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Abstract

We use the ®nite element method to analyze a non-associated Drucker±Prager elastic±plastic material relation for

Tennessee marble under plane strain laboratory test conditions. We study how the sample±platen interface boundary

conditions a�ect the development of stress and strain in the sample and prediction for the onset of shear banding

according to the Rudnicki±Rice theory. Samples that are bonded with the platen (corresponding to an in®nite coef-

®cient of friction (COF)) have all their maximum interface stresses at the outside upper corner of the test piece. When

the COF is ®nite the stresses are not maximum in the corner but just inside of it, with the exception of the in-plane

lateral normal stress, which has its maximum along the vertical centerline. Both the interface COF and the aspect ratio

(the height/width ratio) a�ect the whole-sample axial stress±strain curves and the onset of localization. For an aspect

ratio of 2.25, simulations with di�erent COFs have whole-sample axial nominal stress versus strain curves that are

coincident until late in the loading program. Then, in the vicinity of localization (near peak), these curves separate

slightly from each other and the onset of localization occurs at di�erent stress and strain values. Speci®cally, the stress

and strain at localization onset decrease with increasing COF (from 0.01 to in®nity in separate simulations) from the

values for the frictionless interface. Although we focus on the 2.25 aspect ratio, our analyses with three other ratios

(1.875, 1.5, and 1.0) with ®xed COF show that localization onset occurs at progressively higher axial nominal stress and

strain as the aspect ratio is decreased. Lastly, we ®nd that a lower sample aspect ratio facilitates localization near the

outside of the sample and close to the sample±platen interface, while the higher aspect ratio favors the onset of shear

banding in the sample center. Our results demonstrate that modest variations in sample±platen friction do not sig-

ni®cantly alter the nominal stress±strain curves but they can a�ect the onset and location of localization. Ó 2001

Elsevier Science Ltd. All rights reserved.
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1. Introduction

The problem of how to predict properly the
onset of shear banding in rocks is of great im-
portance to understanding these common features
in nature. The issue relates to engineering and
geophysics at micro- and macro-scales, since the
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size of these features ranges from microcracks to
km-scale geologic faults. Much work has been
devoted to the issue of localization of deformation,
and with respect to modeling, two main ap-
proaches, which can be considered complementa-
ry, end-member idealizations of the failure
process, have emerged. One is to consider the
growth, interaction, and coalescence of numerous
¯aws to form a zone of localized shear deforma-
tion (Horii and Nemat-Nasser, 1985; Lockner et
al., 1991; Reches and Lockner, 1994). Calculations
using this approach do simulate the failure process
as it appears to occur in laboratory specimens.
Due to the di�culty in calculating the growth and
the interaction of numerous ¯aws, this approach is
computationally intensive. Even with expected
advances in computing power, calculations for
complex, non-homogeneous deformation states do
not seem feasible. Another drawback of this ap-
proach is that the microstructural processes in
rocks are extremely complex, and the calculations
require severe idealizations, usually to consider
crack-like ¯aws in an isotropic elastic solid.

A second approach, suggested by Rudnicki and
Rice (1975) and based on earlier work by Hill
(1962), Mandel (1966), and Thomas (1961), is to
include the details of micromechanical processes
only to the extent that they contribute to macro-
scopically homogeneous deformation. Develop-
ment of a fault, or zone of localized shear
deformation, is then predicted when a bifurcation
or alternative solution to homogeneous deforma-
tion becomes possible. Clearly, the predictions of
this second approach depend strongly on the ac-
curacy of the constitutive relation. Although this
approach has achieved predictions that are in ac-
cord with some observations, an impediment to
careful evaluation of this approach has been the
di�culty of establishing accurate constitutive re-
lations for the inelastic deformation of rock.

In this paper, we address two issues associated
with the bifurcation approach to shear localization
and failure. The ®rst concerns the accuracy of
determining constitutive relations from experi-
ments. To infer constitutive relations from exper-
iments, it is necessary to assume that the
deformation in the sample is uniform. Of course,
this is never exactly true but extensive experience

has indicated the appropriate geometries and end
conditions to ensure that the deformation is rea-
sonably homogeneous. Precise con®rmation of this
conventional wisdom by analysis has, however,
been limited primarily to elasticity calculations
(Peng, 1971; Al-Chalabi and Huang, 1974). In this
paper we implement a non-elastic constitutive re-
lation inferred for Tennessee marble (assuming
homogeneous deformation in the test specimens)
into a ®nite element analysis to calculate the de-
viations from homogeneity caused by realistic end
conditions and geometries. Not surprisingly, the
results con®rm the conventional wisdom: for a
su�cient height to width ratio and low friction at
the sample±platen interface the deformation in the
sampleÕs interior is essentially homogeneous. The
calculations do, however, provide insight into
the detailed development of stress and strain in the
sample and how deviations from homogeneity are
a�ected by the interaction of geometry and end
conditions with non-linear deformation.

The second issue we address is more subtle and
concerns the e�ect of end conditions and geometry
on the prediction of localization. The bifurcation
approach assumes that deformation is homoge-
neous until the appearance of the shear band. In
actual experiments the deformation is, of course,
never perfectly homogeneous. If the localization
criterion is applied pointwise in the specimen, it is
possible that the condition will be met at some
points well before it is met in terms of the average
stress±strain behavior. If so, evaluation of the lo-
calization condition based on the average (overall)
deformation in the sample may not accurately re-
¯ect the onset of failure.

2. Methodology

2.1. Tennessee marble material behavior

In this section, we brie¯y describe the constit-
utive model developed by Holcomb and Rudnicki
(2000) for Tennessee marble on the basis of a suite
of axisymmetric compression tests. Strain incre-
ments are decomposed into the sum of elastic and
plastic portions. The elastic increments are related
to the stress increments by linear isotropic elas-
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ticity with shear modulus G and PoissonÕs ratio m.
Inelastic behavior is assumed to occur when the
stresses satisfy a yield condition of the following
form:

�s � f �rm; �c
p�; �1�

where �s � ���������������������1=2�sijsij

p
is the equivalent shear

stress, sij � rij ÿ rmdij is the deviatoric stress, and
rm � �1=3�rkk is the mean normal stress (positive
in compression). The sole parameter used to keep
track of the accumulated inelastic deformation is
�cp, the equivalent plastic shear strain, de®ned as

�cp �
Z ep

ij

0

�������������������
2 dep

ij dep
ij

q
; �2�

where dep
ij � dep

ij ÿ �1=3�dijdep
kk is the deviatoric

part of the inelastic increment of strain. If the
stress state is on the yield surface (Eq. (1)) and the
next increment of deformation causes further in-
elastic deformation, the stress increments must
satisfy the following consistency condition in or-
der that the stress state also be on the yield sur-
face:

d�s � l�rm; �c
p�drm � h�rm; �c

p�d�cp; �3�
where l�rm; �cp� � of =orm and h�rm; �cp� � of =o�cp.
The coe�cient l is the slope of the yield surface
in the �s versus rm plane (for ®xed �cp) and can be
given the physical interpretation as an internal
friction coe�cient (Fig. 1(a)). The hardening
modulus h is the slope of the �s versus �cp at ®xed
rm (Fig. 1(b)). Since d�cp is necessarily non-nega-
tive, deformation increments that tend to make
d�sÿ ldrm < (>) 0 for h > (<) 0 cause elastic un-
loading. The inelastic portion of the strain in-
crements is given in terms of the ¯ow potential C
by

dep
ij � dk

oC
orij

; �4�

where dk is a non-negative parameter. The ¯ow
potential is assumed to have the following form:

C � �sÿ g�rm; �c
p�: �5�

Consequently, Eq. (4) can be rewritten as

dep
ij � d�cp sij

2�s

�
ÿ 1

3
bdij

�
; �6�

where b�rm; �cp� � og=orm is a dilatancy factor,
equal to the ratio of inelastic increments of volume
strain to d�cp.

Holcomb and Rudnicki (2000) determine the
functions f (and hence l and h) and b (as shown in
Fig. 1) by using a simplex method to minimize the
di�erences between assumed forms of these func-
tions and data from a suite of axisymmetric com-
pression tests at con®ning pressures ranging from
0 to 100 MPa. We present the functions for these
parameters in Appendix A. Although the elastic
constants for brittle rock typically change with
ongoing inelastic deformation, this change is small
for Tennessee marble and consequently neglected.
Therefore, the inelastic portions of the strain are
determined by removing the elastic portion from
the total strain based on a least squares ®t for the
slope of the initial loading curves.

There exists, however, a de®ciency regarding
the type of constitutive relation we employ in this
study (i.e., a smooth yield surface with isotropic
hardening) for deformation histories that have an
abrupt change in the pattern of deformation. Since
localization from an axisymmetric state necessarily
involves such an abrupt change, predictions for
localization based on this type of constitutive re-
lation can be unrealistically conservative. Al-
though the general form of the modi®cation
necessary to overcome this de®ciency is well
known (Rudnicki and Rice, 1975; Rice, 1976), the
details are di�cult to constrain by experiments. As
this di�culty does not arise in plane strain, we
focus here on calculations for that deformation
state.

2.2. Finite element simulations

Our simulations were conducted with the
commercial ®nite element code ABAQUS. The
complex material behavior of Tennessee marble
could not be accommodated by any of the stan-
dard material models in ABAQUS. Consequently,
it was necessary to develop a material subroutine.
For an elastically predicted stress increment
(based on a speci®ed total strain increment) which
resulted in a stress state that lay outside the yield
surface, we implemented a backward Euler rou-
tine (Cris®eld, 1991), which is a closest-point
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projection method (Macari et al., 1997; Simo and
Hughes, 1998) for a return to the yield surface.
We veri®ed that the stress state remained on the

yield surface at all times during plastic deforma-
tion, to ensure proper coding of the backward
Euler routine.

Fig. 1. In (a)±(c), we plot curves for the homogeneous sample against background curves that show the variation for ®xed mean stress.

The curves for plane strain deformation cut across these background curves as mean stress increases. (a) The internal friction angle

(tanÿ1(l)) in the homogeneous sample plotted versus �cp(the equivalent plastic shear strain, in %). The inset shows a graphic de®nition

of the internal friction angle. (b) The development of the plastic hardening modulus in the homogeneous sample plotted versus �cp. The

inset shows that for curves of constant mean stress the plastic hardening modulus is the slope of �s versus �cp. (c) The dilation angle

(tanÿ1(b)) in the homogeneous sample plotted versus �cp. The inset shows a graphic of the de®nition of the dilation angle.
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The ®nite element meshes utilized three con®g-
urations that treated di�erent amounts of friction
between the marble sample and an aluminum
platen. As the ®rst con®guration (homogeneous
deformation) essentially treated the sample±platen
interface as frictionless, we directly loaded the
sample in axial compression from its initial 20
MPa hydrostatic state and there was no need to
include a platen in the simulation.

In the second con®guration, the sample was
perfectly bonded to the platen so that there was no
relative displacement between rock and metal at
the interface. A quarter-sample mesh (two sym-
metry boundaries, one which was vertically ori-
ented along the axial centerline and the other
horizontally oriented across the sample mid-
height) with 1600 elements (1344 elements in the
marble test piece) is shown in Fig. 2. This condi-

tion at the interface allowed lateral expansion
under the axial compressive load, based on Pois-
sonÕs ratios of the sample and the platen. A
bonded interface corresponded to an in®nite COF
at the interface.

The third con®guration involved an interface
with di�erent ®nite, non-zero values of COF be-
tween the rock and the platen (0.01±0.06). For
laboratory experiments, the COF of 0.02 is ap-
propriate for a stearic acid lubricant, while 0.05
corresponds to double sheets of Te¯on (Labuz and
Brindell, 1993). The friction at the sample±platen
interface followed a linear Coulomb friction law
(Labuz and Brindell, 1993)

scrit � nrn: �7�
In Eq. (7), n is the interface friction coe�cient
(COF), rn is the contact pressure normal to the
interface, and scrit is the critical shear stress re-
quired for slip. We implemented this boundary
condition in ABAQUS via a contact analysis. In
each simulation, the COF was constant through-
out the entire simulation.

For the marble, we used a Poisson ratio (m) of
0.30 and a shear modulus (G) of 30 GPa. Results
from detailed experimental work to determine G
for Tennessee marble can be found in Olsson
(1995). The marble sample had 0.0254 m (1 in)
width, 0.05715 m (2.25 in) height, and unit thick-
ness in the out-of-plane direction for a height/
width aspect ratio of 2.25:1. An aluminum platen
(m� 0.33, G� 29.3 GPa) had the same width and
out-of-plane thickness as the rock sample, and
height of 0.0127 m (0.5 in.). The YoungÕs moduli
for the sample and platen were nearly the same
(E� 7.8 ´ 1010). Corresponding to the experimen-
tal program, the sample was ®rst loaded in hy-
drostatic compression to 20 MPa. Thereafter, the
lateral stresses were maintained at 20 MPa while
the sample was further loaded in the axial direc-
tion. The ®rst con®guration, homogeneous defor-
mation, was perfectly hydrostatic; because of the
mismatch of elastic properties, the second and
third con®gurations (discussed below) were ap-
proximately hydrostatic, but di�ered from a
spherical stress state at 20 MPa by less than 2%.
The in-plane lateral normal stress (r11) was the 20
MPa con®ning pressure. All analyses progressed

Fig. 2. A schematic of the mesh and boundary conditions used

in the ®nite element analyses with the 2.25 aspect ratio. This

mesh is used for both of the non-homogeneous con®gurations

in our analyses. One quarter of the experimental setup is

modeled, with symmetry axes along the left side and bottom

boundary. There are 1600 elements in the mesh, with 1344 el-

ements in the marble and the remainder in the metal platen.
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via displacement-control at the upper surface, and
terminated when the time step fell below 1 ls.

For each of the three con®gurations, all ele-
ments were four node, quadrilateral, hybrid, con-
tinuum elements. As our interest focused on the
onset of localization, no special elements were
needed to follow the evolution of localization be-
yond its onset (Borst et al., 1993).

3. Results

3.1. Equivalent shear stress trajectories

We show typical trajectories of �s in rm space
and �cp space for the bonded interface sample in
Figs. 3 and 4, respectively. The trajectories are for
three locations in the test piece: the center (lower

left corner of Fig. 2), and near integration points Q
and R in that ®gure. Note that the trajectory for
the homogeneous sample is essentially coincident
with that of the bonded sampleÕs center. Indeed,
the whole-sample nominal stress (de®ned as the
current axial stress divided by the undeformed
cross-sectional area) versus nominal strain curves
for these cases are very similar (as discussed later).
Fig. 3 also shows the expansion (and contraction)
of the yield surface via isotropic hardening with
accumulated plastic shear strain; some contours of
constant �cp are plotted with the values in paren-
theses. Fig. 4 shows that the amount of plastic
deformation is dependent on the location in the
test piece, so that the equivalent plastic shear
strain is highly inhomogeneous. The labels A±E in
Figs. 3 and 4 refer to speci®c points in the loading
program, and are also shown in Figs. 5, 6 and 9.

3.2. Stresses at the sample±platen interface

At the interface, the e�ects of di�erent degrees
of friction are most pronounced for the in-plane
lateral normal stress (r11) and the shear stress (s12).
The magnitude of the out-of-plane lateral normal

Fig. 3. The stress trajectories in �s versus rm space show simi-

larities at several points in the sample for the sample with in-

®nite interface COF. The locations maintain plastic straining

once it has started, and do not exhibit softening behavior.

Contours of constant equivalent plastic shear strain (with val-

ues in parentheses in %) are shown. The labels A±E pertain to

speci®c points along the loading program for the bonded

sample, and are also included in Figs. 4, 5, 6(b) and 9.

Fig. 4. The trajectories in �s versus �cp space show the di�erences

in amount of plasticity by the end of simulation at di�erent

points in the sample for the case of in®nite interface COF.

Contours of constant mean stress (with values in parentheses in

MPa) are shown. The trajectory for homogeneous deformation

is largely coincident with the center of the sample curve in this

®gure, but shows slight softening by the end of the loading

program, which is also evident in Fig. 8.
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stress (r33) is not as strongly a�ected by di�ering
COFs, presumably because this stress component
is in the ``zero total-strain'' direction. As slip in
this direction is not permitted the interface friction
is unimportant. Also, the magnitude of the axial
normal stress (r22) is not greatly a�ected by dif-
ferent amounts of friction at the interface. (Like
the contours of mean stress that are shown later in
Figs. 7(a) and (b), r33, r22, and s12 have their
highest interface values in the outer corner for
in®nite COF and inward of this point for 0.02.)
We later discuss how the interface frictionÕs e�ect
on these stresses relates to the localization of the
sample near the interface.

For a ®nite (0.02) and in®nite COF models, Fig.
5 shows the r11 variation with whole-sample
nominal strain at two integration points (marked
as Q and R on Fig. 2) near the sampleÕs upper
boundary. Starting from approximately 20 MPa at
the hydrostatic state, for both cases the stress
component generally becomes less compressional
up to the onset of plasticity (occurring after (but
close to) points A and A0 in the inset of Fig. 5), at

Fig. 5. The change of r11 with whole-sample nominal strain is

shown at four locations along the sample±platen interface. Two

locations are in the bonded sample and two are in the 0.02 COF

sample, which correspond to the locations of the integration

points Q and R in Fig. 2. The simulation with the 0.02 COF

shows that this stress component is signi®cantly reduced by

frictional slip along the interface compared with the bonded

interface. Labels A0±E0 and A±E pertain to speci®c points in the

loading program for the 0.02 COF and the bonded sample,

respectively (see Figs. 3, 4, 6(a) and (b), and 9).

Fig. 6. The locations of integration points Q and R from Fig. 2 are shown by the dashed vertical lines, and the development of r11 at Q

and R with nominal strain is shown in Fig. 5. Regarding the x-axis, r0 is the undeformed half-width of the sample (0.0127 m) from the

vertical symmetry axis to the outside edge. (a) A series of plots showing how the variation of r11 across the sample±platen interface

changes for a 0.02 COF and a 2.25 aspect ratio. Curve A0 is during the elastic portion of the deformation and B0 is soon after plastic

deformation begins. The next three curves show the extent of slip along the interface, and show the reduction of r11 with further

deformation. (b) A series of plots along the sample±platen interface that shows how r11 evolves for a bonded interface and a 2.25 aspect

ratio. The ®rst curve is a distribution during the elastic portion of the deformation. The curves that follow are during the plastic

portion of the deformation, and show the development of the maximum r11 in the corner of the sample, in contrast with the case of

0.02 COF as shown in (a).
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which point it switches direction and becomes
more compressional.

The reduction of compressional r11 in the
marble at the interface during solely elastic de-
formation is caused by the platenÕs higher Poisson
ratio (0.33) relative to the marbleÕs (0.30). Since the
con®ning pressure is a dead load in compression,
as the axial load increases (compressionally) from
20 MPa, the platen tends to laterally expand more
than the sample. Due to friction at the interface,
the platen pulls the sample laterally to a greater
extent than the rock would expand without re-
straint. This results in a more tensional r11 in the

rock at the interface, and becomes more tensional
as loading progresses in the elastic regime. Con-
sidering the reduced strength of rocks in tension, it
is evident how a signi®cant mismatch in elastic
properties between the sample and platen could
facilitate fracture near the interface at low con-
®ning pressures, especially for a high COF. To
counter this e�ect, in experiments the platenÕs
elastic properties are chosen to be similar to the
sampleÕs. We later show how a high COF actually
inhibits localization near the sample±platen
boundary as loading progresses beyond the elastic
regime.

Fig. 7. (a) The distribution of pressure within the whole-sample for the 0.02 COF (and the 2.25 aspect ratio) shows the maximum

pressure near the marble-metal interface but displaced to the left of the outside corner. This distribution corresponds to a deformation

state soon after the ®rst onset of localization, which occurs in the center of the sample. These contours are plotted within the un-

deformed coordinates of the simulation, rather than the spatial domain. (b) The distribution of pressure within the whole-sample for

the bonded interface (and the 2.25 aspect ratio) shows the maximum pressure near the marble-metal interface and in the outside corner.

This distribution corresponds to a deformation state soon after the onset of localization, which occurs in the center of the sample.

These contours are plotted within the undeformed coordinates of the simulation, rather than the spatial domain.
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The abrupt change in r11 toward increasing
compression occurs at the onset of plasticity in the
marble while the metal remains elastic. The dila-
tancy that accompanies inelasticity in the rock
increases the sampleÕs ``e�ective'' Poisson ratio.
The tendency of increasing lateral expansion under
continued top loading causes the top-surface r11 in
the sample to become more compressional as dil-
atancy continues. During this period of dilatancy
in the sample, r11 in the platen near the interface
becomes increasingly tensional, causing a mean
stress decrease as discussed later. An important
di�erence between the samples with the in®nite
versus ®nite-COF shows up during the interval of
increasing compressional lateral stresses; the ef-
fects of frictional slip along part of the interface
causes the stress buildup to taper o� while the
bonded sample shows further increases. Eventually
r11 starts to slightly decrease (compressionally),
especially at point Q for the COF of 0.02 (D0 and
E0 in Fig. 5). The primed and unprimed points A±
E are also included in Figs. 6(a) and (b), and 9.

We follow the development of r11 along the
interface at several points in the loading program
(Figs. 6(a) and (b)). In these ®gures, the locations
of integration points Q and R from Fig. 5 are
marked by the two dashed vertical lines. In Fig.
6(a) the spatial extent of frictional slip is marked,
and the extent of interface slip moves from the
outer edge toward the centerline with increased
loading. Note that slip never occurs at the cen-
terline because of the symmetry boundary. The
lack of slip at the top centerline means r11 remains
a maximum (i.e., most compressional) there.
Conversely, the simulation with the bonded inter-
face (Fig. 6(b)) develops a maximum r11 at the
outermost point on the interface, where the ten-
dency to expand laterally is greatest; the e�ective
Poisson ratio of the sample rises with dilatancy but
expansion is restricted by the bonding with the
platen. This stress component decreases toward
the centerline where it is minimum, as expected
since the tendency to expand laterally is smallest at
this point. We ®nd that the location of the maxi-
mum r11 along the interface strongly in¯uences
whether localization ®rst occurs in the outer upper
corner of the marble (for lower COF) or at the
sampleÕs center (for higher COF).

Another di�erence in the stress state between
the two cases of non-homogeneous deformation
(i.e., in®nite versus ®nite COF) is the location of
the maximum mean stress in the vicinity of the
upper outer corner of the marble (Figs. 7(a) and
(b)). For the bonded interface (Fig. 7(b)), the
maximum mean stress (as well as all of the indi-
vidual stress components) occurs in the outer
corner. This stress concentration arises from the
geometry of the specimen, i.e., the presence of a
corner and lateral loading that is of a di�erent
magnitude than the axial load. For the interfaces
with a ®nite, non-zero friction coe�cient (0.01±
0.06) (Fig. 7(a)), the maximum mean stress (as well
as r22, r33, and s12) occurs not in that outer corner
but close to it, and toward the interior of the
marble. These ®gures show a relatively low mean
stress within the platen near the left side along the
interface that increases toward the platenÕs outer
edge. This lower mean stress (especially near the
vertical symmetry axis) results because the alumi-
num platenÕs resistance to the marbleÕs expansion
causes the development of tensional r11 (but not
r33, which remains compressional) in the platen
because of the marbleÕs inelastic dilatancy. As one
would expect, the bonded interface creates more
tensional r11 in the platen at the interface than the
0.02 COF, so that the bonded interface results in a
lower mean stress in the platen near the vertical
symmetry axis.

In Fig. 8 we plot the relationship between the
axial nominal stress and the axial nominal strain
for a homogeneously deformed sample. The de-
parture from the elastic to plastic regimes occurs at
the plus symbol. The localization onset, which
occurs throughout the entire sample for homoge-
neous deformation, is pre-peak and marked with a
blackened circle in Fig. 8. The stress±strain curves
for interfaces with non-zero COFs deviate some-
what from the homogeneous caseÕs curve, espe-
cially in the vicinity of the localization point
(Fig. 9). For the ®xed aspect ratio of 2.25, the
stress±strain curves for all possible COFs are
similar, but a closer look in the vicinity of the
points of (®rst) localization shows some intriguing
di�erences with respect to the stresses and strains
at localization and the location of the shear
banding onset within the test piece.
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3.3. Comparisons at localization

We compare the whole-sample axial nominal
stresses and strains for the numerical simulations
at the point in the loading program when the lo-
calization criterion of Eq. (A.1) is just reached.

The simulations show a trend toward higher
sample nominal stress and nominal strain at lo-
calization onset for lower interface COF (Fig. 10).
The cases with homogeneous deformation and a
perfectly bonded interface are ``limit'' points at the
highest and lowest stress/strain values, respective-
ly, while the points of non-zero, ®nite COF follow
the expected trend of approaching the homoge-
neous deformationÕs localization point as the COF
is reduced.

For the homogeneous case the localization cri-
terion is met everywhere in the sample, simulta-
neously (by de®nition), and at the highest nominal
stress and strain for the 2.25 aspect ratio but does
not occur at the peak stress of its stress±strain
curve (Fig. 8). When the COF is non-zero and ®-
nite, however, shear banding onset occurs at two
di�erent places; each ``event'' arises at a di�erent

Fig. 8. The evolution of axial nominal stress and axial nominal

strain for the homogeneously deformed sample shows the sig-

ni®cant departure from linearity. The onset of plasticity is

marked by the plus sign, and the onset of localization is marked

by the blackened circle.

Fig. 9. Comparisons of the 2.25 aspect ratio simulations with

several di�erent COFs show that the amount of friction at the

interface does not greatly alter the whole-sample axial nominal

stress and strain. The di�erences are most pronounced at higher

stress and strain. Points A±E and A0±E0 correspond to points on

the curves in Figs. 3±6.

Fig. 10. The curve in this ®gure shows the locus of localization

points for varying COF, as it depends on the whole-sample

axial nominal stress and strain for the 2.25 aspect ratio. For this

aspect ratio, as the interface COF is increased, the nominal

stress and strain at localization decreases from that of the ho-

mogeneous case. The points marked with A, B, and C (which

have no relation to points A±E in Figs. 3±6, and 9) correspond

to an aspect ratio that decreases from 1.875, to 1.5, and 1.0,

respectively, where each analysis has a ®xed interface COF of

0.06. At point A, localization occurs in the center of the sample.

At B and C, localization occurs near the upper outside corner of

the marble. Our analyses show that for the 1.0 aspect ratio, the

locus of localization for decreasing COF approaches the zero-

COF point along the 2.25 aspect ratio locus, as expected. For

the aspect ratio of 1.0, the second localization onset was pre-

vented for the range of strains in the simulation.
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load. With a COF of 0.01, localization onset is ®rst
reached near the outer upper corner of the quarter-
sample mesh (as shown in the whole-sample
schematic at COF� 0.01 in Fig. 10), followed by
the onset of a second localization at the center of
the test piece at a slightly higher nominal stress
and strain. For a COF of 0.02±0.06, localization
onset always occurs ®rst in the sampleÕs center
(shown by the whole-sample schematic near
COF� 0.02 in Fig. 10), followed by a second oc-
currence near the outer upper corner. At the strain
levels we consider, the sample with a bonded in-
terface does not experience a second localization
onset; the single onset is predicted in the center of
the sample. Also, the localization locus of Fig. 10
is not parallel to any axial stress/strain trajectory
for a sample with constant interface COF. There-
fore, the nominal stress/strain curve for the COF
of 0.02 in Fig. 9 hits the locus of Fig. 10 at a single
point, approaching it from below, and passing
through it toward a second localization event at
slightly higher stress and strain.

For the aspect ratio of 2.25, we ®nd that as the
COF is increased, the second localization event is
increasingly inhibited (Fig. 11). In this ®gure we
plot the di�erence between the current (i.e., at ®rst
localization) hardening modulus and the critical
hardening modulus at localization for all of the
2.25 aspect ratio simulations. For each COF, we
show the di�erence in moduli at the occurrence of
®rst localization but at two locations in the sam-
ple. One of the locations is the center of the sam-
ple; the second location is where the second
localization will later occur for the samples with
®nite, non-zero COF (except for the sample with
the 0.01 COF, which has its second localization at
the center). That the localization criterion is met in
the sample is shown by the di�erence in the
hardening moduli being zero, either near the upper
corner of the sample (for COF of 0.01) or in the
center of the sample (for COFs from 0.02 to 0.06).
The zero and in®nite COF simulations have only a
single localization event. We are not convinced
that the prediction of a second localization event is
physically meaningful in experiments, i.e., that it
should be anticipated during a loading program.
For our simulations, however, it provides a mea-
sure of the likelihood of localization at the sam-

pleÕs center versus near the outer corner as a�ected
by the COF.

Consideration of Fig. 11, with the trends ob-
served in Figs. 5 and 10 explains how interface
friction a�ects the location of shear banding onset
in Tennessee marble. Fig. 5 shows that r11 is re-
duced at the interface when the COF is low. Also,
our analyses show that the vertical (axial) normal
stress along the interface is not greatly changed
when the COF is changed. Therefore, the ratio of
r11 to r22 at the interface is reduced as the COF is
reduced, which causes localization to be facilitated
at the interface for low sample±platen friction. As
the COF is raised, the ratio is raised, and local-
ization near the interface is mitigated, in agree-
ment with Fig. 11 and the whole-sample
schematics for the aspect ratio of 2.25 in Fig. 10.

We also ran a series of simulations where the
COF was held constant at 0.06 while the sample
aspect ratio was decreased, as shown in points A,
B, and C in Fig. 10. As the aspect ratio was de-
creased, localization was predicted at higher
nominal stress and strain, and the tendency to
localize was enhanced near the upper outer corner

Fig. 11. This ®gure shows that for the 2.25 aspect ratio simu-

lations an increase in interface COF inhibits the second onset of

shear banding. The vertical axis corresponds to the di�erence

between the current plastic hardening modulus and the critical

modulus as predicted by the Rudnicki±Rice theory. The parts

of the curves that do not run along the zero line correspond to

the di�erence in moduli at the occurrence of ®rst shear banding

but at the location where the second localization is to occur at a

higher deformation in the sample.
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and diminished in the sampleÕs center. The whole-
sample schematics near points A, B, and C in Fig.
10 show how the aspect ratio a�ects the location of
shear band onset. Indeed, this result is not sur-
prising given that at lower aspect ratio, the inter-
face e�ects become increasingly important on the
location of localization, favoring a site closer to
the interface. This ®gure indicates that a change in
aspect ratio from 2.25 to 1.0 has a greater a�ect on
the nominal stress±strain curves than varying the
COF at ®xed aspect ratio, but the di�erences are
still not signi®cant.

In addition, a series of simulations with a 1.0
aspect ratio and COFs from 0.01 to in®nity
showed localization onset to occur exclusively near
the outer corner of the sample and prevented lo-
calization in the sampleÕs center for the range of
strain in the simulations. The locus of localization
for this aspect ratio (which is not shown in Fig. 10)
also steadily approached the axial stress and strain
of the homogeneous sample as the COF was de-
creased. These results support the choice of higher
aspect ratio samples for experimental work (Wa-
wersik et al., 1990; Labuz et al., 1996).

4. Discussion and conclusions

Among the three con®gurations that cover all
possible constant COFs, signi®cant di�erences
arise with respect to the s12 and r11 stress com-
ponents at the interface. Conversely, the magni-
tudes of r22 and r33 are not as greatly a�ected by
the COF at the interface. For in®nite COF, all
stress components along the interface are highest
near the outer edge, while the highest interface
stresses for ®nite COF are slightly closer to the
vertical centerline, except for r11 which has its
maximum value right at the centerline. We relate
these di�erences to the location in the sample
where the shear banding onset is predicted, dis-
cussed below. In spite of the di�erences, we ®nd
that the stresses and strains in the center of the
sample are not signi®cantly a�ected by di�erent
degrees of interface friction, and the whole-sample
nominal stress versus strain curves are not greatly
changed for simulations with di�erent COFs and a
®xed aspect ratio.

Interestingly, we ®nd in another study (Albert
and Rudnicki, 2000) that for axisymmetric speci-
mens, the stresses at the center of the sample are
more signi®cantly a�ected by the interface COF,
even for sample aspect ratios that are common in
experimental work. We also ®nd in the axisym-
metric sample study a similar migration of the
maximum interface mean stress, r33, r22, etc., to
the outer corner as the COF approaches in®nity.
Axisymmetric samples also show a more varied
material response late in the loading program
throughout the sample, but have not softened to
the Rudnicki±Rice theoryÕs predicted point of lo-
calization. The variety of material response in-
cludes more signi®cant softening for all COFs (the
homogeneous case is the only plane strain case
that shows softening for our analyses), elastic un-
loading, and strain hardening (Albert and Rudn-
icki, 2000).

For homogeneous deformation, localization is
predicted at higher axial stress and strain than for
non-zero COF models with an aspect ratio of 2.25.
As the amount of interface friction is increased,
shear banding onset is predicted at decreasing
whole-sample axial nominal stress and strain, and
is increasingly favored at the sampleÕs center while
being inhibited in the vicinity of the outer upper
corner.

Overall our models show well-de®ned trends for
the onset of shear banding as the sample±platen
interface friction and sample aspect ratio are var-
ied. The results show the subtleties that arise in
facilitating or inhibiting rock failure for experi-
mentalists. The aspect of ratio of 2.25 (which
matches that of the plane strain experiments on
Tennessee marble (Holcomb and Rudnicki, 2000))
generally mitigates end e�ects and favors local-
ization in the sample center relative to lower aspect
ratios. In addition, a COF that is too low ap-
proximates the homogeneous sampleÕs nominal
stress and strain, but favors the onset of localiza-
tion near the upper outer corner of the test piece.
Recall that for the low COF of 0.02, for example,
we found the highest compressional r11 at the top
centerline, not in the outer corner as was the case
for the in®nite COF. The localization near the
interface for low COF occurs because the low
friction causes a greater disparity between r22 and
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r11 near the outer corner, facilitating fracture.
Conversely, a higher interface friction coe�cient
causes a larger departure from the homogeneous
caseÕs nominal stress and strain, but restricts lo-
calization to the sampleÕs center. For high COF,
the disparity between r22 and r11 near the interface
is lessened, and localization near the interface is
inhibited. Indeed, we ®nd that the tendency to
localize a second time near the outside corner is
prevented (for the strain range we cover) as the
interface COF approaches in®nity.
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Appendix A

For a constitutive relation with the form out-
lined in the main text, Rudnicki and Rice (1975)
derived Eq. (A.1) for the value of the plastic
hardening modulus at the start of localization. The
so-called critical hardening modulus (hcrit) depends
on the deviatoric stress state (through the inter-
mediate stress parameter, N � sII=�s, where sII is the
intermediate deviatoric principal stress, and �s is an
equivalent shear stress, de®ned in the text), and the
dilation (b) and friction (l) factors as follows:

hcrit

G
� 1� m� �

9 1ÿ m� � b� ÿ l�2

ÿ 1� m� �
2

N
�
ÿ b� l� �

3

�2

: �A:1�

The forms of the constitutive functions outlined
in the text were determined by Holcomb and

Rudnicki (2000) based on experimental work at
Sandia National Laboratories. They determined
the functional form of the yield surface (a Druc-
ker±Prager surface which allows both hardening
and softening), dilation factor, internal friction
factor, and plastic hardening modulus. The con-
stants in the following equations are listed in
Table 1.

The speci®c form of the yield function in Eq. (1)
that Holcomb and Rudnicki ®nd to ®t the Ten-
nessee marble data is

�s � s0 � f1 rm; �c
p

� �
� f2 rm� �; �A:2�

where

f1 rm; �c
p

� �
� h0� � h1�cp

0 rm� � tanÿ1 �cp

cp
0 rm� �

 !
ÿ h1�cp

�A:3�
and

f2 rm� � � l0 min rm;r0� �: �A:4�
Forms for the friction factor l and the plastic
hardening modulus h can be determined from �s by
the expressions following Eq. (3) in the text.

Speci®cally, the internal friction factor (tangent
of the internal friction angle) was

l rm; �c
p

� �
� l0H�r0 ÿ rm� � c01�h0 � h1�

r0

� tanÿ1 �cp

cp
0�rm�

 !(
ÿ �cp=cp

0�rm�
1� ��cp=cp

0�rm��2
 !)

;

�A:5�

Table 1

Values of some constants

h0 68.27 GPa

h1 0.62 GPa

l0 0.39

c00 3.84 ´ 10ÿ5

c01 5.26 ´ 10ÿ6 MPaÿ1

r0 68.57 MPa

s0 34.72 MPa

b0 0.43

b1 1.49

c0 2.37 ´ 10ÿ4

c1 3.71 ´ 10ÿ3

B 3.32 ´ 10ÿ2

R.A. Albert, J.W. Rudnicki / Mechanics of Materials 33 (2001) 47±60 59



where H is the Heaviside step function, and the
normalizing strain cp

0 depends linearly on the mean
stress

cp
0 rm� � � c00 � c01rm: �A:6�

As the dilation and internal friction factors are
di�erent, the plastic potential and yield function
are not associated. The plastic hardening modulus
has the form

h�rm; �c
p� � h0 � h1

1� �cp=cp
0 rm� �

� �ÿ h1: �A:7�

For large values of plastic strain, this modulus
tends to )h1, and softening behavior.

The dilation factor is the tangent of the dilation
angle (the angle that the plastic strain increment
vector makes with respect to the deviatoric plane)
and was determined to be

b rm; �c
p

� �
� ÿB

rm

r0

� b1

ÿ b1 ÿ b0

1� ��cp=�c0 ÿ c1�rm=r0���2
 !

:

�A:8�
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