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[1] This paper analyzes slip on a fluid-infiltrated dilatant fault for imposed (tectonic)
strain rates much slower than the rate of fluid exchange between the gouge zone and the
surroundings and for exchange of heat slower than of fluid, typical of interseismic or most
laboratory loading conditions. The limiting solution, corresponding to the infinitely rapid
drainage rate, developed in the companion paper by Garagash and Rudnicki [2003],
yielded unbounded slip acceleration for sufficiently large slip weakening of the fault.
Analysis for rapid but finite drainage rates (quasi-drained condition) reveals two types of
possible instability. The first is inertial instability (a seismic event) characterized by an
unbounded slip rate and attributed to the destabilizing effects of shear heating and fault
slip weakening. The second corresponds to loss of uniqueness and arises from the small
pressure increase caused by shear heating for rapid but finite rates of drainage. This
instability emerges for even small amounts of thermomechanical coupling and a large
range of dilatancy and slip weakening. Its resolution probably requires a more elaborate
frictional description (e.g., rate and state), but within the slip-weakening framework here,
leads to either slip arrest or inertial instability. The response is always unstable (in one of
these two ways) for sufficiently large thermal coupling or initial stress regardless of the
amount of slip weakening and dilatancy. The counterintuitive stabilizing effect of
increased slip weakening or decreased dilatancy, similar to the effect in the companion
paper, also occurs for nearly drained slip. INDEX TERMS: 3210 Mathematical Geophysics:

Modeling; 3299 Mathematical Geophysics: General or miscellaneous; 5104 Physical Properties of Rocks:

Fracture and flow; 5134 Physical Properties of Rocks: Thermal properties; 7209 Seismology: Earthquake

dynamics and mechanics; KEYWORDS: shear heating, friction, dilatancy, slip-weakening, earthquakes,

permeability
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1. Introduction

[2] Frictional slip or inelastic shear deformation in a fault
zone generates heat and, if the heat does not escape
sufficiently rapidly, can cause the temperature of an infil-
trating pore fluid to increase. If the pore fluid is confined to
the fault zone, the increase in temperature causes an
increase in pore pressure, decreasing the effective compres-
sive stress and, hence, the resistance to slip or inelastic shear
deformation. Dilation, an inelastic increase in pore volume
due to shear deformation or slip, tends to reduce the pore
pressure and counteract an increase due to heating. The
magnitude of these effects and their interaction depend on
the relative rates of fault zone deformation and of the flux of
fluid or heat from the fault zone.

[3] Studies examining the role of shear heating [e.g.,
Lachenbruch, 1980; Raleigh and Evernden, 1981; Mase
and Smith, 1987] have assumed steady slip or focused on its
role during dynamic (seismic) slip [e.g., Andrews, 2002].
Shear heating can also affect whether slip is stable
(aseismic) or unstable (seismic) [e.g., Shaw, 1995; Sleep,
1995] and, if unstable, the conditions at onset. Because
shear heating depends on the absolute level of stress (not
just its change), it introduces a depth dependence into the
response in addition to that caused by depth variation of
material and transport properties. Hence shear heating can
affect the depth at which unstable slip initiate.
[4] This paper continues the investigation by Garagash

and Rudnicki [2003] (hereinafter referred to as GR) of the
role of shear heating on the stability of slip. In particular,
they extended the saturated, slip-weakening, dilatant fault
model by Rudnicki and Chen [1988](hereinafter referred to
as RC) to include the effect of shear heating. The model is
essentially a spring-slider system with fluid and heat flow
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from the fault zone assumed to be proportional to the
difference of the pore pressure and temperature in the fault
zone and remote values in the surrounding rock mass
(Figure 1). This simple model, despite its limitations, has
proven to be useful in assessing the roles of various physical
processes, in delimiting the ranges of material and transport
properties where different types of behavior may be
expected, and in establishing a basis for understanding more
realistic, but more complex models. In particular, the spring
slider model has been widely used for the exploration of
rate- and state-dependent constitutive models [e.g., Rice and
Ruina, 1983; Rice and Tse, 1986; Gu et al., 1984; Blanpied
and Tullis, 1986; Segall and Rice, 1995; Ranjith and Rice,
1999; Chambon and Rudnicki, 2001].
[5] GR discussed estimates for the physical and normal-

ized parameters of the problem for typical in situ conditions
and studied the stability of slip in certain limiting regimes
suggested by these estimates. These included the case of no
dilation and no slip weakening, the fully drained case, in
which fluid flow from the fault zone occurs much more
rapidly than the slip rate, and the undrained, adiabatic case,
in which no heat or fluid mass exchange occurs between the
fault zone and the surroundings. The last is appropriate if
the slip rate is large (compared with rates of fluid and heat
exchange) as occurs as instability is approached. The
undrained, adiabatic case is also appropriate if the fault is
thermally and hydraulically sealed, as is likely to occur for
at least some faults in situ.
[6] Unless the fault is hydraulically sealed, or nearly so,

the rate of fluid exchange between the fault and the

surrounding crust will be so much larger than the rate of
loading by tectonic straining in the Earth’s crust (or in
typical laboratory conditions) that the fully drained approx-
imation must apply for most of the slip history. For
sufficient slip weakening, this approximation predicts the
occurrence of an inertial instability corresponding to a
seismic event [Garagash and Rudnicki, 2003; Rudnicki
and Chen, 1988]. As the slip rate increases toward this
instability, the fully drained approximation breaks down:
slip is occurring more rapidly than fluid or heat can
exchange with the surroundings. Neglecting the effect of
shear heating, RC showed that dilation accompanying rapid
slip can prevent this instability: rapid dilation reduces the
pore fluid pressure, increases the effective compressive
stress and, thus, the resistance to slip. Our goal in this paper
is to determine how these conditions are altered by includ-
ing shear heating.
[7] Because of thermal expansion, shear heating tends to

increase the pore pressure of a confined fluid and, thus,
would be expected to compete with the stabilizing reduc-
tions of pore fluid caused by dilatancy. The limiting cases in
GR show, however, that pressure increases due to shear
heating can be self-limiting: the pressure increase reduces
the effective compressive stress and, thus, the magnitude of
shear heating. Furthermore, examination of the undrained,
adiabatic case demonstrated that dilatancy can actually
contribute to destabilization by increasing the effective
compressive stress and, thus, the rate of shear heating. In
order to determine whether inertial slip instability does, in
fact, take place under low rates of imposed straining (typical
of most tectonic or laboratory conditions), it is necessary to
relax the assumption of fully drained conditions and con-
sider rapid, but finite drainage rates.
[8] Parameter ranges representative of field conditions are

discussed in detail in GR. Although plausible ranges can be
identified, estimates can vary over one, or even more, orders
of magnitude due to uncertainty or variations in field
conditions. As a result, we will consider a broad range of
parameters and determine those ranges for which the
response is predicted to be stable or unstable.

2. Formulation

[9] The formulation of the model is described in detail in
GR but is briefly recapitulated here. The model is developed
in GR for the layer geometry shown in their Figure 1 but is
equivalent to the one degree-of-freedom, spring-slider sys-
tem shown in Figure 1. The notation is described in the
notation section. The response of the system is governed by
three equations expressing equilibrium, fluid mass conser-
vation, and energy conservation.
[10] Equilibrium of the slider requires that

to þ G _g‘t � d=‘ð Þ ¼ to þ tflt dð Þ � mo p� po½ �; ð1Þ

where the left-hand side is the force in the spring, the right-
hand side is the frictional resistance to sliding of the block
(both expressed for a block of unit area), and to is the initial
shear stress when the time t and block slip d are zero. The
imposed rate of strain _g‘ is taken to be representative of
tectonic strain rates, G is the shear modulus of the material
surrounding the fault and ‘ is a characteristic length of the
crustal block. The second term on the right-hand side tflt(d)

Figure 1. Model represented as a single-degree-of-free-
dom system.
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is the dependence of the fault frictional resistance on slip (at
constant effective compressive stress). As discussed in more
detail in GR, the dependence is assumed to be simply on the
slip rather than on the rate of slip and the state of the
frictional surface. The last term on the right-hand side is
the product of a friction coefficient mo and the change in the
effective compressive stress. The effective compressive
stress is the difference between the total compressive stress
and the pore pressure, but because the total compressive
stress is assumed to be constant (and the initial value is
absorbed into to), only the difference between the fault zone
pore pressure p and the remote, ambient value po appears in
equation (1).
[11] Fluid mass conservation is expressed as

lo

dfp

dd
_dþ _p

K 0 � b0 _q
� �

¼ �k
p� po

‘k
; ð2Þ

where the left-hand side is the rate of change of fluid mass
in the fault zone and the right-hand side is fluid flux into the
fault zone. As in RC and Segall and Rice [1995], fluid mass
flux from the fault zone is assumed to be proportional to the
difference between the pore pressure in the fault p and a
remote pore pressure po, and divided by a characteristic
length ‘k over which diffusion occurs; k is fluid
conductivity. The initial thickness of the fault zone is lo.
The three terms on the left-hand side are the fluid mass
change due to change of inelastic porosity fp (assumed to
be a function only of the slip d), the change of pore pressure,
_p, and the change of temperature, _q, respectively. The
coefficients K0 and b0 are the effective bulk modulus and
thermal expansivity, respectively.
[12] Energy conservation is expressed as

loC _q ¼ t_d� c
q� qo
‘c

; ð3Þ

where the heat flux, the second term on the right-hand side
is modeled in a manner similar to fluid diffusion: ‘c is a
characteristic length and c is a thermal conductivity. The
first term on the right-hand side is the rate of heating caused
by frictional slip with t given by either the right or left-hand
side of equation (1). The left-hand side of equation (3) is the
rate of heat change in the fault zone with C denoting the
heat capacity.
[13] Equations (1), (2), and (3) comprise a complete

system, but it is useful to combine them to yield

G

‘
þ dtflt

dd
� moK

0 b0t
loC

� dfp

dd

� �� �
_d ¼G _g‘ �

mo
tk

p� poð Þ

� moK
0b0

tc
q� qoð Þ; ð4Þ

where tk = lo‘k/kK
0 and tc = lo‘cC/c are timescales of pore

fluid and thermal diffusion, respectively. The system of
equations governing the response is now equation (4)
(which is identical to equation (16) of GR), (3) and (1).
[14] The variation of the fault shear stress tflt is taken to

have the same simple forms as in RC (discussed in more
detail there and in GR):

tflt ¼ � to � trð Þg d=drð Þ; ð5Þ

where tr < to and

g xð Þ ¼
�2x3 þ 3x2 0 	 x 	 1

1 x > 1:

8<
: ð6Þ

Similarly, the inelastic porosity fp is taken to have the form

fp ¼ fp
r f d=drð Þ; ð7Þ

where

f xð Þ ¼
2x� x2 0 	 x 	 1

1 x > 1:

8<
: ð8Þ

(Because RC do not include the initial fault zone thickness,
denoted here by lo, in their formulation, the function f is
used for the fault opening (relative normal displacement)
rather than the inelastic porosity.) Writing equations (4), (3),
and (1) in nondimensional form in terms of normalized time
T, slip �, and temperature � (see notation section for
definitions) yields

_� ¼ 1

�

N �;�ð Þ
D T ;�ð Þ ð9aÞ

_� ¼ �t
_�� 1

�c
�: ð9bÞ

The numerator N and denominator D in equation (9a) are

N ¼ ��þ � 1� B
�c

�

� 	
ð10Þ

D ¼ � f 0 �ð Þ þ 1� 2

3
Ag0 �ð Þ � B�t; ð11Þ

and the dimensionless pressure � and shear stress �t are
given by

� ¼ �T þ�� 2

3
Ag �ð Þ ð12aÞ

�t ¼ �o
t þ mo T ��ð Þ: ð12bÞ

[15] The nondimensional equations contain two ratios of
timescales, � = tk /(dr/ _g‘‘) and �c = tc /(dr / _g‘‘), a stress state
parameter, �o

t, and three material parameters A, B, and �,
expressing the magnitudes of slip weakening, thermal
expansion, and dilatancy, respectively. Representative val-
ues of these parameters for in situ conditions are discussed
in detail by GR. Both � and �c are very small with �c
ranging from 10�6 to 10�2 and � a factor of 10�4 smaller. A
is generally of the order of unity, in the range 0.1–10, and
representative values of � range from 0.004 to 4.0. The
parameter B is depth-dependent, reflecting depth depen-
dence of the coefficient of thermal expansion. It increases
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roughly linearly for depths greater than 3 km and by less
than a factor of 2 between 3 and 8 km. At 8 km depth, GR
estimate that B is in the range 0.0034–0.34. The stress state
parameter �o

t is equal to the ratio of the initial stress to,
assumed to be the peak value, to a characteristic pressure
p* = Gdr /m0‘. GR estimate p* as 0.5–5.0 MPa and, for a
lithostatic stress gradient (30 MPa km�1), a hydrostatic pore
pressure gradient (10 MPa m�1), and a depth-independent
frictional stress reduction of to � tr � 10 MPa, to = 10 +
12 (depth in km). The relatively large ranges of values of
these parameters are due to both uncertainty about in situ
values of material and transport properties and about the
appropriate value of the length ‘ in the spring-slider system
needed to simulate the more complex actual system.

3. Limiting Cases

[16] GR analyzed a number of limiting cases that illus-
trate the effects of shear heating and, in addition, accurately
describe the response of the system over a portion of its
history. A brief recapitulation of some of these cases will be
useful as an introduction to the following analysis and to aid
in interpretation of the results.
[17] The physical interpretation of the small value of �

(10�10 to 10�6) is that the timescale of imposed tectonic
straining is very much longer than that for fluid mass
transfer between the fault zone and the surrounding crust.
Consequently, during the long interseismic period, when the
fault shear strain rate is of the same order as the tectonic
rate, any alterations of pore pressure due to dilation or shear
heating are alleviated by fluid mass transfer (at least if the
fault zone is not sealed). Thus the response is well approx-
imated by equation (1) with p = po. The solution of this
equation is illustrated by the graphical construction of Rice
[1979] and shown in Figure 2.
[18] The solution for the current shear stress t and the

current slip d is point B, the intersection of the straight
line given by the left-hand side of equation (1) with the
fault constitutive relation given by the right-hand side (with
p = po). As the imposed far-field strain ( _g‘t) increases, point
A moves upward and the intersection point B moves to the
right, in the direction of increasing d. If the shear stress on
the fault decreases sufficiently rapidly (corresponding to

values of the nondimensional slip-weakening parameter
A > 1), the solution cannot be continued past point D.
The mathematical expression of this point is obtained by
differentiating equation (1):

G

‘
þ dtflt dð Þ

dd

� �
_d ¼ G _g‘: ð13Þ

At point D, the coefficient of _d vanishes and the ratio of the
increment of fault slip to remote displacement becomes
unbounded indicating that the inertial terms neglected in the
equilibrium equation for the block need to be included.
Because the rate of fault slip _d increases as point D is
approached, the underlying assumption that the slip rate is
much slower than the rate of fluid mass exchange breaks
down in the vicinity of this point. The more elaborate
solution needed to correct this breakdown is the primary
subject of this paper.
[19] The alternative limiting case of adiabatic and

undrained response, for which the fault exchanges no fluid
or heat with the surroundings, is also relevant to the analysis
here. As the system approaches instability (such as that at
point D in Figure 2), the fault slip rate will become too large
to allow time for significant transfer of heat and fluid
between the fault zone and the surrounding material. In
addition, the adiabatic, undrained solution is appropriate if
the fault zone is hydraulically and thermally sealed. Several
authors [Sibson, 1973; Lachenbruch, 1980; Byerlee, 1990]
have suggested that faults are hydraulically sealed.
[20] The undrained, adiabatic limit corresponds to omit-

ting the last two terms on the right-hand side of equation (4)
or, in terms of nondimensional parameters, letting �, �c !
1. The graphical construction shown in Figure 3 illustrates
the solution. The effective t versus d curve differs from the
drained curve because of the alteration of pore pressure by
shear heating and dilation. Thus the difference between the
undrained, adiabatic curve and the drained curve is the last
term in equation (1). Figure 3 depicts a case where an
inertial instability, like that at point D in Figure 2, occurs

Figure 2. Graphical illustration of the response in the limit
of drained deformation, p = po.

Figure 3. Graphical illustration of the undrained, adiabatic
solution.
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because the slope of the t versus d curve falls to �G/‘.
However, as discussed in detail by GR, whether instability
occurs depends on the relative contributions of dilation and
shear heating. For dilation, df p/dd > 0, the coefficient of _d
on the left-hand side of equation (4) tends to increase the
slope of the t versus d curve. Conversely, the preceding
term in equation (4), due to shear heating, tends to decrease
the slope. A complicating effect is, however, due to the
dependence of the shear heating on t, which is equal to
either side of equation (1) and depends on the pore pressure.
Shear heating tends to increase the pore pressure, but this, in
turn, decreases the value of t and the rate of shear heating.
Conversely, dilation tends to reduce the pore pressure, but
this increases t and the rate of shear heating. The numerical
examples and analysis in GR demonstrate that this interde-
pendence can cause increased slip weakening to be stabi-
lizing and increased dilation to be destabilizing.

4. Quasi-Drained Solution

[21] As noted in section 3, the timescale of imposed
straining is very much longer than that for fluid mass flux
from the fault zone for fault systems, as well as for most
laboratory conditions and, consequently, � � 1. Because �
is so small, in the range 10�6 to 10�10 (GR), the slip rate is
slow enough that (nearly) fully drained conditions prevail
during most of the slip history. Mathematically, this means
that as long as the dimensionless slip rate remains bounded,
_� � 1/�, the small parameter � can be taken to zero. This
limit yields the fully drained (� = 0) slip solution T = Td (�),
� = 0, and � = �d (�) (see RC for the thermo-uncoupled
case and section 5.2 of GR). If the weakening parameter
is small enough, A < 1, this solution provides a good
approximation to the entire slip history. If, however, A � 1,
the fully drained solution yields an unbounded slip rate at
critical values of the nondimensional time T* and slip �*

(see Figure 2 and Figure 4a of GR). The occurrence of this
unbounded slip rate violates the condition that _� � 1/� and
the underlying assumption of full drainage. Therefore the
rate of pore pressure change cannot be neglected for
(nondimensional) time and slip values in the vicinity of T*
and �*, respectively. A more refined asymptotic analysis of

the full slip equations is needed for small but nonzero values
of the drainage parameter �. In particular, the refined
analysis is necessary to determine whether slip instability
does indeed occur under these conditions or, perhaps, is
stabilized by rapid dilation, as in the case of the thermally
uncoupled analysis (RC).
[22] The asymptotic analysis for A � 1 expands the

similar analysis of RC for the thermally uncoupled slip,
and, consequently, is omitted here for brevity. The result,
termed the quasi-drained solution, consists of the three
primary consecutive slip regimes. The equations describing
these regimes are given in the Appendix A.
[23] Essentially, the quasi-drained slip solution corre-

sponds to the fully drained solution (� = 0) but with the
nonphysical portion of the T versus � curve replaced by a
stretch of fast slip, T ’ T*. As described in GR, the
nonphysical portion of the drained T versus � curve occurs
where � increases with decreasing T (see, e.g., the dashed
dip in the curve in Figure 4a of GR for A = 9/8). The three
primary slip regimes are connected by the transitional
regimes of order � in both T and �. Physically, the three
regimes correspond to the very slow slip rate under drained

Figure 4. Graphical illustration of the quasi-drained
asymptotic slip solution (15).

Figure 5. Quasi-drained solution for two values of fault
weakening A = {9/8, 2} and the other parameters fixed (B =
0.075, � = 5, �o

t = 10, mo = 0.6, and �c = 0.01) for (a) time
T versus slip � (bounds of the fast slip regime (thick lines)
are indicated by dots) and (b) ‘‘rapid’’ time x = (T � T*)/�
versus slip � in the fast slip regime.
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conditions that characterizes the interseismic period, a rapid
slip regime, and a return to slow slip under drained
conditions.
[24] Figure 4 gives a graphical illustration of this solution.

The solution is equal (to order �) to the fully drained
solution (given by equation (1) with p = po) until point D
at time t* (nondimensional time T*) and slip d* (nondimen-
sional slip �*). At point D instability would occur in the
fully drained solution. Instead, the asymptotic solution
follows the line DE between slip values d* and d** (nondi-
mensional values �* and �**). During slip from d* to d**,
the pore pressure change (times mo) is equal to the difference
between DE and the curve to + tflt(d) and thus is given by
equation (1) with t = t*:

mo p� po½ � ¼ � G _g‘t* � d=‘

 �

� tflt dð Þ
� 

: ð14Þ

[25] Figures 5 and 6 show the quasi-drained solutions for
two values of fault weakening parameter A = {9/8, 2} and
fixed B = 0.075, � = 5, �o

t = 10, mo = 0.6, and �c = 0.01.
The critical time T* and the slip values delineating the fast
slip regime, �* and �** (as indicated in Figure 5a for the
A = 9/8 case), are functions of A only (see equations (A2)–
(A4) of GR for explicit expressions). Initially, fully drained
slip accelerates and gives way to the fast slip at T ’ T* at
which time the drained approximation does not apply. After
sliding the distance �** � �* in the fast slip regime, slip
decelerates and returns to the drained (slow) regime. When
the slip is stable, the mechanical part of the solution (slip
and pressure) is the same (to the order �) as in the solution
of the thermo-uncoupled case considered by RC. In the fast
slip regime, the thermomechanical coupling significantly
alters the slip evolution (Figure 5b).
[26] Figure 5b rescales the time axis to show the details of

slip evolution near T*. For _g‘ = 10�15 s�1 and dr = 0.1 m, a
nondimensional time T = 1 corresponds to 32  103 years
for ‘ = 102 m or 3200 years for ‘ = 103 m. For � = 10�6, one
unit of the ‘‘rapid time,’’ x = (T � T*) /�, corresponds to 11.6
days or 1.16 days for the two values of ‘. Values decrease in
proportion to �. Although the (nondimensional) slip rate
d�/dT appears to be extremely high in Figure 5, even in the
expanded scale for A = 2.0, it remains several orders of
magnitude less than seismic rates. For a tectonic shear rate
of _g‘ � 10�15 s�1 and a crustal block of length ‘ � 103 m,
the characteristic tectonic slip rate on the fault ‘ _g‘ is about
10�12 m s�1. In order for the dimensional slip rate on the
fault, dd/dt = (‘ _g‘) (d�/dT ), to reach a representative
seismic magnitude of 1 m s�1, the dimensionless slip rate
d�/dT must be about 1012. Typically, the nondimensional
slip rate is of the order of ��1 in the fast slip regime (where �
ranges from 10�10 to 10�6). Consequently, for this estimate,
the slip rate in the fast slip regime is at least 2 orders of
magnitude smaller than the seismic rate.
[27] Figures 6a and 6b show the changes in pressure and

temperature, respectively. The combined effects of fault
dilatancy and weakening cause the pore fluid pressure to
drop and the magnitude of the drop increases with the fault
weakening A. (Recall that in the fully drained regimes the
pressure is equal, to the order �, to its ambient constant
value, � = 0.) For a value of the characteristic pressure p* of
5–10 MPa (GR), the maximum nondimensional pressure
change of � � 0.5 (A = 2 in Figure 6a) corresponds to a

pressure drop of 2.5 to 5.0 MPa. These values are 3 to 6% of
the ambient pressure at 8 km depth assuming a hydrostatic
pressure gradient (10 MPa km�1).
[28] The temperature rises almost linearly in the fully

drained regime of accelerating slip and in the fast slip regime
(Figure 6b) and then drops abruptly as slip decelerates
exponentially at the end of the fast slip regime. At large
times in the later fully drained regime, the temperature
(equation (A6)) approaches a steady state constant value
�c�

r
t, where �

r
t = �o

t � 2
3
mo A is the residual shear stress and

�c
�1 is the normalized thermal conduction. For values of the

characteristic temperature q* ranging from 0.17 to 17�C, the
maximum temperature rise for A = 9/8 is 0.85–85�C. For
A = 2.0, the values range from 2.0 to 204�C. The large range
of possible values reflects uncertainty about the fault zone
thickness (lo = 10

�2 to 1m) assuming a fixed volumetric heat
capacity of C = 3 Mpa �C �1 (GR). The larger values
are significant fractions of the ambient temperature at
8 km depth assuming a thermal gradient of 20–25�C km
[Henyey and Wasserburg, 1971; Lachenbruch and Sass,
1973; GR], demonstrating that shear heating can cause a
significant temperature rise even when slip is not dynamic.
[29] The dependence of the solution in the fast slip regime

on thermomechanical coupling parameter B is illustrated in
Figure 7. The dashed lines show the fast slip asymptotic
solutions for the scaled slip rate, �d�/dT (or d�/dx in terms
of the ‘‘rapid’’ time x), versus slip for various values of B,

Figure 6. Quasi-drained solution (Figure 5) for (a) pressure
� and (b) temperature � versus slip �.
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fixed A = 9/8, and the other parameters as in Figures 5 and
6 (the vertical asymptotes correspond to the slip values �*

and �**). For comparison, solutions of the general slip
equations with � = 10�6, obtained with a numerical ODE
solver (Mathematica, version 4.1, copyright 1988–2000
Wolfram Research, Inc.), are shown by solid lines over
the complete slip range. The numerical and asymptotic
solutions were indistinguishable on plots such as
Figures 5a and 6. The values chosen for B are within the
range 0.34 to 0.0034 estimated by GR for 8 km depth.
Again, the range primarily reflects uncertainty about the
fault zone thickness. The depth dependence of B is mainly
due to depth dependence of the pore fluid (assumed to be
water) thermal expansion coefficient bf. For depths greater
than about 3 km, bf increases approximately linearly from
about 0.7  10�3 �C at 3 km to 1.1  10�3 �C at 8 km (see
Figure 3 of GR).
[30] As shown on Figure 7, the maximum slip rate

increases with an increase in B indicating the anticipated
destabilizing effect of the shear heating. Eventually, for
sufficiently large B = 0.25, the solution becomes unstable.
For undrained, adiabatic slip (section 5.3 of GR) and these
same parameters, slip is unstable for values of B greater
than about 0.084. In contrast to the thermally uncoupled
response (RC), for which the undrained case gives a good
indication of the occurrence of instability, this result sug-
gests that the undrained, adiabatic case substantially under-
estimates the thermomechanical coupling B required to
cause the instability.

5. Stability// Uniqueness Analysis

[31] Section 4 illustrated the solution in the fast slip
regime for both stable and unstable cases. The example
shown in Figure 7 demonstrated the expected result that
increased shear heating caused a dynamic instability. How-
ever, does increasing B always lead to an instability of this
type for different values of the other parameters? When slip
is unstable, how does the critical value of B depend on the
other material properties? In principle, the answers to these

and other questions could be obtained by systematic eval-
uation of the solution of section 4 for different sets of
parameters. Unfortunately, even for the simple model used
here, the wide ranges of material parameters make this a
prodigious (not to mention inefficient) undertaking. Instead,
in this section, we take advantage of the smallness of � (and
the simplicity of the model) to derive conditions for which
the slip solution is stable or unstable for conditions of rapid
drainage (� � 1). Furthermore, we show that when insta-
bility does occur, it can be one of two types.
[32] We first formally combine the fully drained (A < 1)

(equations (A1) and (A2)) and quasi-drained (A � 1)
(equations (A1)–(A6)) solutions to obtain the rapid drain-
age asymptotic slip solution

To �ð Þ ¼
Td �ð Þ; 0 < � 	 �

*
; �

**
	 � < 1

T
*
; �

*
	 � 	 �

**
:

8<
: ð15Þ

This solution is valid to the order � for the entire range of
A � 0. For A � 1, equation (15) is identical to the quasi-
drained solution characterized by the existence of the fast
slip range, �* 	 � 	 �** with �** � �*; and for A < 1,
equation (15) reduces to the fully drained slip solution T =
Td (�) since the fast slip interval disappears,�** ��* ! 0,
in the limit as A approaches one from above.
[33] The stability and uniqueness criteria are deduced by

examining the nature of the differential equation governing
the slip (equations (9a) and (9b)) and exploiting the near-
ness of the exact solution (within an order �) to equation
(15). The analysis is fully described in Appendix B and
leads to the following conclusions:
[34] 1. Slip is stable (i.e., the slip rate is bounded and

small perturbations about the solution decay) and given to
the order � by the asymptotic solution T = To(�) (equation
(15)) if and only if the denominator in the slip equation
(equation (11)) is positive, D(To(�), �) > 0, for all � � 0.
(This condition is formally identical to that for instability
of undrained, adiabatic slip, but in that case, D(T(�), �)
is evaluated for the undrained, adiabatic slip solution
(Tu(�), �); see section 5.3 of GR.) In dimensional terms,
the criterion for stable slip is

G

‘
þ dtflt

dd
� moK

0 b0t
loC

� dfp

dd

� �
> 0: ð16Þ

[35] 2. Slip is unstable when there exist values �ins, such
that

D To �insð Þ;�insð Þ ¼ 0: ð17Þ

Instability can occur in either of two ways: (1) In the fast
slip regime (A > 1), �* 	 �ins 	 �**, D(T*, �ins) = 0
corresponds to an unbounded slip rate _� = 1; and (2) in a
fully drained regime, 0 < �ins 	 �* or �** 	 �ins < 1
with D(Td (�ins), �ins) = 0, corresponds to the loss of
solution uniqueness and sensitivity of the subsequent
solution to small perturbations.
[36] Instability occurs in the fast slip regime when the

denominator of equation (9a) vanishes (equation (17)) but

Figure 7. Slip rate with respect to the ‘‘rapid’’ time, �d�/dT
(or d�/dx) versus slip � for three values of thermomecha-
nical coupling B, fixed � = 10�6, A = 9/8, and the rest of
parameters as in Figures 5 and 6. Dashed lines correspond to
the asymptotic solution in the fast slip regime (see equation
(A3)), and solid lines correspond to the numerical solution.
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the numerator remains positive. This is the same type of
instability that occurs for the fully drained and fully
undrained adiabatic responses. For both these limiting
cases, the slip is governed by an equation with the right-
hand side equal to G _g‘, which is always positive. (For the
drained case, the slip is governed by equation (13), and
equation (4) reduces to p = po. For the undrained, adiabatic
case, the last two terms on the right-hand side of equation
(4) vanish because tk, tc ! 1 and equation (4) reduces to
the same form as equation (13) with dtflt/dd replaced by the
slope of the undrained, adiabatic t versus d curve.) The
numerator of equation (9a), N(�, �), corresponds in
dimensional form to the right-hand side of equation (4).
For finite �, the response is neither fully drained nor
undrained and adiabatic and the last two terms on the
right-hand side do not vanish. However, for rapid slip
(compared to timescales of fluid and heat exchange), these
terms are small enough that the right-hand side of equation
(4) is positive. Hence the instability is analogous to that in the
drained and the undrained, adiabatic cases. In particular,
instability is an inertial onewith _d and _�becomingunbounded
corresponding to a seismic event and has a graphical expres-
sion similar to that in Figure 3, although the effective t versus
d curve will differ from the undrained adiabatic one.

[37] Figure 8 shows a numerical example of the variation
of time T and slip rate d�/dT with slip � in the rapid
drainage case (� = 10�6, �c = 10�2) for the inertial type of
instability in the fast slip regime. (The corresponding
undrained, adiabatic (� = �c = 1) solution (GR) is also
shown by thin lines). The rapid drainage solution evolves to
the inertial instability much faster (in time) than the
undrained solution (Figure 8a) because of the period of fast
slip with d�/dT � ��1 = 106 (Figure 8b) prior to the
instability. Figure 9 shows changes of the effective stress,

Figure 8. Illustration of inertial instability in the rapid
drainage solution (� = 10�6, �c = 10�2, thick lines) and
undrained, adiabatic solution (� = �c = 1, thin lines) for
(a) time T and (b) slip rate d�/dT versus slip �. (A = 3,
� = 5, B = 0.1185, �o

t = 9, and mo = 0.6). Physically
meaningless parts of the slip after an instability are shown
by dashed lines.)

Figure 9. Illustration of inertial instability in the rapid
drainage solution and undrained, adiabatic solution (Figure 8)
for dimensionless variation of (a) shear stress, �t � �o

t,
(b) pressure, �, and (c) temperature, �, versus slip �.
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�t � �o
t, pressure, �, and temperature, �, with slip. As

suggested by the preceding estimates, the pressure drop is
large, indicating that dilation induced pressure reduction
dominates heating induced increase and that the temperature
rise, though significant, is not large enough to overcome the
smallness of 1/tc (see Figures 9b and 9c). The inertial
instability in both rapid drainage and undrained solutions
occurs because the slope of the dimensionless effective
shear stress versus slip relation decreases to the value for
elastic unloading (in dimensionless terms: d�t/d� = �mo;
see Figure 9a).
[38] Instability occurs in the slow slip (fully drained)

regime when the denominator and the numerator in
equation (9a) or, equivalently, the right-hand side and the
coefficient of _d in equation (4), vanish simultaneously. The
absence of this type of instability in the drained and
undrained, adiabatic cases suggests that it is due to the
interaction of shear heating with fluid exchange between the
fault and the surrounding material. Support for this sugges-
tion can be obtained by examination of the right-hand side
of equation (4). If, for simplicity, we assume adiabatic
conditions (tc ! 1), the right-hand side of equation (4)
can vanish only if the fault zone pressure exceeds the initial
ambient value, p > po. (Since tc � tk (� ��c), the
assumption of adiabatic conditions is a good approximation
and the neglect of the heat flux, last term on the right-hand
side of equation (4), does not affect the argument here.)
The equation governing the rate of pore pressure change is
given by

_p ¼ K 0 b0

loC
t� dfp

dd

� �
_d� 1

tk
ðp� poÞ; ð18Þ

where, again, we have assumed adiabatic conditions. The
pore pressure increases if the term due to shear heating, b0t/
loC exceeds that due to dilation df p/dd. The effect of flow
from the fault zone, the second term on the right-hand side,
may diminish the rate of pore pressure change but will not
reverse its sign. In terms of nondimensional parameters,
{. . .} is initially positive (for t = to and f 0(0) = 2) if

� < B�o
t=2: ð19Þ

However, since df p/dd vanishes as d ! dr, the first term
will inevitably be positive as slip approaches the residual
value. The first term in equation (18) also tends to reduce
the coefficient of _d on the left-hand side of equation (4).
[39] The importance of fluid exchange and slow slip in

the occurrence of this instability can also be deduced. If the
slip rate is large, the first term on the right-hand side of
equation (18) dominates the second and the response is
essentially undrained. In the slow slip regime, conditions
remain nearly drained, and thus _p must be small. Therefore
the two terms on the right-hand side of equation (18) are
comparable in size.
[40] Because both the denominator D(T(�), �) and

numerator N(�, �) of equation (9a) vanish at instability
in the slow slip regime, the slip rate is indefinite at this
value of slip. Consequently, the solution is not unique
beyond this point. The structure of the solution near this
point (described in more detail in Appendix B) suggests that
an infinite multitude of slip solutions exists beyond the
critical slip but that each solution of this multitude is a

member of one of two families. One family evolves toward
slip with an unbounded rate; the other to slip with a zero
rate. Infinitesimally small slip perturbations past (but close
to) the critical slip may alter the solution from one to the
other family. The physical implications of this result and
some improvements in the model that may alter it are
discussed in section 7.
[41] Figures 10a, 10b, and 10c show a numerical example

of the variation of time T, shear stress change �t � �o
t, and

Figure 10. Illustration of loss-of-uniqueness instability in
the fully drained regime for A = 0.5, � = 0.5, B = 0.1185,
�o

t = 9, and mo = 0.6 for (a) time T, (b) shear stress change,
�t � �o

t, and pressure change � versus slip �. (The value
of drainage parameter has been taken sufficiently large, � =
0.05, in order to ‘‘zoom’’ into the solution details near and
past the instability, and thermal diffusion has been neglected
by comparison with pore fluid diffusion, �c � �). The lines
corresponding to the zero and infinite slip rate are shown
dashed, and the loss-of-uniqueness state is indicated by the
solid dot.
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pressure change �, respectively, with slip � in the fully
drained regime for the loss-of-uniqueness instability. An
artificially large value of the drainage parameter, � = 0.05,
was used in order to show clearly details of the solution near
and past the instability. The calculation in the example also
assumes that temperature diffusion is much slower than pore
fluid diffusion, �c � �. The instability point is shown by the
dot on Figure 10 corresponding to the intersection of the
two dashed lines indicating the zero and infinite slip rate,
respectively). The unique and stable solution prior to the
instability is shown by the thick line; the perturbed solution
trajectories (thin lines prior to the instability) are shown to
converge toward this solution. Past the instability point, the
solution is sensitive to perturbations and evolves to either
stick (the multitude of solution trajectories intersecting the
_� = 0 line) or inertial instability (the multitude of solution
trajectories intersecting the _� = 1 line) (see Figure 10a).
As discussed above, Figure 10c shows an increase of
pressure due to shear heating as the instability point is
approached. At the loss-of-uniqueness instability, the dimen-
sionless slope of the effective shear stress versus slip curve
exceeds the slope of the elastic unloading curve, d�t/d� =
�mo, (see dash-dotted line on Figure 10b). Past the insta-
bility, the solution modes evolving to stick correspond to
the decreasing pore pressure and increasing shear stress; and
the solution modes evolving toward the inertial instability
have the opposite behavior with the slope of the effective
shear stress versus slip behavior evolving toward the value
at instability �mo (outside of the stress range shown in
Figure 10b).
[42] Very qualitatively, the elevation of pore pressure by

shear heating and the effect of fluid mass exchange on the
slip evolution result in a diffusion-controlled process that
drives the solution to the point of loss of uniqueness. This is
illustrated by the converging perturbed solutions shown in
Figure 10. After the instability (loss of uniqueness)
point, the effective diffusion coefficient becomes negative
and, as a consequence, solutions are extremely sensitive to
perturbations.

6. Parametric Dependence

[43] The identification of precise criteria for stability and
for instability by unbounded slip rate or by loss of unique-
ness make it possible a complete evaluation of the combi-
nations of material parameters that give rise to these various
possibilities. Given the uncertainty about the appropriate
values in situ for this model and, more generally, uncer-
tainty about material and transport properties in midcrustal
regions, this evaluation is essential for assessing the con-
ditions for which these possibilities might occur in the earth.

6.1. General Observations

[44] The dependence of the slip instability criteria on the
weakening A and dilatancy �, for various fixed sets of
the other problem parameters, is revealed by studying the
conditions for the existence of a positive root of equation
(17) with equation (15). First, note that the value of the slip
at instability is always in the interval 0 < �ins 	 1. When
� > 1, the derivative dD(To(�), �)/d� is either zero (if �
belongs to the fully drained part of the solution) or the
positive constant moB (if � belongs to the fast slip part of

the asymptotic solution, i.e., when 1 < � < �** and �**

(A) > 1,A > 4/3). Thus D(To(�),�) cannot vanish for� >1
unless it has already done so for � 	 1. Physically, the
latter implies that no slip instability under nearly drained
conditions can occur for d > dr when the effects of fault
dilatancy and slip weakening vanish.
[45] Second, because instability occurs when equation

(17) has a positive root � = �ins, 0 	 �ins 	 1, the
unstable slip domain on the plane (A, �) (with the other
parameters fixed) is the area swept by the family of contour
lines D(To(�ins), �ins; A, �,..) = 0. For example, Figure 11
shows the set of contour lines for {�ins = 0, �ins = 0.2,..,
�ins = 1} and B = 0.115, �o

t = 9, and mo = 0.6. Slip is stable
in the unshaded area, unstable by occurrence of an un-
bounded slip rate in the darker shaded area and unstable by
loss of uniqueness in the lighter shaded area. (Intersections
of the different contour lines indicate multiple values of slip
for instability for a given set of parameters but only the
smallest value, which is the first to occur, is relevant.) One
boundary of the stable slip region is given by the contour
line �ins = 1. For fixed B, �o

t and mo, this condition is
independent of � and given by the critical slip-weakening
value A = Acr. The other boundary is defined by the
envelope � = �cr(A) of the contour lines 0 	 �ins < 1,
which corresponds to the locus of points where (dD(To(�),
�; A, �,..)/d�)j�=�ins = 0. The unstable slip domain is
subdivided by the two dashed lines �ins(A, �,..) = �* (A)
and �ins(A, �,..) = �** (A) into the two subdomains
corresponding to the instability in the fast slip regime with
unbounded slip rate (darker shade) and to the instability in a

Figure 11. Contour lines of �ins delineating the values of
weakening A and dilatancy � (for fixed B = 0.115, �o

t = 9
and mo = 0.6) for which slip is unstable. The domain of
stable slip is shown in white; the two domains of unstable
slip corresponding to the unbounded slip rate and to the loss
of slip uniqueness are shown in darker and lighter grades of
grey, respectively. The boundaries between different
unstable slip domains correspond to �ins = �* (dashed
line) and �ins = �** (dash-dotted line). See the text for
more explanation.
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fully drained regime with the loss of slip uniqueness (lighter
shade).
[46] Figures 12a–12f show the evolution of domains of

stable and unstable slip on the parametric plane (A, �) for
values of B increasing from B = 0 (Figure 12a) to B = 0.12
(Figure 12f ) and fixed �o

t = 9 and mo = 0.6. The case in
Figure 12d, B = 0.115, is the one depicted in more detail in
Figure 11. The shading is as in Figure 11.
[47] In the zero-coupling case (B = 0) considered by RC

(Figure 12a), the slip is always stable in fully drained
regimes and can become unstable only in the fast slip regime
(A > 1) with the instability resulting in an unbounded
slip rate. Thus slip is stable for any � if A < 1 and for
� > �cr(A; B = 0) = 2(A �

ffiffiffiffi
A

p
) if A � 1. The stability

domain for rapid drainage, bounded by � = �cr(A; B = 0), is
identical to that for undrained conditions (see section 5.3 and
Figure 6 of GR). This feature occurs because for zero
thermomechanical coupling, the denominator D is a function
of slip only and not of time.
[48] As B increases from B = 0 to B = Bo� 1/�o

t
(Figures 12a–12c), the stability domain diminishes with
its boundary shifting in the direction of larger values of
dilatancy � and smaller values of weakening A, reaching
the (A, �) = 0 point when B = Bo (Figure 12c). This reflects
the result from GR in the limiting case of no weakening and
no dilation: slip is always unstable if B > Bo. The domain
corresponding to slip instability in a fully drained regime
emerges as soon as B becomes positive (Figure 12b). Thus

Figure 12. Stable and unstable slip domains on the parametric plane (A, �) for various values of
thermomechanical coupling parameter B and fixed �o

t = 9 and mo = 0.6.
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the appearance of instabilities in the fully drained regime is
due to the thermomechanical coupling. For small values of
B, 0 	 B 	 Bo, slip can be stabilized by a sufficiently large
value of dilation � > �cr(A; B, �o

t, mo) for any value of
frictional weakening A; conversely, for any value of dila-
tion, a sufficiently strong slip weakening will destabilize
slip.
[49] For B > Bo (Figures 12d and 12e), the second

segment of the stability domain boundary emerges. This
boundary is given by A = Acr(B; �o

t, mo), defined implicitly
by

1

mo

1

B � 1

B1

� 	
¼

1� 2
3
A; A < 4=3

T� Að Þ; A � 4=3;

8<
: ð20Þ

where B1 = (�o
t � mo)

�1. Slip is unstable for any value of
dilatancy � if A 	 Acr. Slip is also unstable for any A if
� 	 �locus(B, �o

t, mo), where �locus = �cr(Acr) corresponds
to the vertex of the stability domain boundary, i.e., the
intersection of the two segments of the stability domain
boundary, � = �cr(A) and A = Acr (see Figures 12d
and 12e) and is given by

�locus ¼

2A; A < 1;

max 2A; 4A
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�A�1

p
þ 1

2
moB

n o
; 1 	 A < 4=3;

2Aþ 1
2
moB A � 4=3:

8>>>><
>>>>:

ð21Þ

For fixed � > �locus, however, the stability of slip does not
depend monotonically on the weakening A. In particular,
there exists an intermediate range of A where the slip is
stable, but it is unstable for values below (A 	 Acr) via
instability (nonuniqueness) in the fully drained regime or
above this range via inertial instability in the fast slip
regime. Thus increasing the slip-weakening A from a value
below Acr to one above Acr stabilizes the slip. This effect
can be explained along lines similar to those for the non-
monotonic dependence of the slip stability in the undrained
solution on weakening A (see Figures 7a0–7c0 and section
5.3 of GR). Increased frictional weakening has a direct
destabilizing effect but it also causes a decrease of the shear
stress �t (which, according to the equilibrium equation (1),
is equal to the frictional resistance) and, consequently,
reduces shear heating. The reduction of shear heating has
an indirect stabilizing effect. This effect is illustrated on
Figure 13, where we plot the rapid drainage asymptotic
solution for time, pressure and temperature versus slip for
the four increasing values of weakening A = {0.5, 1.5,
2.5, 3} and a fixed value of fault dilatancy � = 5. These
values correspond to the points shown by the crosses on the
(A, �) plane on Figure 12e (B = 0.1185, �o

t = 9, and mo =
0.6). Slip for A = 0.5 is unstable in the fully drained regime
(due to the loss of uniqueness); slip for A = 1.5 and A = 3 is
unstable in the fast slip regime (due to the unbounded slip
rate); and slip for the intermediate value of the weakening,
A = 2.5, is stable.
[50] The structure of the domains corresponding to the

different instability types changes from Figure 12d to

Figure 13. Dependence of slip stability on the fault
weakening A under rapid drainage conditions (a) time T,
(b) pressure �, and (c) temperature � (logarithmic scale)
versus slip � for various A = {0.5, 1.5, 2.5, 3} and fixed
� = 5, B = 0.1185, �o

t = 9, and mo = 0.6. See the points
shown by crosses on (A, �) on Figure 12e. Physically
meaningless parts of the slip after an instability are shown
by dashed lines.
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Figure 12e as Acr passes through the value 4/3, corres-
ponding to the value of B = 1/(�o

t � 8
9
mo). According to

equation (20) and the expression for T* (A) (see equation
(A2) of GR), A = Acr(B;�o

t, mo) is an increasing function
of B (and �o

t) and becomes unbounded at B = B1,
corresponding to T* (1) = 0 (equation (20)). Therefore,
for B � B1 = 0.119 (Figure 12f ), Acr = 1, and slip
is unstable for any � and A. Thus, for a given initial stress
level �o

t, the slip is unstable for sufficiently large values of
the thermomechanical coupling parameter B regardless of
the dilatancy and frictional weakening on the fault; con-
versely for a given B, slip is unconditionally unstable for
large enough initial stress �o

t Consequently, the condition

B � B1 � 1

�o
t � mo

ð22Þ

is sufficient for instability in the drained case (� � 1).
[51] Recall that a condition identical to equation (22) was

sufficient for instability in the undrained (� � 1), adiabatic
(�c � 1) case in equations (50) and (51) of GR. In the
undrained, adiabatic case, instability always occurs as an
unbounded slip rate, but in the rapid drainage case, insta-
bility can correspond to loss of uniqueness or an unbounded
slip rate. Nevertheless, if the stability of the slip solution is
assumed to evolve monotonically with the drainage param-
eter � from the drained to the undrained limit, then it is
likely that equation (22) is a sufficient condition for insta-
bility for arbitrary drainage conditions (any � > 0). This
conjecture that stability depends monotonically on drainage
does, however, require investigation; Chambon and
Rudnicki [2001] give an example for a rate- and state-
dependent friction relation in which stability does not
depend monotonically on a drainage parameter.

6.2. Depth Dependence

[52] As noted in GR, a significant feature of including
shear heating is the introduction of a dependence on the
absolute stress level, rather than only the stress drop. The
variation of the stress level with depth introduces depth
dependence into the results even if the material and trans-
port properties are assumed to be uniform with depth. The
depth dependence of the initial shear stress �o

t was estimated
in section 4 of GR and for the typical material parameters
set is given by (equation (35) of GR)

�o
t ¼ 2þ 2:4d; ð23Þ

where d is the depth in kilometers. Material properties, such
as stress drop, porosity, and the friction coefficient, will, in
general, also depend on temperature and pressure and,
hence, vary with depth. Following GR, here we have
included only the depth dependence of the thermomechan-
ical coupling coefficient B due to variation of the pore fluid
thermal expansivity bf (since 1/Kf is typically negligible in
the expression for K0 equation (6) of GR and K0 � K ). For
the parameters discussed in section 4 of GR, B = 20 q* bf
(equation (36)) and the variation of bf with depth is shown
in Figure 3 of GR. The characteristic temperature of the
fault q* depends on the product of the fault thickness and the
volumetric heat capacity, among the other parameters, and is

taken at a plausible value, q* = 3.3�C (corresponding to the
initial thickness of the fault gouge zone, lo = 5 cm).
[53] Figure 14 shows the dependence of the stability

domain boundary on the depth (in kilometers) d and the
frictional weakening A for values of dilatancy � varying
from � = 0 to � = 1 and fixed mo = 0.6. For a fixed depth
of the slip the stable range of weakening A expands with the
increase in dilation �. The limiting depth for stable slip d =
dcr(A; mo), corresponding to � ! 1, is defined from B(d )
= Bcr(A; �o

t(d ), mo). Figure 14 shows that drained slip at
depths below dcr(A; mo) is unstable for any value of
dilatancy � and at depths below d1 ’ 6.08 km is unstable
for any � and A. Because dcr(A; mo) varies between do (at
A = 0) and d1 (at A = 1) with do ’ 5.91 km and d1 ’
6.08 km, the dependence on A is slight and dcr is nearly a
constant at a 6 km value for the choice of parameters.
Interestingly, for the depth of slip between do and d1, slip is
unstable for both large and small enough values of slip-
weakening A, while stable in the intermediate range. This is
consistent with the nonmonotonic dependence of the slip
stability on the weakening discussed in the section on
general parametric dependence above. These results indi-
cate that the critical depth below which the slip always
undergoes inertial instability is bounded by approximately a
6 km value, which is fixed by the given lithostatic stress
gradient and value of friction coefficient mo = 0.6 and is
approximately independent of dilatancy and stress drop on
the fault.
[54] Figure 14 also shows the limiting depth at which

pore pressure reductions due to dilatancy are calculated to
cause cavitation of the pore fluid, d = dcav (A). As noted by
RC, decrease of pore fluid pressure to near the value for
cavitation causes a sharp drop in the pore fluid bulk

Figure 14. Dependence of slip stability on the depth d and
the frictional weakening A for values of dilatancy � varying
from � = 0 to � = 1. Slip instability due to the shear
heating and frictional weakening takes place at depths
greater than indicated by the corresponding (solid) line of
constant �. (The dashed line indicates the limit of this
stability boundary when � ! 1.) Slip instability due to the
pore fluid cavitation takes place at depths shallower than
dcav(A) (dash-dotted line).
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modulus Kf and a loss of stabilization. Consequently, even if
the value of dilatancy is sufficient to stabilize slip, stabili-
zation is not possible if the ambient pore pressure is not
large enough. According to the structure of the rapid
drainage (� � 1) solution (15) and the expression for the
pressure (equation (12a)), the pore fluid pressure p is equal
(to the order �) to its original value po except during the fast
slip portion of the slip (when A > 1) (see, for example,
Figure 6a). The pressure drop in the fast slip regime
(equation (A4)) reaches its maximum at � = 1

2
[1 + (1 �

1/A)1/2] < 1 and the corresponding minimum pressure is
given by the same expression derived in RC:

pmin ¼ po �
2

3
A 1� 1

A

� 	3=2

p*; ð24Þ

where p* is the characteristic pressure (or stress) in the fault
gouge zone (equation (20) of GR). For the temperature
range representative of the shallow crust, the cavitation
pressure is very well approximated by zero. In addition,
the pore fluid bulk modulus is nearly constant until the
pressure approaches zero and then drops abruptly as cavi-
tation occurs. Thus setting pmin = 0 in equation (24) gives a
good approximation for the minimum initial ambient pres-
sure po that will prevent cavitation. Assuming the ambient
pressure to vary with depth along the hydrostatic gradient,
po � 10d [MPa] and the characteristic pressure in the fault
gouge zone p* = 5 MPa (section 4 of GR) yields the
maximum depth dcav(A) at which cavitation is predicted
to occur. As shown by the dash-dotted line on Figure 14,
this depth is expected to be quite shallow.

7. Discussion

[55] We have continued the investigation of the effect of
shear heating on the stability of slip in GR. That paper
examined the limiting cases of fully drained slip (no change
of pore pressure in the fault zone), slip in the absence of
weakening (A = 0) and dilatancy (� = 0), and undrained,
adiabatic slip (no flux of fluid mass or heat from the fault
zone). This paper studies the effect of shear heating on the
stability of slip under nearly drained conditions, character-
istic of in situ conditions when imposed loading (tectonic)
rates are much slower than the rate of pore fluid exchange
between the fault zone and the crustal rock. We have found
(consistently with the earlier analysis in the thermally
uncoupled case by RC) that when the slip weakening is
smaller than the critical value, A < 1, the fully drained
solution, characterized by a slip rate of the order of
magnitude of the imposed ‘‘slow’’ tectonic shearing rate,
applies. For larger slip weakening, A � 1, the fully drained
solution is a good approximation over most of the slip
history, but is interrupted by a period of rapid slip which can
culminate in an inertial instability (unbounded slip rate
corresponding to a seismic event).
[56] As expected, the occurrence of an inertial instability

is, in general, enhanced by more rapid slip weakening and
increased shear heating and is inhibited by increased dila-
tion. Increased shear heating tends to increase the fault zone
pore pressure, reduce the effective compressive stress and,
thus the shear resistance. Increased dilation tends to reduce
the pore pressure and have the opposite effect. However, as

for the limiting case of undrained adiabatic response con-
sidered in GR, we also find more subtle and less expected
effects. In particular, there exist parameter ranges where
increased slip weakening can inhibit inertial instability and
increased dilation can promote inertial instability. These
effects result from their interaction with shear heating: rapid
slip weakening can decrease the rate of shear heating by
decreasing the shear stress; increased dilation increases the
effective compressive stress and, hence, the shear resistance,
which, in turn, increases the shear heating.
[57] The analysis also identifies a second type of insta-

bility that does not occur in any of the cases considered by
GR. This instability occurs only in the fully drained slip
regime characterized by a slow slip rate of the order of the
imposed tectonic rate. This instability is not necessarily
inertial but corresponds to a loss of uniqueness at which the
expression for the slip rate becomes indeterminate.
Although it is not possible to determine if one, or any, of
the solutions beyond this point is appropriate, it is possible
to show that all of them must be one of two types: those
leading to zero slip rate (‘‘stick’’) or those leading to
unbounded slip rate.
[58] Loss of uniqueness in a model of a physical process

may have a variety of interpretations. It may indicate that
the model of a physical process is ill-posed, but may also
indicate a change in the mode of deformation that is
physically relevant: For example, buckling of a thin elastic
column or the appearance of a shear band in a homoge-
neously deforming material are two examples. In these
examples, the imperfections or inhomogeneities that exist
in any real material cause the buckled mode or the shear
band solution to be the one observed. In contrast to the
examples just cited, the nonuniqueness here leads to one of
two dramatically different states without indication of
whether one or the other is preferred. Physically, this
implies an extreme sensitivity to perturbations.
[59] There have been suggestions, often based on simple

models, that the problem of earthquake occurrence is
inherently nonpredictable and ‘‘complex’’. Although there
could be several reasons for the appearance of nonunique-
ness in the present model (one of which is discussed below),
we regard the most likely explanation is an oversimplified
fault slip constitutive relation. In the simple slip-weakening
model the shear stress depends only on the slip and not on
the rate of slip or the past history of sliding. Consequently,
the fault stress is strongly constrained in the way it can
adjust to altered conditions. In particular, as noted by Segall
and Rice [1995], when rate- and state-dependent effects are
included, it is not possible to separate the frictional resist-
ance into a drained component and a time-varying effective
stress.
[60] D. Garagash (unpublished research, 2003) has

investigated the effect of rate dependence in the present
model by replacing g(d/dr) by g(d/dr) � a ln(_d/_dref) where a
is a rate sensitivity parameter and _dref is a reference slip
rate at which rate sensitivity vanishes. For a in the range
(� B/A) � a � 1, he uses a modified version of the
asymptotic analysis here and numerical computations to
show that rate sensitivity eliminates the loss of uniqueness
in the fully drained regimes. Preliminary numerical simu-
lations show, however, that for a range of the parameter
a, the slip rate undergoes slowly decaying deceleration-
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acceleration oscillations due to a small slip perturbations
of the fully drained solution. These oscillations in the rate-
dependent model may reflect the two modes of slip
evolution (toward stick or inertial instability) past loss-of-
uniqueness instability in the rate-independent model. If,
however, a is sufficiently smaller than �B/A, then prelim-
inary numerical simulations show that the slip solution is
unique but unstable (evolves exponentially fast toward
seismic slip rates) past the nonuniqueness point of the
rate-independent model. (More thorough study, including
systematic variation of parameters and perturbation analysis,
is required to fully assert the general behavior of the slip
in the rate-sensitive model.) Finally, provided the rate
sensitivity a is small enough, instability in the fast slip
regime occurs when predicted by the rate-independent
model. Thus the inclusion of a small amount of rate
dependence has the following consequences: (1) It removes
the loss of uniqueness in the fully drained regimes but
may result either in slip-rate oscillations in a range of rate-
sensitivity or in inertial instability if the rate-sensitivity is
below a critical value related to the drainage parameter �;
and (2) otherwise, it does not alter the character of the
solution, including the inertial instability in the fast slip
regime (in this case the slip rate is bounded but evolves
exponentially fast to the seismic magnitude).
[61] Much experimental work has indicated that friction

of rocks (and shear of gouge) depends not only on the rate
of slip but also on the state of the surface that reflects the
past history of slip. Consequently, a more thorough inves-
tigation of the instability in the slow slip regime would need
to include both rate and state dependence. Since faults
typically spend most of their time (interseismic period) in
a slow slip regime, the clarification of this instability would
be significant. The lack of uniqueness occurs when the slip
rate is very slow, of the same order as the imposed tectonic
rate, and consequently, predictions may be quite different
for the two main categories of rate- and state-dependent
relations: those that allow for frictional evolution at station-
ary contact and those that do not. The stability character-
istics of the two types have been shown to be different when
used in simple one degree-of-freedom elastic systems
[Ranjith and Rice, 1999]. Inclusion of rate- and state-
dependent effects even in the current quite simple model
would require a significantly more sophisticated analysis or,
more likely, direct numerical solution.
[62] Inclusion of rate dependence in the fault constitutive

relation resolves the lack of uniqueness, but an alternative
resolution can result from use of a more elaborate descrip-
tion of the pore fluid exchange between the fault and the
crustal rock (and of the pore fluid diffusion in the rock).
Here (as by Rudnicki and Chen [1988] and Segall and Rice
[1995]), the fluid mass influx into the fault is approximated
as �k (p � po)/‘ (Figure 1) and hence depends only on the
instantaneous value of the pore pressure. In contrast, in a
continuum model, the fluid mass flux is proportional to
the gradient of the pore pressure. The flux at the surface of
a half-space with variation of pore pressure perpendicular
to the surface (assuming uniform properties) depends on
the past history of the pore pressure at the surface.
Inclusion of this effect alleviates the ‘‘instantaneous’’ fluid
flux response to the fault pressure change and related slip
indeterminacy.

[63] A case that has not been considered explicitly here
or in the companion paper of GR is that of a hydraulically
isolated (undrained, � � 1) but nearly isothermal (�c � 1)
fault. Thus the fault is hydraulically isolated from the
surrounding material but exchanges heat on a timescale
that is rapid compared with the timescale of tectonic
straining. The solution structure is, however, similar to that
of the rapid drainage solution (15). Namely, for an appro-
priate range of parameters the initial regime of slow
undrained, fully isothermal slip gives way to the fast slip
regime. In the fast slip regime, the rate of slip scales with
the rapid heat exchange rate �c

�1 � 1 (similar to the rapid
drainage solution where the slip rate in the fast slip regime
scales with the rapid fluid exchange rate ��1). The fast slip
regime is then followed by the secondary fully isothermal
regime. Analysis of the stability of undrained nearly iso-
thermal slip via the method of Appendix B leads to
conclusions similar to the ones stated above for the rapid
drainage case.

8. Conclusion

[64] Under both undrained (see section 5.3 of GR) and
drained slip conditions, there exists a unique critical value
of the shear stress at slip initiation �o

t above which the slip
is always unstable (leads to either stick or slip instability),
�o

t � mo + B�1 (see equations (50) and (51) of GR and
equation (22)), regardless of the amount of dilatancy and
frictional weakening on the fault. When this condition is not
satisfied, the slip under undrained and/or drained conditions
can be either stable or unstable depending on the fault
dilatancy and frictional weakening. In contrast to the
undrained, adiabatic case, an increase in dilatancy will
never destabilize drained slip (although an increase in
dilatancy may change the type of instability, e.g., from
nonuniqueness to inertial instability). For intermediate val-
ues of B, the dependence on the slip weakening is non-
monotonic as for undrained deformation. Depending on the
value of B, an increase of slip-weakening A, may lead to
stability from a region of loss of uniqueness (smaller values
of B, see Figure 12d) or from a region of inertial instability
(larger values of B, see Figure 12e). Except for low values
of the dilatancy �, an increase in slip-weakening A leads to
an instability of the inertial type.
[65] Another type of instability related to shear heating is

elevation of the pore pressure to the magnitude of the least
compressive stress. This would cause hydraulic fracturing
on planes oblique to the fault plane (and, probably, a rapid
loss of pore pressure). This condition, which has been
evaluated for the undrained adiabatic slip by GR, does
not occur for nearly drained conditions, where there is no
mechanism for elevating the pore pressure above the
ambient level in the crustal rock. On the other hand, pore
pressure reduction due to dilatancy can lead to instability by
causing a dramatic increase in pore fluid compressibility.
The calculations for the nearly drained conditions here
suggest that this is a possibility primarily at shallow slip
depth where the ambient values of the pore pressure are
low.
[66] The depth dependence of the stability results has

been illustrated by assuming the normal stress and pore
pressure vary along lithostatic and hydrostatic gradients and
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that the variation of the pore fluid expansivity is that of
water at the pore pressure and temperature appropriate for
the depth. Assuming plausible, depth-independent values
of other parameters predicts stable slip for depths of about
1–6 km. The shallow depth limit is set by pore fluid
cavitation pmin 	 0 (equation (24)), and the deep limit by
shear heating (equation (22)). This is a reasonable range
though it does depend on the particular parameter values
and it would be unwise to assign too much significance
to these particular depths. Furthermore, the simple slip-
weakening description becomes increasingly suspect at
depths greater than about 6–8 km. Appropriate values of
the parameters of the rate- and state-dependent models are
also considerably uncertain at these depths [Blanpied et al.,
1995]. Further uncertainty is due to the depth distribution of
pore pressure itself. Rice [1992] has argued that the pore
pressure in the San Andreas fault zones may be high, near
lithostatic, over much of the depth. If so, the shear resist-
ance would be less and vary less strongly with depth than
assumed in the illustrations here.
[67] Although the analysis of this and the companion

paper of GR have revealed that shear heating introduces
complexity into the stability of slip, the model is simple.
Some of the effects arising from this model are easily
identified and have been discussed previously: shear heating
of a confined fluid raises the pore pressure and decreases the
shear resistance by decreasing the effective compressive
stress; dilatancy of a confined fluid decreases the pore
pressure and increases the shear resistance by decreasing
the effective stress; both effects are diminished by rapid
flow of heat and mass from the fault zone. Despite the
simplicity of the model, the analysis does, however, identify
several effects that are not easily anticipated. The effects
cannot be attributed to a special choice of parameters since
they occur in a wide range that includes values that are
reasonable for faults in situ. In particular, slip weakening
can stabilize slip and dilatancy can destabilize it. Both of
these effects are due to the dependence of the shear heating
on the absolute level of shear stress (not just its change): slip
weakening diminishes the shear stress and, hence, shear
heating; dilatancy increases the shear resistance and, hence,
increases shear heating. Another effect that would unlikely
be anticipated without the analysis is the loss of uniqueness
that occurs for nonzero values of thermomechanical cou-
pling B. Although this feature is likely to be modified by a
more elaborate rate- and state-dependent description of
friction, as noted above, the resolution may depend on the
particular form of the evolution for small velocities. Fur-
thermore, although the loss of uniqueness may be eliminated
by more elaborate modeling, it may indicate that the
subsequent evolution will be strongly dependent on small
perturbations. Finally, in contrast to other examinations of
shear heating, which have focused on effects in regimes of
steady or dynamic slip, the analysis here demonstrates that
shear heating can have a significant effect on stability in a
regime of slow slip.

Appendix A: Equations Describing the
Quasi-Drained Solution

[68] For the fully drained (‘‘slow’’ slip _� � 1) regime I
for T < T* and � < �*, T = Td (�), � = 0, and � = �d (�),

where

Td �ð Þ ¼ �� 2

3
Ag �ð Þ ðA1Þ

�d �ð Þ ¼
Z �

0

�td uð Þ exp � Td �ð Þ � Td uð Þ
�c

� �
du; ðA2Þ

where �td (�) = �o
t + mo(Td (�) � �) (equation (12a)).

[69] For the fast slip ( _� � ��1) regime for T ’ T* and
�* < � < �**, T � T* = �xf (�), � = �f (�), and � =
�f (�), where

xf �ð Þ ¼ �
Z � D T�;�ð Þ

Td �ð Þ � T�
d�; ðA3Þ

�f �ð Þ ¼ Td �ð Þ � T�; ðA4Þ

�f �ð Þ ¼ �d �*

 �

þ �td ��ð Þ ����ð Þ � mo
2

����ð Þ2: ðA5Þ

[70] For the fully drained ( _� � 1) regime II for T > T*
and � > �**, T = Td (�), � = 0, and � = �d2(�), where

�d2 �ð Þ ¼ exp � Td �ð Þ � T�

�c

� �
�f ���ð Þ þ

Z �

���

�td uð Þ

� exp �Td �ð Þ � Td uð Þ
�c

� �
du: ðA6Þ

Appendix B: Stability Analysis of the Rapid
Drainage Asymptotic Solution

[71] In this appendix we verify the stability criteria for the
slip under conditions of rapid drainage (� � 1) presented in
the section 5. To simplify the analysis we will consider
adiabatic conditions, but the qualitative results established
are fully applicable under the less restrictive assumption of
‘‘slow’’ heat exchange, �/�c � 1. The governing equation
for the slip (equation (9a)) under adiabatic conditions can be
rewritten as

d�

dT
¼ � 1

�moB
T � TN �ð Þ
T � TD �ð Þ ; ðB1Þ

where the functions TN = T � N and TD = T + D/moB (with
B 6¼ 0) can be expressed as

TN ¼ Td �ð Þ � � ðB2aÞ

TD ¼ 1

moB
�f 0 �ð Þ þ 1� 2

3
Ag0 �ð Þ

�
�B �o

t � mo�

 ��

: ðB2bÞ

Below we describe some properties of the ordinary
differential equation (B1) [Pontriagin, 1962; Andronov,
1973]. These properties can be used to analyze the solution
T = T(�) with initial condition T(0) = 0 for � � 1.
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[72] Possible solutions of the ODE (equation (B1)) can be
viewed as curves in the (�, T ) plane, and the vector field
( _�, 1) is tangent to those curves. On the special curves,
called critical isoclines T = TN (�) and T = TD(�), the
vector ( _�, 1) is vertical and horizontal, respectively. Con-
sequently, any solution path which intersects one of the two
isoclines T = TN(�) or T = TD(�) yields zero or infinite slip
rate, respectively. The points of intersection of the two
critical isoclines (if they exist) are called special points of
the ODE (equation (B1)) and are characterized by an
indefinite slip rate. Consequently, if any solution path goes
through a special point it becomes nonunique, i.e., multiple
solution paths are possible past this special point. The area
on the (�, T ) plane between the two critical isoclines, TN 	
T 	 TD, corresponds to positive slip rate. The inclination of
the vector field ( _�, 1) is nearly horizontal, i.e., slip rate is
large, _� � 1/� � 1 (B1), everywhere on the (�, T ) plane
except for the � vicinity of the isocline T = TN (�). In this
vicinity the slip rate varies between zero on the isocline to
large values, _�� 1, at the distances more than � away from
the isocline.

[73] The isocline T = TN (�) (equation (B2a)) is posi-
tioned � below the fully drained curve T = Td (�). For the
form of the functions f and g adopted in equations (6) and
(8), the isocline T = TD(�) is parabolic for � < 1 and linear,
TD
0 (�) = 1, for � � 1. Because of the f 00 discontinuity at

� = 1, the slope of T = TD(�) is discontinuous there.
Figure B1 depicts qualitative plots of the isoclines in a
semilogarithmic scale for different choices of parameters �
and A (The negative parts of isoclines, where applicable,
are not shown.) For clarity, a value of � much larger than the
estimate � � 10�10 to 10�6 provided in GR (equation (34))
was used in the above plots.

B1. Stable Slip (Unique Slip Solution With
Bounded Slip Rate)

[74] The slip solution T = T(�) with T(0) = 0 is stable
(i.e., the slip rate is bounded and the solution is stable with
respect to small perturbations) and is given to the order � by
the asymptotic � � 1 solution (equation (15)), T = To(�) +
O(�), if and only if TD(�) > To(�) for all �, or, equiva-

Figure B1. Analysis of the solutions T = T(�) (in semilogarithmic scale) corresponding to chosen
points (cross marks) on the parametric plane (A, �) (Figure 11). (a) Stable quasi-drained slip for A =
1.25, � = 2.5. Unstable slip for (b) A = 1.25, � = 1.5 (slip instability in the fast slip regime corresponding
to the unbounded slip rate), (c) A = 1.25, � = 0.4 (‘‘stick’’ ( _� = 0) instability), and (d) A = 1.25, � = 0.1
(‘‘stick-slip’’ instability). (The value of � (scaling the offset between the stable part of the solution in a
fully drained regime and isocline T = TN (�)) is exaggerated for the clarity.)
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lently, D(To(�),�) > 0 for any�. (This inequality has to be
understood to the order �, i.e., (TD(�) � To(�))/To(�) � �
for any �.) The stability criterion implies that TD(�) >
TN(�) since TN(�) is smaller than To(�) by at least �, and
therefore no special points (intersections of the critical
isoclines) exist in this case.
[75] To verify the above criterion, first consider the case

A < 1 (i.e., TN
0 (�) > 0 for all�) and TD(�) > TN (�). Let us

select the (�a)-plus neighborhood of the vertical isocline,
0 < T � TN (�) < �a � 1 with 0 < a < 1. Then, according to
the properties of the tangential vector field of equation (B1),
the inclination of the vector field is nearly horizontal ( _� �
�a�1 � 1) on the upper boundary of the neighborhood, T =
TN (�) + �a, and is vertical ( _� = 0) on the lower boundary,
T = TN (�). Consequently, no solution path which is
initiated inside the neighborhood can leave it (all solution
paths crossing the boundary of the neighborhood are
incoming); see the sketch on Figure B2.
[76] The slip initiation point for the solution of interest is

at the origin, T(0) = 0, and is inside the neighborhood.
Therefore the solution T = T (�) has to remain in the � plus
neighborhood of T = TN (�) for all � and thus is given by
the fully drained solution to the order �.
[77] In the case A � 1, characterized by nonmonotonic

TN (�), the solution T = T (�) remains in the � plus
neighborhood of T = TN (�) for � < �*, from where it
then departs to form a nearly horizontal line for � > �*

(tangential vector field is nearly horizontal away from the
isocline T = TN (�)) and, finally, reenters the � plus
neighborhood of T = TN (�) in the vicinity of � = �** to
remain there for � > �**; see, for example, Figure B1a.
Parameters for the depicted case of stable slip correspond to
the point 1 on the parametric plane (A, �) of Figure 11.

B2. Unstable Slip

[78] Slip is unstable when there exists a slip value �ins,
such that D(To(�ins), �ins) = 0, or TD(�ins) = To(�ins).

B2.1. Instability in the Fast Slip Regime

[79] Slip instability in the fast slip regime, �ins 2 (�*,
�**), TD(�ins) = T*, corresponds to the unbounded slip rate

_� = 1. Indeed, in this case the exact solution T = T(�)
approximated by the asymptotic solution, T = To + O(�),
intersects the critical isocline T = TD(�) away from the
other critical isocline T = TN (�) (since TN (�) < T* for � 2
(�*, �**)) (see Figure B1b), yielding infinite slip rate.
Parameters for the depicted case correspond to the point 2
on the parametric plane (A, �) of Figure 11.

B2.2. Nonunique Slip

[80] Slip instability in a fully drained regime, �ins 2
(0, 1)\(�*, �**), TD(�ins) = Td (�ins) corresponds to the
loss of slip uniqueness and subsequent instability with
respect to a small perturbation. To demonstrate that, proceed
with the following analysis.
[81] Since T = Td(�) is � close to the critical isocline

T = TN (�), then the above instability condition in a fully
drained regime implies that the two critical isoclines inter-
sect at the special point (�1, T1), TD(�1) = TN (�1) = T1,
where the slip value at the special point is approximated by
�ins, i.e., �1 = �ins + O (�). (Note that given the parabolic
shape of the isocline T = TD(�), the second special point
(�2, T2) may exist past the first one). To understand
behavior of a slip solution in the vicinity of a special point,
we consider the eigenproperties of the ODE (equation (B1))
Jacobian evaluated at the special point

J �ð Þ ¼
�T 0

N �ð Þ 1

��T 0
D �ð Þ ���

0
@

1
A; �� ¼ �moB � 1: ðB3Þ

Eigenvalues lI,II and corresponding eigenvectors eI,II of
J(�) are

lI ¼ �T 0
N � ��

T 0
D

T 0
N

; lII ¼ ��
T 0
D � T 0

N

T 0
N

; eI;II ¼ 1;T 0
N þ lI;II

� 
;

ðB4Þ

where the higher-order �� terms have been neglected. Thus
the eigenvalues are of the same sign, lIlII > 0, at the first
special point (�1, T1) with TD

0 < TN
0 , and of the opposite

sign, lIlII < 0, at the second special point (�2, T2) with
TD
0 > TN

0 . According to the classical ODE theory
[Pontriagin, 1962], (�1, T1) is then the nodal point (all
solution paths in the vicinity of the ODE nodal point are
incoming to or outgoing from the point) and (�2, T2) is
the saddle point (only two limiting solution paths, called
separatrices, pass through the point). Thus the solution
path T = T(�) with the initial condition T(0) = 0 passes
through the nodal point (�1, T1) and becomes nonunique,
such that additional information (refinement of the
model) is needed to single out the solution path past
the nodal point. Note that all solution paths exiting the
nodal point (which can be the continuation of the solution
path T = T(�), T(0) = 0, past the nodal point) have
identical slope defined by the second eigenvector, eII =
{1, T 0

N + lII} (equation (B4)) (since �lII � ��, this slope is
slightly (by ��) smaller than the slope of the critical isocline
T = TN (�)).
[82] Loss of solution uniqueness at the nodal special

point is shown on Figures B2c and B2d for two different
sets of problem parameters corresponding to the points 3

Figure B2. Sketch of the (�a)-neighborhood (0 < a < 1) of
the vertical isocline T = TN (�).
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and 4 on the parametric plane (A,�) of Figure 11. Solution
path T = T(�) with T(0) = 0 is shown by the thick line.
Evolution of the multitude of the slip solutions past the
special point depends on the second special point (�2, T2).
In general, one of the separatrices incoming to (�2, T2)
(shown in thick dashed line) divides solution paths into two
families. Any path from the first family (above the dividing
separatrix) crosses the critical isocline T = TN (�) at some
value of slip in the interval between the nodal and saddle
points, � 2 (�1, �2), and, therefore, leads to stick ( _� = 0).
Any path from the second family of solution paths
(below the dividing separatrix) crosses the critical isocline
T = TD(�) at some � 2 (�1, �2) and therefore leads to the
slip instability with the unbounded slip rate ( _� = 1). Since
all solution paths (including the separatrix) of the ODE
(equation (B1)) are nearly horizontal on (�, T ) plane away
from the critical isocline T = TN (�), the separatrix connects
the two special points (i.e., is outgoing from the nodal point
and incoming to the saddle point) if T1 < min

�1<�<�2
{T2,

TN (�)}. Consider the case depicted on Figure B1c, where
the above condition is not satisfied and, consequently, the
separatrix lies below the line T = T1. All the multitude of
solution paths exiting (�1, T1) lead to stick (each solution
path crosses T = TN (�) and thus yields _� = 0). On the
other hand, in the case depicted on Figure B1d the above
inequality is satisfied and the separatrix connects the two
special points, thus, divides the multitude of solution paths
exiting the nodal point (�1, T1) into the two families
leading to either stick (first family) or unbounded slip rate
(second family). Since all paths exiting (�1, T1) at the same
angle, any infinitesimal positive (negative) slip perturbation
immediately after the passage of the nodal point can result
in the change of solution family, i.e., in eventual slip
instability with unbounded slip rate instead of stick (and
vice versa).

Notation

Material, geometry, and loading constants
G elastic shear modulus of the crustal rock.

k, c hydraulic and thermal conductivities of the rock.
C heat capacity of the fault gouge.
K0 effective bulk modulus of the gouge.
mo friction coefficient of the gouge.
b0 effective thermal expansivity of the gouge (function

of the ambient pressure po and temperature qo).
‘ half thickness of the crustal block.

lo initial half thickness of the fault zone.
d depth of the slip.

po(d ) ambient value of pore pressure.
qo(d ) ambient value of temperature.

_g‘ tectonic shear strain rate.
to initial fault shear resistance.

Slip characteristic parameters
ts slip timescale, equal to dr/( _g‘‘).
tk pore fluid diffusion timescale, equal to lo‘/(kK

0).
tc thermal diffusion timescale, equal to lo‘C/c.
dr residual slip distance.
tr residual fault shear resistance.
fr

p residual inelastic change of porosity.
p* characteristic pore pressure, equal to (G/mo)(dr/‘).
q* characteristic temperature, equal to ( p*/C)(dr /lo).

Dimensional and normalized variables
t and T = t/ts time.

d and � = d/dr fault slip.
t and �t = t/p* shear stress on the fault.

p � po and � = ( p � po)/p* pore pressure variation (in
the fault zone).

q � qo and � = (q � qo)/q* temperature variation (in the
fault zone).

Governing dimensionless parameters and functions
� pore fluid exchange parameter, equal to tk/ts.

�c heat exchange parameter, equal to tc/ts.
�to initial shear stress on the fault, equal to to/p*.
A frictional slip weakening, equal to 3

2
(to � tr)/

(mop*).
B thermomechanical coupling, equal to b0q* (K0/

p*).
� inelastic dilation parameter, equal to fr

p(K0/p*).
g(� < 1) function specifying frictional stress decrease

with the slip, equal to �2�3 + 3�2.
f (� < 1) function specifying inelastic dilation of the fault

with the slip, equal to 2� � �2 (with f (� � 1)
= g(� � 1) = 1).
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