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[1] The elastic strain energy released per unit advance of a
compaction band in an infinite layer of thickness h is used
to identify and assess quantities relevant to propagation of
isolated compaction bands observed in outcrop. If the elastic
moduli of the band and the surrounding host material
are similar and the band is much thinner than the layer,
the energy released is simply s+xh�

p where s+ is the
compressive stress far ahead of the band edge, xh is the
thickness of the band and �p is the uniaxial inelastic
compactive strain in the band. Using representative values
inferred from field data yields an energy release rate of
40 kJ/m2, which is roughly comparable with compaction
energies inferred from axisymmetric compression tests on
notched sandstone samples. This suggests that a critical
value of the energy release rate may govern propagation,
although the particular value is likely to depend on
the rock type and details of the compaction process.
Citation: Rudnicki, J. W., and K. R. Sternlof (2005), Energy

release model of compaction band propagation, Geophys. Res.

Lett., 32, L16303, doi:10.1029/2005GL023602.

1. Introduction

[2] Mollema and Antonellini [1996] reported observa-
tions of tabular zones of localized compactive deformation
without evident shear in the Navajo Sandstone formation of
southern Utah. They called these structures compaction
bands (CBs). Similar structures have been observed in other
field locations, and Sternlof et al. [2005] have reported
detailed measurements from CBs cropping out as extensive
arrays in the Aztec sandstone of southeastern Nevada.
Localized compaction has also been observed in laboratory
axisymmetric compression tests on sandstones [Olsson,
1999; Olsson and Holcomb, 2000; Baud et al., 2004; Klein
et al., 2001] and in simulations of bore hole breakouts
[Haimson, 2001; Haimson and Lee, 2004; Klaetsch and
Haimson, 2002]. There are a number of differences among
the laboratory observations and between the laboratory and
field observations. Nevertheless, all the observed structures
are characterized by localized porosity reduction in a
roughly tabular zone that forms perpendicular to the max-
imum compressive stress. In addition to their inherent
interest as a mode of localized deformation in porous rock
that has been recognized only recently, CBs have potential
importance to applications because of their effect on per-
meability. Both field [Sternlof et al., 2004; Taylor and

Pollard, 2000] and laboratory measurements [Holcomb
and Olsson, 2003; Vajdova et al., 2004] have shown that
the permeability for flow across CBs is as much as several
orders of magnitude smaller than that of the surrounding
(host) material. Consequently, the formation of CBs in
subsurface porous formations can strongly affect applica-
tions involving the injection or withdrawal of fluids, such as
petroleum production, CO2 sequestration, contamination
clean-up and aquifer management.
[3] Viewed as two-dimensional profiles in outcrops of

Aztec sandstone, individual CBs are generally long (10s of
meters), thin (a few centimeters) zones of grains compacted
through inelastic processes of porosity loss, primarily grain
fracture and rearrangement. These CBs appear to have
propagated outward along planes roughly orthogonal to the
direction of maximum remote compressive stress [Sternlof
et al., 2005]. Experimental efforts to induce compaction
localization in sandstone cylinders under axisymmetric
compression [Olsson, 1999; Olsson and Holcomb, 2000;
Baud et al., 2004; Klein et al., 2001] have tended to produce
zones of compaction that appear to occur nearly instanta-
neously across the width of the specimen indicating that
propagation, if it occurs, does so rapidly. On the other hand,
in triaxial simulations of bore hole breakouts in sandstone
[Haimson, 2001; Haimson and Lee, 2004; Klaetsch and
Haimson, 2002], the tips of features resembling CBs have
been identified extending from elongated, slot-shaped break-
outs. In order to examine band propagation in the laboratory
Vajdova and Wong [2003] and S. Tembe et al. (Initiation
and propagation of strain localization in circumferentially
notched samples of two porous sandstones, submitted to
Journal of Geophysical Research, 2005, hereinafter referred
to as Tembe et al., submitted manuscript, 2005) conducted
axisymmetric compression experiments on cylindrical speci-
mens with an external, circumferential notch. In some cases,
they observed compaction initiating at the notch and extend-
ing across the specimen in increments corresponding to
small load drops.
[4] A critical element in reconciling different laboratory

observations, differences between laboratory and field obser-
vations, and in making predictions for practical applications
is a better understanding of conditions for propagation.
Although theoretical studies [Olsson, 1999; Issen
and Rudnicki, 2000, 2001; Rudnicki, 2002; Detournay et
al., 2003; Rudnicki, 2003; Bésuelle and Rudnicki, 2004;
Rudnicki, 2004] have had some success in identifying stress
conditions and material behavior that are favorable for CB
formation, there is less understanding of the conditions for
propagation or arrest. Sternlof and Pollard [2002] and
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Sternlof et al. [2005] have suggested a linear elastic anticrack
model for CB propagation. An anticrack is the compres-
sive, closing-mode counterpart of the more familiar tensile,
opening mode crack but with the sign of the stresses and
crack-surface displacements reversed. Although the model
formally predicts interpenetration of the crack surfaces, for
CBs this interpenetration is interpreted physically as the
inelastic compaction accompanying porosity loss. In this
model, a CB propagates because of the compressive stress
concentration at the edge of the band. Currently, little is
known about the magnitude of the stress concentration
required to induce propagation in either the field or
laboratory. Vajdova and Wong [2003] and Tembe et al.
(submitted manuscript, 2005) also used the anticrack model
to interpret their experiments on notched specimens of
Berea and Bentheim sandstone. From the nominal stress
vs. displacement curves, Vajdova and Wong [2003] esti-
mated a lower bound on the compaction energy for
Bentheim of 16 kJ/m2. Tembe et al. (submitted manuscript,
2005) estimated 43 kJ/m2 for Berea, but because the band
propagated at an angle of 55� from the plane ahead of the
notch, it is likely to be a shear band.
[5] The stress at the edge of an anticrack is singular, as it

is for a tensile crack. Consequently, the quantity relevant to
the propagation of the band is the coefficient of the stress
singularity, the stress intensity factor K, or, equivalently, the
energy release rate G, related to K by

G ¼ 1� nð Þ
2G

K2 ð1Þ

where G is the shear modulus and n is Poisson’s ratio. At
present the only estimates of critical values of K or G appear
to be those by Vajdova and Wong [2003] and Tembe et al.
(submitted manuscript, 2005) of compaction energies. In
addition, it is unclear how these critical values relate to the
parameters of the band, in particular, the inelastic compactive
strain accommodated. This article presents a very simple
energy release model of CB propagation as a framework for
identifying the relevant controlling parameters.

2. Formulation

[6] The model is based on an example calculation of
Rice [1968] illustrating the use of the J- integral and is

shown in Figure 1. Physically, it represents an idealized
geometry based on outcrop observations from the Aztec
sandstone (Figure 2) [Sternlof et al., 2005]. It consists of a
long (infinite in the x-direction) layer of material of
thickness h (in the y-direction). The layer contains a long
(semi-infinite) CB which attains a fixed thickness xh far
behind the band edge. Both the layer and the band are
uniform in the z-direction (orthogonal to the xy-plane of
Figure 1), at least over distances much larger than h. The
layer boundaries are then displaced toward each other a
total distance D. The geometry constrains all displacements
and strains to be uniaxial in the vertical (y) direction.
Because the configuration is self-similar (translationally
invariant in the x-direction), propagation of the CB a unit
distance in the x-direction must reduce the strain energy in
a vertical slice (perpendicular to the xy-plane) far ahead of
the band edge to that of a vertical slice far behind the band
edge. Because displacement is fixed on the boundaries of
the sample, this difference in strain energy exactly equals
the energy released per unit area swept out by propagation
of the CB a unit distance.
[7] Far ahead of the band, the vertical strain is uniform

and equal to D/h. If the material is assumed to be elastic,
then the vertical stress is M(D/h) (horizontal stresses exist to
enforce zero strain in these directions), where M is the
modulus governing one-dimensional strain. For an isotropic
material with shear modulus G and Poisson’s ratio n, M =
2G(1 � n)/(1 � 2n). The strain energy per unit area of a
vertical slice far ahead of the CB is

Wþ ¼ 1

2
Mh

D

h

� �2

ð2Þ

[8] Far behind the band edge, where the CB thickness
is xh, the strain is uniform in the CB eband and outside the

Figure 1. Model of a semi-infinite CB of maximum
thickness xh embedded in an infinite layer of thickness h.
Boundaries of the layer are displaced toward each other by a
total amount D. Propagation of the band a unit distance
reduces the energy of a vertical slice far ahead of the band
edge W+ to that of a slice far behind the band edge W�.

Figure 2. A typical configuration of three parallel CBs in
the Aztec Sandstone, which forms the basis for the model
illustrated in Figure 1. (left) The vertical slice with elastic
strain energy W� and (right) the vertical slice with energy
W +. (middle) The transitional zone associated with the
elliptical taper of the central band’s tip. In the photos, the
hypothetical boundaries of the model layer surrounding
the central band (Figure 1) fall between it and its two
bounding neighbors, which are spaced 1.2 m apart. Thus, h in
this case equals 0.6 m.
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CB eout. The values are different but must be compatible
with the total displacement of the boundary

xheband þ 1� xð Þheout ¼ D ð3Þ

The stress outside the CB is given by sout = Meout. The
material inside the CB is also assumed to be elastic, but with
a different modulus Mb, and to have undergone an inelastic,
vertical compactive strain � p. Hence, the stress is given by

sband ¼ Mb eband � � pð Þ ð4Þ

[9] Equilibrium requires that sband = sout. This equation
can be combined with (3) to determine the strains in terms
of D/h, the moduli, the geometry and � p. Therefore, the
strain energy per unit area of a vertical slice far behind the
edge of the CB is

W� ¼ xh
1

2
sband eband � � pð Þ þ 1� xð Þh 1

2
souteout ð5Þ

Taking the difference W + � W� yields the energy release
per unit area created of CB with thickness xh:

Gband ¼
1

2

Mh

M=Mbð Þxþ 1� xð Þ
D

h

� �2

x
M

Mb

� 1

� �(

þ 2x�p
D

h

� �
� x� pð Þ2

)
ð6Þ

3. Special Cases

[10] If the band modulus vanishes, Mb = 0, then (6)
reduces to

Gband ¼
1

2
M

D

h

� �� �
D ð7Þ

where s+ = M(D/h) is the uniform stress ahead of the band.
This is equivalent to the result for a crack with zero tractions
on the surfaces and, notably, does not depend on the
inelastic compactive strain. Equating (7) and (1) yields an
expression for the stress intensity factor

Kband ¼ D

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MG

1� nð Þh

s
ð8Þ

that is independent of the band length.
[11] If the elastic modulus of the CB remains the same as

the material outside, Mb = M, then, neglecting the last term
in the bracket, (x� p)2, (6) reduces to

Gband ¼ sþx� ph ð9Þ

Thus, (9) has the simple interpretation of the stress
multiplied by the compactive displacement in the CB.
[12] An indication of the effect of the difference in

moduli can be obtained from Gband by simplifying the

expression (6) for x � 1 and retaining only linear terms.
The result is

Gband ¼ M
D

h

� �� �
xh � p þ 1

2

D

h

� �
M

Mb

� 1

� �	 

ð10Þ

Equation (10) suggests that the ratio of moduli is probably
not significant unless it exceeds two and D/h is the same
order of magnitude as � p. This result is consistent with the
finding of Sternlof et al. (submitted manuscript, 2005) that
the internal stiffness does not appreciably affect the state of
stress around a highly eccentric ellipsoidal CB when � p is
on the order of 10%. If the CB is modeled as a rigid
inclusion, then Mb ! 1, and the last parenthesis in (10)
becomes �1. If the inelastic compactive strain is much
greater than the nominal strain � p 
 D/h, then this reduces
to the same expression as (9). Consequently, unless the
stiffness of the CB material is much less than that of
the surrounding material, (9) gives a good approximation to
the energy release rate.

4. Discussion

[13] The simple model presented here suggests that CB
propagation can reasonably be considered to occur when the
energy released per unit advance of the band Gband is equal
to some critical value Gcrit that reflects the resistance of the
material to compaction. Expressions (6), (7), (9), and (10)
for Gband give the energy released in terms of the compac-
tive strain of the band, the imposed strain, the elastic
properties of the band and the surrounding material, and
the thickness of the band and the surrounding material
(spacing between bands). Assuming that band propagation
does occur when Gband = Gcrit, then it is possible to estimate
the minimum value of the material parameter Gcrit for
representative values of the parameters derived from the
Aztec sandstone [Sternlof et al., 2005]. Taking s+ = 40 MPa,
xh = 0.01 m, corresponding to 1 cm thick CBs spaced
1 meter apart, and � p = 0.1, corresponding to a porosity
reduction of 10%, gives Gband = 40 kJ/m2. Gcrit must be at
least this large at the end of propagation; otherwise the band
would not have stopped propagating. Using the smallest and
largest values for s+ estimated by Sternlof et al. [2005] (for
the same values of xh and � p) gives a range of Gcrit from 10
to 60 kJ/m2. For M = 22 GPa, corresponding to E = 20 GPa
and n = 0.2, the value of s+ implies D/h = 1.8�10�3.
However, D is difficult to estimate and h, the CB spacing, is
the most variable physical parameter in outcrop, ranging
from millimeters to meters.
[14] Despite the many differences between the rock types,

circumstances and morphology of band formation in the
field and the laboratory, the range of values, 10 to 60 kJ/m2,
estimated from the field observations includes the two
compaction energies inferred from the experiments on
notched samples. The value of 40 kJ/m2 inferred by Tembe
et. al. (submitted manuscript, 2005) for Berea sandstone is
in the middle of the range although, as noted earlier,
the localized deformation in this case likely involved sig-
nificant shear. The value of 16 kJ/m2 inferred by Vajdova
and Wong [2003] for Bentheim sandstone is a factor of
2.5 smaller. They did, however, report it as a lower bound. If
Gband = 16 kJ/m2 and the stress is taken as 400 MPa, roughly
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the axial stresses at propagation for the Bentheim samples,
then (9) yields 0.04 mm for the compactive displacement.
For a plastic strain of 7%, the porosity change estimated by
Klein et al. [2001], the band width is 0.57 mm, about
the same as observed by Baud et al. [2004, Figure 9]. Thus,
the expression (9) gives results that are consistent with the
limited data. To determine whether there is systematic
variation of Gcrit with different porous sandstones and,
perhaps, differences in the microscale processes of compac-
tion (for example, fracturing vs. grain crushing) would
require additional observations. Our results, however, indi-
cate that the energy release rate is a reasonable framework
for comparison.
[15] Since the term x� ph in this expression represents the

net effective compactive displacement across the CB far
behind the edge, an alternative criterion might be that
propagation occurs at a critical value of this quantity.
Because of the simplicity of the model, it is not specific
about whether this inelastic strain (or compactive displace-
ment) is accumulated in a small zone near the edge or more
gradually over a large zone behind the edge. The model
only assumes that it eventually reaches a constant, asymp-
totic value far behind the edge. Far ahead of the edge the
stress is s+ = M(D/h). Far behind the edge the stress is

s� ¼ Mb

D=h� x�p

xþ 1� xð ÞMb=M
ð11Þ

Presumably, the stress increases from s+ far ahead of the CB
edge to a higher value (theoretically infinite for the
anticrack model) near the edge then decreases to s� at
which point the inelastic strain has attained a critical value
(� p)crit. Further analysis of the spatial and temporal
distribution of energy dissipation suggested by the more
than 5 meters of elliptical taper near the ends of the bands
reported by Sternlof et al. [2005] is warranted and should
contribute to a better understanding of conditions for
propagation.
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