĉeqÞð1� 2ĉeqÞ sinð2hÞ:

ðC:15Þ
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Appendix D. Disclination solutions under plane stress
conditions

û0 ¼ �
x
8p

q2 log q; ðD:1Þ

rð0Þrr ¼ �
Ex
8p
ð1þ 2 log qÞ; rð0Þhh ¼ �

Ex
8p
ð3þ 2 log qÞ;rð0Þrh ¼ 0;

ðD:2Þ

uð0Þr ¼
q‘x
8p
½1þ m� 2ð1� mÞ log q�; uð0Þh ¼ �

q‘xh
2p

: ðD:3Þ

ĉ1 ¼ �ð1� ĉeqÞ
x
2p ð1þ log qÞ; û1 ¼ ��cmaxĉeqð1� ĉeqÞû0; ðD:4Þ

rð1Þrr ;r
ð1Þ
rh ;r

ð1Þ
hh

h i
¼ ��cmaxĉeqð1� ĉeqÞ rð0Þrr ;r

ð0Þ
rh ;r

ð0Þ
hh

h i
; ðD:5Þ

uð1Þr ¼ ��cmaxĉeqð1� ĉeqÞ
q‘xð1þ mÞ

8p
ð1þ 2 log qÞ;uð1Þh ¼ 0; ðD:6Þ

ĉ2 ¼ �cmaxĉeqð1� ĉeqÞ2
x
2p
ð1þ log qÞ þ ð1� ĉeqÞð1� 2ĉeqÞ

� x2

8p2 ð1þ log qÞ2; ðD:7Þ

û2 ¼ ð�cmaxĉeqÞ2ð1� ĉeqÞ2û0 � �cmaxĉeqð1� ĉeqÞð1� 2ĉeqÞ

� x2

32p2 q2ðlog qÞ2; ðD:8Þ

rð2Þrr ¼ �cmaxĉeqð1� ĉeqÞ½�cmaxĉeqð1� ĉeqÞrð0Þrr

� ð1� 2ĉeqÞ
x2

16p2 log qð1þ log qÞ�; ðD:9Þ

rð2Þhh ¼ �cmaxĉeqð1� ĉeqÞ½�cmaxĉeqð1� ĉeqÞrð0Þhh

� ð1� 2ĉeqÞ
x2

16p2 f1þ log qð3þ log qÞg�; ðD:10Þ

rð2Þrh ¼ 0; ðD:11Þ

uð2Þr ¼ ð�cmaxĉeqÞ2ð1� ĉeqÞ2
q‘xð1þ mÞ

8p
ð1þ2 logqÞ

þ �cmaxĉeqð1� ĉeqÞð1�2ĉeqÞ
q‘x2

16p2 ½1þ ð1þ mÞ logqð1þ logqÞ�;

ðD:12Þ
uð2Þh ¼ 0: ðD:13Þ
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