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Abstract. Compaction bands are narrow planar zones
of localized purely compressive (without shear) defor-
mation that form perpendicular to the most compres-
sive principal stress. Such bands have been observed
in high porosity rocks in the laboratory and in the field.
Because compaction presumably decreases permeability,
these bands can act as barriers to flow within reservoirs.
Reexamination of the results of Rudnicki and Rice (J.
Mech. Phys. Solids, 1975) for shear localization, with
corrections by Perrin and Leblond (J. Appl. Mech.,
1993), reveals that they admit solutions for compaction
bands in a range of parameters that is representative of
porous rock. Solutions for compaction bands are possi-
ble when the inelastic volume deformation is compactive
and is associated with a “cap” on the yield surface. The
expression for the critical hardening modulus (related
to the slope of the shear stress vs. shear strain curve at
constant mean stress) at which compaction bands are
predicted to form differs from that for shear localiza-
tion. For parameters representative of porous rock, ax-
isymmetric compression is the most favorable deviatoric
stress state for formation of compaction bands. Com-
parison of conditions for shear localization and com-
paction band formation suggests that either may occur
depending on the stress path and magnitude of the con-
fining stress.

1 Introduction

Compaction bands are narrow, planar zones of mate-
rial that is denser than that surrounding. Mollema and
Antonellini (1996) have reported field observations of
compaction bands in porous aeolian sandstone. The
material within the bands has apparently been com-
pacted without shear and the bands appear to be ori-
ented perpendicular to the maximum compressive prin-
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cipal stress. ? has summarized laboratory observations
of compaction bands.
Compaction bands may significantly affect fluid flow

in situ. Because the material within the bands is more
dense, it presumably has a lower permeability than sur-
rounding material. Hence, bands may constitute bar-
riers to fluid flow. The presence of compaction bands
in highly porous hydrocarbon reservoirs could adversely
affect attempts to inject or extract fluids for energy stor-
age or production. The denser material within the bands
may also be stronger than the surrounding material.
Thus, the presence of bands will also affect the mechan-
ical strength of the formation. Because the bands are
localized structures, they will be difficult to detect from
the surface by geophysical methods. For these reasons,
understanding the stress states and material properties
that are conducive to compaction band formation is im-
portant.
How do compaction bands form? Why should the de-

formation localize in a planar zone? ? addressed these
questions within the framework of bifurcation theory
used by Rudnicki and Rice (1975) to study conditions
for the formation of shear bands in pressure-sensitive,
dilatant materials. ? showed that compaction bands
were possible for porous rocks for which predominantly
hydrostatic compressive stress states cause inelastic vol-
ume decrease. The conditions obtained by ? for band
formation were restrictive. However, by extending the
approach of ? and by reexamining the Rudnicki and
Rice (1975) analysis, Issen and Rudnicki (2000) iden-
tified less restrictive conditions for compaction band for-
mation. Although Rudnicki and Rice (1975) had iden-
tified this possibility, these solutions were not discussed
because of their focus on low porosity, dilatant rocks. By
incorporating a correction to the original Rudnicki and
Rice (1975) analysis, which was pointed out by Perrin
and Leblond (1993), Issen and Rudnicki (2000) showed
that compaction bands were the preferred non-uniform
solution (compared with shear bands) for a range of ma-
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terial parameters that is representative of high porosity
rock. This paper continues the analysis of Issen and
Rudnicki (2000). In particular, we examine a wider
framework of constitutive relations, which includes the
possibility of a yield surface cap (shear stress required
for further inelastic deformation decreases with increas-
ing compressive mean stress). We also discuss the con-
sequences of loading at a corner, which occurs if the cap
and shear yield surfaces do not meet smoothly.

2 Bifurcation Approach to Localization

Building upon earlier analyses of Hadamard (1903),
Mandel (1966), Thomas (1961) and Hill (1962), Rud-
nicki and Rice (1975) showed that localized deforma-
tion in a planar band with normal n is an alternative to
(bifurcation from) homogeneous deformation if a non-
trivial solution exists to the following eigenvalue prob-
lem:

{niLijklnl} gk = 0 (1)

A non-trivial solution for the gk is possible only when

det {niLijklnl} = 0 (2)

In (1) and (2), L is the tensor appearing in an incre-
mentally linear relation between the stress-rate σ̇ and
the strain-rate ε̇

σ̇ij = Lijklε̇kl (3)

The components of L are symmetric with respect to in-
terchange of the first two indices and the last two, but
not necessarily with respect to interchange of the first
pair with the last pair. (The relation (3) is properly
written for work-conjugate stress and strain measures
and an objective stress rate (Hill , 1968). But the ef-
fect of this refinement on the localization condition is
typically small (Rudnicki and Rice , 1975) and, for sim-
plicity, we neglect it here.)
The condition (1) is the result of the requirements

that the non-uniform field be in equilibrium and that the
velocity field be continuous at the instant of band for-
mation or localization. Equilibrium is expressed by the
condition that the traction-rates be continuous across
the band boundary. A continuous velocity field requires
that the difference in the strain-rates inside and out-
side of the band has the form of the symmetric part
of the tensor with components nigj , where the gj are
functions of distance across the band. A recent anal-
ysis of Bésuelle (2000) has shown that the localized
zone corresponds to a shear band when the vector g
has a component parallel to the plane of the band and
may, in addition, be dilating or compacting depending
on whether n·g is positive or negative. For a compaction
band g is in the direction of n and opposite to it for a
dilation band.

The condition (2) relates the constitutive properties
and the band directions for which localized solutions are
possible. Obviously, the possibility that (2) can be met
for some orientation depends strongly on the nature of
the constitutive relation for homogeneous deformation
that defines the components of L.

3 Constitutive Relation

Experimental testing of rocks has shown that there is
a set of stress states for which the response can be de-
scribed as elastic. For stress states on the boundary of
this region, the yield surface, the deformation is non-
elastic and the size and shape of this elastic region may
evolve with non-elastic deformation. For simplicity, we
assume that the yield surface depends on stress only
through the first and second invariants (or equivalently
the first invariant of the stress and the second invariant
of the deviatoric stress). The first invariant is denoted
by σ = −(1/3)σkk, where the repeated subscript denotes
summation and σkk is assumed to be positive in tension.
The second invariant of the deviatoric stress is given by
τ =

p
(1/2)sijsij , where the sij = σij − (1/3)δijσkk are

components of the deviatoric stress and δij = 1 if i = j,
δij = 0 if i 6= j. If inelastic deformation is assumed to
depend on stress only through τ and σ, then the yield
condition can be written as

F (τ, σ, ακ) = 0 (4)

where the ακ denote a set of variables that keep track
of the history of inelastic deformation. In the simplest
cases, these may be the inelastic strains themselves or
some scalar combination of them. More generally, they
may be internal variables such as microcrack density,
dislocation density, or porosity. For fixed ακ the yield
condition describes a surface in the τ vs. σ plane (see
Figure 1) with slope µ = −(∂F/∂σ)/(∂F/∂τ). When
the stress state is on the yield surface, the inelastic strain
increments are assumed to be expressed in terms of a
plastic potential Γ(τ, σ, ακ):

dεpij = dλ
∂Γ

∂σij
= dλ

½
sij
2τ

∂Γ

∂τ
− 1
3

∂Γ

∂σ
δij

¾
(5)

where dλ is a non-negative scalar parameter. An im-
plication of this form is that the increment of inelastic
volume strain is connected to the increment of inelas-
tic equivalent shear strain, dγp = (2depijde

p
ij)

1/2 (depij
is the deviatoric part of dεpij), by dεpkk = βdγp, where
β = −(∂Γ/∂σ)/(∂Γ/∂τ) is called the dilatancy factor.
Because the ακ must change with inelastic deforma-

tion so that the stress state remains on the yield surface
the following consistency condition must be satisfied:

dF =
∂F

∂τ
dτ +

∂F

∂σ
dσ +

∂F

∂ακ
dακ = 0 (6)
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Fig. 1. For fixed ακ, the yield function, F = 0, describes a
yield surface (corresponding to stress states that cause non-elastic
deformation) in the τ −σ plane. A possible yield surface for high
porosity rock (closed on the σ− axis) is shown.

For a rate-independent constitutive relation, changes in
the ακ are related linearly to dε

p
ij :

dακ = Φ
κ
ij(τ, σ, αξ)dε

p
ij (7)

Substituting (5) into (7), the result into (6), solving for
dλ and substituting the result into (5) yields the follow-
ing expression for the plastic strain increments

dεpij =
1

H

½
sij
2τ

∂Γ

∂τ
− 1
3

∂Γ

∂σ
δij

¾½
∂F

∂τ
dτ +

∂F

∂σ
dσ

¾
(8)

where

H = − ∂F

∂ακ
Φκkl(τ, σ, αξ)

∂Γ

∂σkl
(9)

is a plastic hardening modulus.
In their study of conditions for shear localization,

Rudnicki and Rice (1975) used this framework with
∂F/∂τ = ∂Γ/∂τ = 1. Holcomb and Rudnicki (2000)
used the same framework with γp as the sole parameter
(ακ) characterizing the history of plastic deformation
to describe a suite of axisymmetric compression tests
at confining pressures from 0 to 100 MPa on Tennessee
Marble. Because Rudnicki and Rice (1975) focused on
shear localization in low porosity, dilatant rocks, they
restricted attention to values of µ (local slope of yield
surface) and β (dilatancy factor) that were positive. In
this case, the yield surface is not closed on the hydro-
static (σ) axis and no inelastic deformation is caused by
purely hydrostatic stress (at least in the pressure range
of interest). By considering negative values of µ and
β the formulation can be applied to the case where the
yield surface is closed on the σ axis and the inelastic vol-
ume strain is compactive, as appropriate for high poros-
ity, compacting rocks. For such rocks, using γp as the

sole parameter characterizing inelastic deformation, as
assumed by Holcomb and Rudnicki (2000) is unlikely to
be suitable. At a minimum, it is expected that the yield
surface would evolve with the inelastic volume strain or
inelastic portion of the porosity.
The framework used by Rudnicki and Rice (1975)

does, however, break down for purely hydrostatic stress-
ing. By symmetry ∂F/∂τ (and likely ∂Γ/∂τ) must van-
ish for τ = 0 (the slope of the yield surface is vertical).
Furthermore, microstructural observations (Menéndez
et al. , 1996) have indicated that the mechanisms of
inelastic deformation for low porosity dilatant rocks (mi-
crocrack creation and growth) differ from those of high
porosity, compacting rock (pore collapse, grain disag-
gregation and grain crushing). Consequently, it is plau-
sible that these differing mechanisms are reflected at
the macroscopic level by two independent yield surfaces.
This observation has been implemented by introducing
a “cap” on the yield surface. The “cap” model (often de-
picted as approximately a quarter ellipse intersecting the
mean stress axis perpendicularly) was apparently first
introduced by DiMaggio and Sandler (1971) for soils,
but has been widely used to describe the compactive
behavior of high porosity rock (Wong et al. , 1992; ?;
Fossum and Fredrich , 2000). Issen (2000) used a spe-
cialized version of the constitutive framework discussed
above to represent the cap yield surface: ∂F/∂σ =
∂Γ/∂σ = 1, with εp as the sole parameter (ακ) char-
acterizing the history of plastic deformation. This for-
mulation accommodates inelastic volume strain due to
hydrostatic pure compression.
Aydin and Johnson (1983) accounted for inelastic

volume strain due to hydrostatic compression by adding
a term to the Rudnicki and Rice (1975) constitutive re-
lation. The modified relation is obtained by replacing
K (the elastic bulk modulus), with K∗ = Kk/ (K + k),
where k (the “bulk” hardening modulus) is the slope
of the mean stress - inelastic volume strain curve at
constant shear stress. Issen (2000) showed that this
change is equivalent to the activation of a second yield
surface - a flat cap perpendicular to the mean stress axis,
such that both the flat cap and shear yield surfaces are
active and form a vertex (i.e., join with unequal slopes).

4 Shear and Compaction Bands

When the modulus tensor, Lijkl (found by inverting (8))
is substituted into (2), the resulting expression can be
solved for H, which varies with the constitutive parame-
ters and the band orientation. Three band orientations
are possible: shear bands (nII = 0), compaction bands
(nIII = 1) and dilation bands (nI = 1), where nK are
the components of the unit vector normal to the band,
and K = I, II, III are the principal stress directions.
Rudnicki and Rice (1975), using H = h = the slope of
the shear stress-inelastic shear strain curve at constant
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mean stress, determined the expression for the critical
value of the hardening modulus for shear bands

hIIcr
G

=
1 + ν

9 (1− ν)
(β − µ)

2 − 1 + ν

2

·
NII +

1

3
(β + µ)

¸2
(10)

where G is the elastic (unloading) shear modulus and ν
is Poisson’s ratio. Since h is expected to be monotoni-
cally decreasing with ongoing inelastic deformation, the
expression (10) gives the first value of h at which shear
bands are possible if the following condition is satisfied
(Perrin and Leblond , 1993):

(1− 2ν)NII −
q
4− 3N2

II ≤
2

3
(1 + ν)(β + µ) (11)

≤ (1− 2ν)NII +
q
4− 3N2

II

whereNII = sII/τ , and sII is the intermediate principal
deviatoric stress.
When the left inequality of (11) is violated, com-

paction bands (perpendicular to the most compressive
principal stress) are predicted, and the expression for
the critical value of the hardening modulus is given by
(Issen and Rudnicki , 2000)

hIIIcr

G
=

1 + ν

9 (1− ν)

(
(β − µ)2 −

·
3

2
NIII − (β + µ)

¸2)

−
µ
1− 3

4
N2
III

¶
(12)

where NIII = sIII/τ , and sIII is the most compressive
principal deviatoric stress. When the right inequality
of (11) is violated, dilation bands are predicted (perpen-
dicular to the least compressive principal stress), and
the expression for the critical hardening modulus, hIcr,
is found by replacing NIII with NI = sI/τ in (12).
Perrin and Leblond (1993) noted that expressions

(10) and (12) are continuous, such that as the left side
of (11) approaches equality, the shear band angle (the
angle between band normal and direction of maximum
compression) approaches 0◦, and the expressions for (10)
and (12) are equal. Similarly, for the right side where
the band angle approaches 90◦. Additionally, Bésuelle
(2000) showed that the band type varies smoothly from
compaction bands to dilation bands through the range
of (11).
The ranges of β + µ for which the solutions are valid

are summarized in Figure 2 (for ν = 0.2). The upper
and lower inequalities of (11) are shown as a function of√
3NII . Shear bands are predicted in the central region,

where (10) represents the largest critical value of the
hardening modulus. Compaction bands are predicted
for values of β+µ below the region, since (12) as written

1

2

-2

-1

0

-1.0 -0.6 -0.2 0.2 0.6 1.0

1

2

-2

-1

0

-1.0 -0.6 -0.2 0.2 0.6 1.0

Shear
Bands

Compaction
Bands

Dilation
Bands

3 IIN

( )1
3 β µ+

( ) ( )
( )

21 2 4 31
3 2 1

II IIN Nν
β µ

ν
− − −

+ =
+

( ) ( )
( )

21 2 4 31
3 2 1

II IIN Nν
β µ

ν
− + −

+ =
+

Axisymmetric
Tension

Axisymmetric
Compression

Fig. 2. Predicted band orientations as functions of β + µ and
NII . Shear bands are predicted between the bold lines, while
compaction bands are predicted below the lower line, and dilation
bands are predicted above the upper line.

is greater than (12) with NI replacing NIII . Similarly,
dilation bands are predicted above the central region.
Issen and Rudnicki (2000) note that axisymmetric

compression is the most favorable stress state for com-
paction band formation, since (12) is largest for this
stress state. For axisymmetric compression, NI =
NII =

√
3, NIII = −2/

√
3 and (12) reduces to

hIIIcr

G
= −1

3

(1 + ν)

(1− ν)

µ
1 +

2√
3
µ

¶µ
1 +

2√
3
β

¶
(13)

Thus, compaction bands are predicted to form with pos-
itive hIIIcr if µ < −√3/2 or β < −√3/2 but not both.
For axisymmetric compression, the condition on β im-
plies that the inelastic increment of lateral strain is com-
pactive. Although the hardening modulus h is not
directly observable in axisymmetric compression, the
slope of the stress difference - inelastic axial strain curve,
Ep, is given by (Cleary and Rudnicki , 1976)

Ep = 9h/
³√
3− β

´³√
3− µ

´
(14)

If µ >
√
3, the slope of the yield surface in τ vs. σ

exceeds the slope of the stress path for axisymmetric
compression and hence inelastic deformation is not pos-
sible. If β >

√
3, the inelastic increment of axial strain

must be extensile which contradicts the assumption of
axisymmetric compression. Consequently, the sign of Ep

is the same as that of h for the physically valid range of
β and µ.
The observations of ? on Castlegate sandstone indi-

cate that Ep is positive and hence h will also be positive.
Figure 3 shows the regions of the β vs. µ plane where
compaction bands (fishscale) and shear bands (cross-
hatched) are predicted to occur with positive hcr and
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Fig. 3. Values of β and µ where compaction bands (fishscale)
and shear bands (cross-hatched) are predicted for axisymmetric
compression with hcr > 0. Values reported by Olsson (1999) are
within the oval. (Actual plot is for ν = 0.2)

subject to the condition that both β and µ be less than√
3. The line AB corresponds to the left inequality in

(11) and the lower boundary of the region for shear
bands in Figure 2 for axisymmetric compression. A
line through DE is given by

β + µ =
√
3

Ãs
2

(1− ν
− 1
!
/

Ãs
2

(1− ν
+ 1

!
(15)

This value of β + µ is less than that given by right
inequality in (11) for axisymmetric compression. Lines
corresponding to hIIcr = 0 are given by

β =

(
µ

Ãs
2

(1− ν
± 1
!
±
√
3

)
/

Ãs
2

(1− ν
∓ 1
!
(16)

where the upper sign applies for CD and the lower for
CE. The values reported by ? (represented by the small
oval in Figure 3) fall within (11). Therefore, only shear
bands are predicted, but both shear and compaction
bands were observed.
As noted earlier, the differing microscale mechanisms

for dilatant and compactive deformation suggest the
possibility of a yield surface comprising two facets, a
shear yield surface and a “cap”. If the loading path
first intersects one facet, pushes it outward as harden-
ing occurs, then intersects the second facet, both sur-
faces will be active. The case in which the loading path
intersects the cap first (Wong et al. , 1992) is illustrated
in Figure 4. If the facets meet smoothly, the results are
the same as for the single active yield surface discussed
above. If, however, the yield surfaces and plastic po-
tentials form corners, the expressions for the values of
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, τ
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Fig. 4. A two yield surface model for high porosity rock, with
an axisymmetric compression loading path that pushes the initial
cap outward to the shear yield surface, thus activating both yield
surfaces.

the critical hardening moduli become much more com-
plicated. Nevertheless, simple results are possible for a
few special cases.
As noted by Issen (2000), the modification of the

constitutive relation by Aydin and Johnson (1983) cor-
responds to the introduction of a flat cap perpendicular
to the mean stress axis. The approximate effect on
the localization conditions (10) - (12) can be seen by
replacing Poisson’s ratio by an effective value ν∗:

ν∗ =
3K∗ − 2G
2 (3K∗ +G)

(17)

If k << K, then K∗ ' k, and K∗ << G, which re-
sults in ν∗ → −1. As ν∗ → −1, the critical hardening
modulus for shear bands, hIIcr → 0. For axisymmetric
compression, the band angle, θ → 0◦, while hIIIcr → 0.
Thus, the Aydin and Johnson (1983) modification de-
creases the magnitude of the critical value of the hard-
ening modulus at which localization is possible, and for
a program of deformation where h decreases with con-
tinued inelastic loading, compaction bands are predicted
when h = hIIIcr = 0.
It is interesting to note that Rudnicki and Rice (1975)

showed that the effect of a yield surface vertex on the
projection of the yield surface on the plane σ = 0 could
be treated approximately by introducing a deformation
theory of plasticity. This had the effect of replacing the
elastic shear modulus by a reduced effective value. Here,
the effect of the Aydin and Johnson (1983) modification
is to alter the effective value of Poisson’s ratio.
Issen (2000) has also obtained simple results for the

special case corresponding to k = 0. High porosity sand-
stone under either pure hydrostatic compression or ax-
isymmetric compression at “high” confining pressures
is characterized by a stress - strain curve with a knee,
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followed by a mildly sloping region (shelf), where grain
crushing and pore collapse occur (Zhang et al. , 1990;
Wong et al. , 1992, 1997). For hydrostatic compres-
sion, the shelf corresponds to k < K , possibly k << K.
For axisymmetric compression, the slope is not strictly
related to k (since the shear stress is not constant),
but k << K may be valid on the shelf and k = 0
is a plausible first approximation. In this case, Issen
(2000) showed that compaction bands are predicted for
hIIIcr ≡ 0 in a wide range of values of dilatancy factors
and friction coefficients (including those reported by ?
for specimens with compaction bands) as long as the
vertex formed by the two facets is convex.

5 Conclusion

We have summarized the predictions of Issen and Rud-
nicki (2000) for the occurrence of compaction bands
using the approach of Rudnicki and Rice (1975) for
shear bands. In particular, the appearance of the band
is viewed as a bifurcation from, or alternative solution
to, homogeneous deformation. In addition, we have dis-
cussed these results within a more general constitutive
framework that includes the possibility of a vertex or
corner where two facets of the yield surface intersect.
Unfortunately, definitive values of the constitutive pa-

rameters needed to evaluate the predictions carefully
are not available. The values of the friction coefficient
and dilatancy factor reported by ? at the formation of
compaction bands are not sufficiently negative to agree
with the theoretical predictions based on a single smooth
yield surface. These values are, however, difficult to de-
termine precisely at the onset of localization and can
vary considerably with inelastic deformation (Holcomb
and Rudnicki , 2000). Furthermore, results of examin-
ing a few special cases suggest that conditions for com-
paction bands may be considerably less stringent if the
yield surface or plastic potential has a corner at the
current load point. This seems likely to be the case
for materials characterized by a shear surface and a cap
under a range of loading conditions. Consequently, a
more complete constitutive description in the vicinity of
the intersect of the cap and shear surface is needed to
contrain the predictions better.
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