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Abstract This Chapter describes Eshelby’s technique for determin-
ing the stress and strain in regions in an infinite elastic body that
undergo a change of size or shape. The technique is also extended to
determine the stress and strain in regions of different elastic prop-
erties than the surroundings due to loading in the farfield. The
Chapter also discusses the relation of this technique to singular so-
lutions in elasticity and different integral forms for the solutions.
Example applications of the technique include determining the ef-
fective stress in a narrow fault zone, the stress and strain in a fluid
reservoir and subsidence due to fluid mass injection or withdrawal.
The approach of Eshelby is also used as a basis for a brief descrip-
tion of representations of deformation due to slip and seismic source
theory.

1 Introduction

The stress and strain in reservoirs, aquifers, intrusions, fault zones, caverns
or underground structures can differ significantly from the regional fields
because the material response, pore pressure or temperature differs from
that of the surrounding material. Often it is of interest to determine the
alteration of stress, strain or pore pressure in the inhomogeneity due to
remote loading. Examples of this type of problem are the pore pressure
change in an aquifer due to barometric or tidal loading or the stress induced
in a fault zone by tectonic loading. In other cases, the interest may be in
how a change in the inhomogeneity affects other quantities or perturbs the
remote field. For example, how does the excavation of an underground stor-
age facility perturb the regional stress? How does injection or withdrawal
of fluid mass or a change of pore pressure alter the stress and strain in
a subsurface reservoir? Although it is sometimes assumed that the pore
pressure change occurs with no change in stress or with the constraint of
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uniaxial deformation, the propriety of these limiting cases depends on the
geometry of the reservoir and the difference in material response from the
surroundings.

The well-known solution of Eshelby (1957, 1961) has been widely used
to study the effects of inhomogeneities in materials (e.g., Mura, 1987) and
provides a relatively simple yet reasonably general approach for exploring
these types of problems. In addition, the Eshelby framework can be used
as the basis of seismic source theory. Eshelby (1957) originally posed the
following problem: Suppose a region of an elastic body, the inclusion, un-
dergoes a change of size and shape that could be described by homogeneous
strain in the absence of constraint of the surrounding material; what is the
resulting state of stress and strain in the inclusion and the surroundings,
the matrix? Eshelby (1957) did not solve this problem directly but instead
used an ingenious series of conceptual steps involving cutting, transforming
and re-inserting the inclusion. He showed that for an ellipsoidal inclusion
in an infinite elastic body, the resulting stress and strain in the inclusion
are uniform. He went on to show that this solution also solves the problem
of an elastic inhomogeneity, that is, the perturbation of a remote stress or
strain field by an ellipsoidal region of different elastic properties.

This Chapter will describe Eshelby’s approach and show how the results
can be applied to several geomechanical problems. The next section briefly
recapitulates some results from elasticity that will be used.

2 Results from Linear Elasticity

In linear elasticity the stress σij is related to the infinitesimal strain εkl by

σij = Cijklεkl (1)

Because of the symmetry of σij and εkl, the modulus tensor Cijkl satisfies

Cijkl = Cjikl = Cijlk (2)

In addition, the existence of a strain energy function implies the additional
symmetry:

Cijkl = Cklij (3)

For an isotropic material, the modulus tensor is given by

Cijkl = G(δikδjl + δilδjk) + (K − 2G/3)δijδkl (4)

where G is the shear modulus, K is the bulk modulus, and δij is the Kro-
necker delta (δij = 1, if i = j; δij = 0, if i 6= j). The combination K−2G/3
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is one of the Lamé constants, denoted Λ here; the other Lamé constant is
G. Alternatively, the bulk modulus K can be expressed in terms of G and
Poisson’s ratio ν as K = 2G(1 + ν)/3(1 − 2ν). Substituting (4) into (1)
yields

σij = 2Gεij + (K − 2G/3)δijε (5)

where ε = εkk is the volume strain. The strain εij is related to the gradient
of the displacement ui by

εij = (1/2) (ui,j +uj ,i ) (6)

where (...),i denotes ∂(...)/∂xi. For quasi-static processes, in which inertia
is negligible, the stress σij must satisfy the equilibrium equation

σij ,i +Fj(x, t) = 0 (7)

where the Fj(x, t) are the components of the body force per unit volume.
Substituting the strain displacement equation (6) into (5) and the result

into equilibrium (7) yields

(K + 2G/3)ε,j +Guj ,kk +Fj(x, t) = 0 (8)

The solution for an arbitrary distribution of body force is given by

ui(x) =
∫
V

gij(x− ξ)Fj(ξ, t)d3ξ (9)

where gij(x − ξ) is the displacement at x due to the application of a unit
force in the j - direction at the point ξ (Love, 1944; Sokolnikoff, 1956). In
other words, the solution of (8) for a singular distribution of body force
given by

FPointj (x, t) = PjδDIRAC(x− ξ) (10)

is
ui(x) = gij(x− ξ)Pj (11)

where δDIRAC(x) is the Dirac delta function defined by the following prop-
erty ∫

V

f(ξ)δDIRAC(x− ξ)dV =
{

f(x) if x is in V
0 if x is not in V

(12)

For later reference, note that the strains due to application of a point force
are given by

εij(x) =
1
2
Pk

(
∂gik
∂xj

+
∂gjk
∂xi

)
(x− ξ) (13)

45



and the stresses are given by

σij(x) = PmCijkl
∂gkm
∂xl

(x− ξ) (14)

where we have made use of (2).
In a homogeneous material (the Cijkl do not depend on position) the

argument of gij depends only on the difference x− ξ. Another property of
the function gij(x− ξ) that will be useful later is

gij(x− ξ) = gji(ξ − x) (15)

This relation states that the ith component of the displacement at x due to
a unit point force in the jth direction at ξ is equal to the jth component
of the displacement at ξ due to a unit point force in the ith direction at x.
The result follows from the elastic reciprocal theorem (Sokolnikoff, 1956).
Consider the application of two point forces to the body: PA at ξA and PB

at ξB with corresponding displacement fields uA and uB . The reciprocal
theorem requires the work of PA on uB at x = ξA be equal to the work of
PB on uA at x = ξB .

If the elastic body is isotropic and unbounded, then the function gij is
obtained from the Kelvin solution (Love, 1944; Sokolnikoff, 1956) and can
be written as

gij =
1

4πG

[
δij
r

+
1

4(1− ν)
∂2r

∂xi∂xj

]
(16)

or

gij =
1

16πrG(1− ν)

[
(3− 4ν)δij +

(xi − ξi)(xj − ξj)
r2

]
(17)

where r = |x− ξ|. The expression for gij in an elastic half-space can be
determined from the solution of Mindlin (1936; 1955). For small values of
r, the expression for gij for the half-space approaches (16) and (17), but
it contains additional, non-singular terms that are required to make the
traction vanish on the surface of the half-space. Okada (1992) has given a
particularly convenient rearrangment of the half-space solution as the sum
of a term corresponding to the Kelvin solution (16, 17), an image term, and
two depth dependent terms, one of which vanishes on the surface of the
half-space.

The point force solution can also be used to generate other singular
solutions that will be useful in later discussions. For example, Figure 1a
shows the combination of a point force of magnitude M/λ in the x1 direction
at x = ξ + (λ/2)e1, where e1 is a unit vector in the x1 direction, and a
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force of equal magnitude acting in the opposite direction at x = ξ−(λ/2)e1.
The displacement is

ui(x) =
M

λ
{gi1 [x− (ξ + (λ/2)e1)]− gi1 [x− (ξ − (λ/2)e1)]} (18)

Taking the limit λ → 0 yields the displacement due to a force dipole or
double force of magnitude M in the x1 direction

ui(x) = M
∂gi1
∂ξ1

(x− ξ) = −M ∂gi1
∂x1

(x− ξ) (19)

Combining double forces in three perpendicular directions (Figure 1b)
yields the displacement field of a center of dilatation:

ui(x) = M
∂gik
∂ξk

(x− ξ) = −M ∂gik
∂xk

(x− ξ) (20)
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Figure 1. Illustration of (a) a force dipole with axis in the x1 direction and
(b) the combination of three perpendicular force dipoles to form a center-
of-dilatation.

Because the forces in Figure 1 are arranged in pairs with a common
line of action they combine to give no resultant moment in addition to no
resultant force. In contrast, the combination of forces in Figure 2a results
in a counter-clockwise moment about the x3 axis of magnitude M . In the
limit λ→ 0, the displacement field is

ui(x) = M
∂gi2
∂ξ1

(x− ξ) = −M ∂gi2
∂x1

(x− ξ) (21)
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The combination of point forces in the positive and negative x1 directions
in Figure 2b also results in a couple of magnitude M about the x3 axis but
in the clockwise direction. Combining these two gives the displacement field

ui(x) = M

(
∂gi1
∂ξ2

+
∂gi2
∂ξ1

)
(x− ξ) (22)

Although this combination of forces is called a double couple, in fact, it
results in no net force and moment (Similarly, a double force results in no net
force). Later, Eshelby’s result will be used to show that the displacement
field is the same as that due to point slip at x = ξ. To generalize this
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Figure 2. Combination of point forces to give a counterclockwise (a) and
clockwise (b) moment about the x3 axis.

procedure, consider the displacement field due to the sum of a point force
P at ξ + λ/2 and an oppositely directed point force at ξ − λ/2 (Figure 3).
Taking the limit |λ| → 0, but maintaining the product Mkl → Pkλl finite
gives

ui(x) = Mkl
∂gik
∂ξl

(x− ξ) = −Mkl
∂gik
∂xl

(x− ξ) (23)
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Figure 3. Combination of two point forces to form force dipoles and cou-
ples.

If the forces are arranged in pairs so that there is no net force or moment,
then Mkl = Mlk and (23) can be written as

ui(x) =
1
2
Mkl

(
∂gik
∂ξl

+
∂gil
∂ξk

)
(x− ξ) (24)

The same expression with a minus sign applies if differentiation is with
respect to xl.

3 Results from Eshelby

Now, consider the problem addressed by Eshelby (1957): The elastic field
caused by a change of size and shape of a region, the inclusion, in an isotropic
elastic body. The treatment here draws heavily on the exposition of seismic
source theory by Rice (1980). He treats the dynamic problem so that the
inertia terms are included in (7) and the function corresponding to gij in
(11) also depends on the difference between the current time and the time at
which the point force is introduced. The development here is for the quasi-
static case which Rice (1980) discusses as a special case of the dynamic
result.

The sequence of operations used by Eshelby (1957) to solve this problem
is shown in Figure 4. First, imagine cutting the region V , the inclusion,
free from the elastic body. Since the body is stress-free, this can be done
without introducing any body forces or tractions.
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“inclusion”
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Reinsert
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size and
shape

Figure 4. Sequence of cutting and welding operations used by Eshelby
(1957) to determine the elastic field of an inclusion.

Next, alter the size and shape of the region V by application of the strain
field ε∗kl(ξ) (Eshelby (1957) considered this strain to be uniform, a case we
will discuss in more detail below.) Physical examples of ε∗kl(ξ) include a
phase change, shrinkage due to cooling of a region of a thermoelastic solid,
or expansion due to injection of fluid into a region of a poroelastic solid.
Consequently, ε∗kl(ξ) is called the transformation strain.

The change of size and shape described by the transformation strain
occurs without stress and, hence, both the inclusion and the elastic body
remain free from stress. Now, restore the region V to its original size and
shape by the application of a stress field

σ∗ij(ξ) = −Cijklε∗kl(ξ) (25)

In order for this stress field to be in equilibrium, it is necessary to apply
simultaneously a body force field F ∗j (ξ) that satisfies (7):

F ∗j (ξ) =
∂

∂ξk
[Ckjlmε∗lm(ξ)] (26)
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At this point, the strain is zero everywhere and the stress vanishes outside
V . Inside V , the stress is σ∗ij(ξ) and there is an extraneous body force field
given by F ∗j (ξ).

The unwanted body force distribution can be removed by applying its
negative and using (9) to calculate the resulting displacement field:

ui(x) = −
∫
V

gij(x− ξ)
∂

∂ξk
[Ckjlmε∗lm(ξ)] d3ξ (27)

The desired solution is the sum of the displacement, strain and stress fields
resulting from (27) and those that existed before the removal of the body
force field. Because the displacement is zero everywhere prior to the removal
of the body force, (27) gives the displacement for the problem originally
posed. The strain field can be obtained by differentiation of (27). The stress
outside V can be calculated from the strain but, inside V , it is necessary to
add (25). Thus, the complete stress field is

σij(x) =
{
Cijkl [εkl(x)− ε∗kl(x)] , inside V
Cijklεkl(x), outside V (28)

Because the transformation strain ε∗kl(ξ) vanishes outside the finite region
V , it is convenient to rewrite (27) as the sum of two terms

ui(x) = −
∫
V

∂

∂ξk
[gij(x− ξ)Ckjlmε∗lm(ξ)] d3ξ + (29)∫

V

∂gij
∂ξk

(x− ξ) [Ckjlmε∗lm(ξ)] d3ξ

Using the divergence theorem to evaluate the first term on a surface just
outside V , where ε∗kl = 0, leaves

ui(x) =
∫
V

∂gij
∂ξk

(x− ξ) [Ckjlmε∗lm(ξ)] d3ξ (30)

Because of the symmetry (2) of Ckjlm, the integrand can here be written
in the form (24) with Mkl = Cklmnε

∗
mn. Thus, the displacement is due to a

distribution of double forces without moment over the volume V . Another
intepretation of (30) is obtained by using (2), (3) and the result from the
reciprocal theorem (15) to rewrite (30) as follows:

ui(x) =
∫
V

[
Clmjk

∂gji
∂ξk

(ξ − x)
]
ε∗lm(ξ)d3ξ (31)
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Comparison with (14) reveals that the term in brackets in the integrand is
the stress at ξ due to a unit point force in the ith direction at x:

σ
(i)
lm(ξ − x) = Clmjk

∂gji
∂ξk

(ξ − x) (32)

Thus, (31) can be written as

ui(x) =
∫
V

σ
(i)
lm(ξ − x)ε∗lm(ξ)d3ξ (33)

Consequently, the result (31) can be interpreted as following from the equal-
ity of work expressions:∫

V

PiδDIRAC(ξ − x)ui(ξ)d3ξ =
∫
V

Piσ
(i)
lm(ξ − x)ε∗lm(ξ)d3ξ (34)

The left term is the work of the point force Pi at x on the displacement
at ξ due to the transformation strain ε∗lm(ξ). The right side is the work of
the stress at ξ due to the point force Pi at x on the the transformation strain
ε∗lm(ξ). The left side is defined for the entire body, not just the volume V
and since the transformation strain vanishes outside V , both integrals can
be extended to the entire body. Thus, the symmetry (3) and the constraint
of the reciprocal theorem on the form of gij (15)lead to an intepretation of
the Eshelby result (30) in terms of the reciprocal theorem.

3.1 Thin Inclusions

Often reservoirs or fault zones are very thin, i.e., they have a thickness
much less than their lateral extent. Consequently, it is useful to specialize
(30) to this case. For simplicity, consider a narrow volume V with midsur-
face Σ perpendicular to the x3(ξ3) direction. Because the thickness of the
zone is assumed to be small, the displacement near ξ3 = 0 can be written
as

u∗i (ξ) =
bi(ξ1, ξ2)
h(ξ1, ξ2)

ξ3 (35)

where h(ξ1, ξ2) is the thickness and the bi(ξ1, ξ2) are the net relative dis-
placements across the zone. The strains are

ε∗33 =
b3(ξ1, ξ2)
h(ξ1, ξ2)

(36a)

ε∗3α =
1
2

(
bα(ξ1, ξ2)
h(ξ1, ξ2)

+ ξ3
∂

∂ξα

[
b3(ξ1, ξ2)
h(ξ1, ξ2)

])
(36b)

ε∗αβ =
1
2
ξ3

(
∂

∂ξα

[
bβ(ξ1, ξ2)
h(ξ1, ξ2)

]
+

∂

∂ξβ

[
bα(ξ1, ξ2)
h(ξ1, ξ2)

])
(36c)
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where (α, β) = (1, 2). Substituting into (30), expanding other terms in the
integrand about ξ3 = 0, integrating ξ3 from −h/2 to +h/2 and taking the
limit h→ 0 yields

ui(x) =
∫

Σ

∂gij
∂ξk

(x− ξ)Ckj3mbm(ξ)dξ1dξ2 (37)

Generalizing the result to a surface Σ with unit normal n (pointing from
the (−) to the (+) side of Σ) yields

ui(x) =
∫

Σ

∂gij
∂ξk

(x− ξ)Ckjlm
1
2

(nlbm + nmbl)(ξ)dξ1dξ2 (38)

The same expression can be obtained directly from (30) by writing the
transformation strain as

ε∗ij(ξ) =
1
2

(nibj + njbi)(ξ)δDIRAC(Σ) (39)

where δDIRAC(Σ) is the singular Dirac delta function converting the domain
of the integral from the volume V to the surface Σ.

Comparison of the integrand in (38) with (24) shows that the displace-
ment is due to a distribution of double forces without moment with strengths
Ckjnmnnbm over the surface Σ. The same manipulations that lead from (30)
to (31) and use of (2), (3), and (15) allow us to rewrite (38) as

ui(x) =
∫

Σ

[
Clmkj

∂gji
∂ξk

(ξ − x)
]

1
2

(nlbm + nmbl)(ξ)dξ1dξ2 (40)

Using (32) to again identify the term in square brackets as the stress at ξ
due to a unit point force in the ith direction at x yields the Volterra formula
for the displacement field due to a distribution of dislocations (displacement
discontinuities, bk) on Σ (Steketee, 1958):

ui(x) =
∫

Σ

nlσ
(i)
lm(ξ − x)bm(ξ)dξ1dξ2 (41)

As noted by Rice (1980), this expression is typically derived beginning with
an application of the reciprocal theorem as expressed in (34).

Specializing (38) to an isotropic material (5) gives

ui(x) =
∫

Σ

[
Λnmbm(ξ)

∂gik
∂ξk

(x− ξ) (42)

+Gnlbm(ξ)(
∂gil
∂ξm

+
∂gim
∂ξl

)(x− ξ)
]
dξ1dξ2
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If the relative displacement is purely normal to the plane of the zone, open-
ing or overlap, bm(ξ) = bnormal(ξ)nm and (42) becomes

ui(x) =
∫

Σ

bnormal(ξ)
[
Λ
∂gik
∂ξk

(x− ξ) (43)

+ 2Gnl nm

(
∂gil
∂ξm

)
(x− ξ)

]
dξ1dξ2

Thus, the source on Σ is the combination of a center-of-dilatation, weighted
by Λ, and a force dipole in the direction n weighted by 2G. If the dis-
placement is evaluated far from the surface Σ (compared with a character-
istic length of Σ) then the term in square brackets in the integrand can be
evaluated at any point on Σ and taken outside the integral. The remain-
ing integration is equal to the average relative normal displacement over
Σ multiplied by the area of Σ. This justifies identification of the quantity
in square brackets as a point uniaxial strain (or, less accurately, a tensile)
source. If the relative displacement is perpendicular to the normal, that is,
pure slip, nmbm = 0, and (42) reduces to

ui(x) =
∫

Σ

Gnlbm(ξ)
(
∂gil
∂ξm

+
∂gim
∂ξl

)
(x− ξ)dξ1dξ2 (44)

Evaluation of the displacement far from Σ leads to a double couple source
(without moment) of strength equal to the product of G, the average slip
and the area of Σ.

3.2 Volumetric Transformation Strain

For later reference, we record the forms of the preceding expressions
when the transformation strain is purely volumetric

ε∗lm(ξ) =
1
3
ε∗(ξ)δlm (45)

If the material is isotropic (5), then

Ckjlmε
∗
lm(ξ) = Kε∗(ξ)δkj (46)

With (46), (30) becomes

ui(x) =
∫
V

Kε∗(ξ)
∂gik
∂ξk

(x− ξ)d3ξ (47)

Comparison of (47) with (20) demonstrates that the displacement is the
result of a distribution of centers of dilatation of strength Kε∗(ξ) over the
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volume V . When the transformation strain results from a temperature
change, (47) reflects the nuclei of strain method introduced by Goodier
(Timoshenko and Goodier, 1970).

Alternatively, substituting (45) into (33) yields

ui(x) =
∫
V

1
3
σ

(i)
kk (ξ − x)ε∗(ξ)d3ξ (48)

This is a form of the Maysel integral representation (Maysel, 1941) (also
see Nowacki (1986)) discussed by Lehner et al. (2005). The result was used
by Maysel to determine the displacement field due to a temperature change
in a region, but is adapted by Lehner et al. (2005) to solve an analogous
problem of poroelasticity corresponding to fluid withdrawal or injection from
a region. Although (48) and (47) are equivalent, Lehner et al. (2005) note
that the former has certain advantages for computations in inhomogeneous
media. They obtain (48) from an adaption of the reciprocal theorem to a
poroelastic solid and its application analogous to (34). Although obtained
by a different route here, the reciprocal theorem is used via the property
(15).

3.3 Uniform Transformation Strain

In the problem originally considered by Eshelby (1957), the transforma-
tion strain ε∗kl(ξ) was taken as uniform, εTij . Consequently, the size and
shape of the inclusion (after transformation and before re-insertion into the
matrix) can be restored by a traction applied to the surface:

tTj = −nkCkjlmεTlm (49)

Thus, the displacement caused by the removal of this tractions is that due
to a distribution of point forces over the boundary of the inclusion

ui(x) = −CkjlmεTlm
∫
S

nkgij(x− ξ)d2ξ (50)

The strain, obtained by differentiation, is

εrs(x) = −CkjlmεTlm
∫
S

nk
1
2

[
∂grj
∂xs

+
∂gsj
∂xr

]
(x− ξ)d2ξ (51)

The same result is obtained by recognizing that the derivative appearing in
the integrand of (27) is zero everywhere except on the boundary of V . On
the boundary, the derivative is singular as the ε∗ij(ξ) drops from its uniform
value, εTij inside V to zero outside and can be represented formally as

∂

∂ξα

{
Cαjklε

T
kl

}
= −nαCαjklεTklδDIRAC(S) (52)
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where δDIRAC is again the Dirac delta function, S is the surface bounding
V , and the negative sign appears because the strain decreases upon crossing
S in the direction of the outward normal with components ni. Substitution
into (27) changes the volume integral to a surface integral and reduces this
expression to (50).

If the body is unbounded and isotropic and the volume V is an ellipsoid,
then Eshelby (1957) showed that the integrals in (51) can be expressed
explicitly in terms of elliptic integrals. The resulting constrained strain in
the inclusion (i.e., that which results when the transformation strain occurs
under the constraint of the surrounding material) is uniform and can be
expressed as

εmn = Smnklε
T
kl (53)

The array of factors Sijkl depend only on Poisson’s ratio and the geometry
of the ellipsoid. (Eshelby (1957) also notes that the strain is uniform in an
inclusion in an anisotropic elastic solid.) General expressions for the Sijkl
are given by Eshelby (1957) and by Mura (1987). In axes coinciding with
the principal axes of the ellipsoid, the only nonzero entries are of the form
Siijj or Sijij and the array is symmetric with respect to interchange of the
first and last two indicies, but not with respect to interchange of the first
pair and last pair. Rudnicki (1977) gives expressions and tabulates some
results for the Sijkl for oblate and prolate axisymmetric ellipsoids, Rudnicki
(2002a) gives extensive graphical results for oblate axisymmetric ellipsoids,
and Mura (1987) gives expressions for axisymmetric and cylindrical shapes.

3.4 Ellipsoidal Inhomogeneity

For uniform transformation strain of an ellipsoidal region in an infinite
elastic body, the constrained strain is given by (53). The stress inside the
inclusion, from (28), is

σij = Cijkl
[
εkl − εTkl

]
(54)

Eliminating the transformation strain between (53) and (54) yields

σij = Cijkl
[
δknδlm − S−1

klmn

]
εmn (55)

The relation (55) reflects the constraint of the elastic material exterior to the
inclusion. Stated differently, if an ellipsoidal cavity is loaded by a traction
niσij derived from the uniform stress σij , then the resulting strain of the
cavity boundary is compatible with the uniform strain εmn where σij and
εmn are related by (55). Because the strain of the interior is uniform, the
displacement of the boundary is εmnxn.
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If the solid is loaded by farfield stresses σ∞ij and strains ε∞ij related by

σ∞ij = Cijklε
∞
kl (56)

then εij and σij in (54) and (55) should be replaced by the differences
εIij − ε∞ij and σIij − σ∞ij where the superscript ‘I’ denotes the value in the
inclusion. Thus, (55) becomes

σIij − σ∞ij = Cijkl
[
δknδlm − S−1

klmn

] (
εImn − ε∞mn

)
(57)

Note that σIij and εImn are not necessarily related by (1) and that (57)
expresses the constraint of the elastic material surrounding the ellipsoidal
region. Consequently, the elastic inclusion can be replaced any homoge-
neous material with the stress related to the strain by σIij = Fij

[
εImn

]
and

the stress and strain at the boundary are required to satisfy (57). In other
words, the transformation strain εTkl, which has been eliminated from (57)
can always be chosen so that the constitutive relation of the material in the
ellipsoidal region can be satisfied. For example, (57) solves the problem of
the deformation of an ellipsoidal cavity in an infinite elastic solid loaded in
the farfield by σ∞ij . In this case, σIij = 0 since the boundary of the cavity is
traction-free and the displacement of the boundary is given by um = εImnxn
(and ε∞mn is related to σ∞ij by (56)). As another example, Rudnicki (1977)
has used an incremental version of (57) with a pressure-sensitive, dilatant,
strain-softening elastic-plastic relation in the ellipsoidal region as a model of
the evolution of a fault zone due to the slow increase of far-field strains. In
particular, he examines the relation between the point at which conditions
for localization of deformation are met in the elliposoidal region and the
occurrence of an inertial instability corresponding to the onset of a seismic
event.

3.5 Poroelastic Inhomogeneity

Rudnicki (2002a) has examined in detail the case in which the ellipsoidal
region is poroelastic with a constitutive relation of the form

σIij = CIijklε
I
kl + ςIpIδij (58)

where p is the alteration in pore fluid pressure, CIijkl is the matrix of drained
(corresponding to zero change in pore pressure) moduli and ςI is a porous
media constant. This constant is often denoted α and is equal to 1−KI/K

′
s,

where KI is the bulk modulus of the porous inclusion material and K ′s is
an additional bulk modulus. Under circumstances discussed by Rice and
Cleary (1976) and Wang (2000), K ′s can be identified with the bulk modulus
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of the solid constituents, Ks, and, more generally, is of the same order. The
identification K ′s with Ks is equivalent to the requirement that the relative
change in pore volume fraction is equal to the bulk dilatation of the solid
phase (see eqn. (85) in Chapter 1). Although temperature changes are not
considered here, they could be included by appending the term KIα

′
s∆θδij

to the right hand side of (58), where α′s is the cubical thermal expansion
coefficient and ∆θ is the temperature change. Alternatively, (58) could be
expressed in terms of the undrained moduli (corresponding to the response
for zero change in pore fluid mass) and the alteration of fluid mass. Be-
cause the ellipsoidal region must be homogeneous, the pore pressure must
be uniform. This will be a good approximation if the ellipsoidal region
is much more permeable than the surroundings. In addition, the rela-
tion (57) is based on purely elastic response in the region surrounding the
ellipsoid and, hence, does not account for exchange of fluid with the ellip-
soidal region. Thus, the region surrounding the ellipsoid is assumed to
deform under either drained or undrained conditons. These assumptions
are, however, reasonable for application to reservoirs, aquifers, caverns, and,
possibly, fault zones. Rudnicki (2002a) has given extensive graphical results
for the effects of geometry and material mismatch on the stresses induced
by fluid injection or withdrawal.

It is important to keep in mind that even if the inhomogeneity is ellip-
soidal, but embedded in a bounded region, the constrained strain will not
be uniform. In this case, the simple result (57) relating differences in stress
and strain will not apply. For many of the applications mentioned in the
preceding paragraph, the idealization of an inhomogeneity embedded in a
half-space (rather than an infinite space) will be a better approximation.
Nevertheless, the results for the infinite space are attractively simple and
will be a good approximation as long as the inhomogeneity is not too close
to the surface of the half-space.

If the ellipsoidal region is poroelastic, then (58) and (56) can be used to
eliminate either the stresses or strains from (57). The result is a relation
between the stress (or strain) and pore pressure (or fluid mass change) of
the ellipsoidal region in terms of the farfield stress (or strain). For isotropic
response, the relation between the strains is

εImn + Smnkk e
I

(
KI

K
− GI

G

)
+
(
GI
G
− 1
)
Smnkl ε

I
kl

= ε∞mn −
1
3
ςIp

I

K
Smnkk (59)

where εI = εIkk, GI and KI are the shear modulus and drained bulk modulus
of the inclusion and the same symbols without subscripts are the moduli of
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the surrounding material. If the strains are eliminated, the result can be
written as the following two equations:

sImn +
(
GI
G
− 1
){

Smnkl −
Sppkl [(KI/K − 1)Smnqq + δmn]

3 [1 + α (KI/K − 1)]

}
sIkl

=
GI
G
s∞mn −

2GI
3K

[Smnkk − αδmn]
[1 + α (KI/K − 1)]

(
ςIp

I +
(
KI

K
− 1
))

(60)

and

σI
[
1 + α

(
KI

K
− 1
)]

+
(
GI
G
− 1
)
KI

2GI
Smnkls

I
kl

=
KI

K
σ∞ + (1− α)ςIpI (61)

where the stress has been separated into spherical and deviatoric parts σij =
sij + (σ/3)δij and 3α = Sppqq = (1 + ν∞)/(1− ν∞).

4 Applications

4.1 Effective Stress in a Narrow Fault Zone

Cocco and Rice (2002) have examined whether the pore pressure induced
in a narrow, flat fault zone for undrained conditions (no change in fluid
mass content) is determined by the mean stress or the normal stress. Here,
we reproduce their result from the above analysis in the limit of a flat,
ellipsoidal inhomogeneity with normal in the x3 direction. In this limit, the
only non-zero values of the array Sijkl are

S3333 = 1, S1313 = S2323 = 1/2
S3311 = S3322 = ν∞/(1− ν∞)

(Rudnicki (2002a) gives the expansions including the first order term in the
aspect ratio of the inclusion.) With these values it is possible to determine
from (57) or from the limits of (59), (60) and (61) that σIij = σ∞ij whenever
i or j is 3 and that εIij = ε∞ij when neither i nor j is 3. Cocco and Rice
(2002) deduce these results directly from equilibrium and compatibility.
The requirement that σI33 = σ∞33 , which appears as the third of (19) in
Rudnicki (2002a) can be written in the more compact form

MIε
I
33 = M∞ε

∞
33 + (ε∞11 + ε∞22)(Λ∞ − ΛI) + ςIp

I (62)

where M = 2G(1 − ν)/(1 − 2ν) is the elastic modulus for one-dimensional
strain and Λ = 2Gν/(1 − 2ν) is a Lamé constant. Specializing (61) for a
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flat axisymmetric ellipsoid, setting pI = 0, consistent with taking the elastic
moduli of the inhomogeneity to be undrained values, and using σI33 = σ∞33

yield the mean stress in the inhomogeneity σIkk/3 in terms of the remote
normal stress σ∞33 and the remote mean stress σ∞kk/3. For undrained con-
ditions, the pore pressure induced in the fault zone is equal to −BIσIkk/3,
where BI is Skempton’s coefficient in the fault zone (Cocco and Rice, 2002):

pI = −BI
KI

MI

{
GI
G∞

M∞
K∞

σ∞kk/3 +
[
1− GI

G∞

]
σ∞33

}
(63)

As noted by Cocco and Rice (2002), the pore pressure in the fault zone is
determined by the normal stress σ∞33 if the shear modulus of the fault zone is
much less than that of the surroundings (GI � G∞). On the other hand,
the pore pressure is determined by the mean normal stress σ∞kk/3, if the
shear moduli are nearly the same (GI ' G∞). Cocco and Rice (2002) also
note that for anisotropy so pronounced that fluid pumping causes strain
only in the x3 direction when the fault is held at constant stress, the pore
pressure is determined solely by the normal stress.

4.2 Fluid Mass Injection or Withdrawal

Determining the stress and strain changes due to the injection or with-
drawal of fluid mass is one of the fundamental problems of aquifer or reser-
voir management. Rudnicki (2002a) has used the Eshelby approach to ex-
amine in detail the effects of geometry and elastic mismatch on the stresses
and strains induced by pressure or fluid mass changes in an ellipsoidal re-
gion embedded in an unbounded linear elastic solid. He assumes that the
fluid mass or pressure changes occur on a time scale much shorter than
that for changes of regional stress or strain and, hence, σ∞ij and ε∞ij may be
taken as zero. For an axisymmetric ellipsoidal region with the x3 direction
distinguished, Rudnicki (2002a) gives the ratio of lateral strain change to
axial strain change, R = ∆εI11/∆ε

I
33, due to a pressure change ∆pI , as

R =
3α− S33kk + (GI/G− 1) {3αS3333 − S33kkSpp33}

2S33kk + (GI/G− 1) {3αS3333 − S33kkSpp33}
(64)
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where the expressions for the relevant Sijkl in this case are given by

α = (1/3)Skkjj = (1 + ν∞)/3(1− ν∞)

Skk33 = 1− (1− 2ν∞)
(1− ν∞)

I(e)

S3333 =
1
2

(1 + Skk33)− e2(2− 3I(e))
2(1− ν∞)(1− e2)

S33kk = 3α (1− I(e))

e = c/a is the aspect ratio (ratio of shorter principal axis to longer), and

I(e) =
e

(1− e2)3/2

{
arccos(e)− e(1− e2)1/2

}
(65)

The expression (65) corrects Equation (22) of Rudnicki (2002a), which has
e2 in the numerator of the first term outside the bracket. (I am extremely
grateful to Colin Sayers, Schlumberger, Houston, USA for tracking down
this misprint.) Figure 5 (after Figure 4 of Rudnicki (2002a)) plots the
strain ratio R against the aspect ratio of the reservoir, e, for three values
of the ratio of the reservoir shear modulus to matrix shear modulus GI/G,
0.5, 1.0, and 2.0. (The plot is for ν = 0.2, but the dependence on ν is weak).
Although the strain state induced in the reservoir is often assumed to be
uniaxial, Teufel et al. (1991) have questioned the validity of this assumption.
The plot demonstrates that uniaxial strain (R = 0) is a good assumption
for thin reservoirs (e� 1), but the approach to uniaxial strain is slower for
larger values of GI/G.

The axial strain change can be written as (Rudnicki, 2002a, eqns. (26)
and (27))

∆εI33 = −ςIpIE3/KI (66)

where

E3 =
α(KI/K)

(1 + 2R) [1 + α (KI/K − 1)] + (GI/G− 1) (1−R)(Skk33 − α)
(67)

Equations (64), (66) and (67) can be used to calculate the slope of the stress
path caused by injection or withdrawal. In particular, Figure 6 shows a
diagram of q versus s where q = (σ̄3 − σ̄1)/2, s = (σ̄3 + σ̄1)/2, σ3 and σ1

are the maximum and minimum principal stresses (positive in compression)
and σ̄i = σi − p is the form of the effective stress appropriate for failure
(Rice, 1977; Paterson and Wong, 2005). If injection simply increased the
pore pressure without altering the other stress components, injection would
cause the stress point to move horizontally to the left (∆s < 0) by an amount
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Figure 5. Ratio of lateral to axial strain induced by a pressure change
in a reservoir embedded in an infinite elastic solid (after Rudnicki, 2002a,
Fig. 4).

equal to the change in pore pressure. Similarly, withdrawal would cause
the stress point to move horizontally to the right (∆s > 0). Because the
change of pore pressure generally does alter the other stress components,
∆q 6= 0 (and, also, ∆s is not simply equal to the change in pore pressure).
The slope ∆q/∆s is given by (Rudnicki, 2002a, eqn. (31))

∆q
∆s

=
ςIE3(GI/KI)(1−R)

1− ςI {1− [3E3/2(1 + νI)] [1 +R(1 + 2νI)]}
(68)

In the limit of a very narrow zone (e� 1 and R = 0) this ratio becomes

∆q
∆s

=
[

2(1− νI)
ςI(1− 2νI)

− 1
]−1

(69)

(This expression corrects Eqn. (32) of Rudnicki (2002a) which contains
several misprints. I am grateful to F. Mulders, Delft Technical University
for identifying the errors in this expression.) Because ∆q and ∆s have the
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same sign, injection causes the stress point to move down and to the left and
withdrawal causes it to move up and to the right. Figure 7 (after Fig. 10
of Rudnicki (2002a)) plots values of the slope ∆q/∆s against the Poisson’s
ratio of the reservoir for various aspect ratios, GI/G = 1.0 and ςI = 0.9.
The line for e = 0 shows the slopes that occur from uniaxial strain (69),
but, as Figure 7 shows, the slopes are smaller for reservoirs of finite aspect
ratio. The values of all the slopes decrease with increasing values of the
Poisson’s ratio of the inhomogeneity.

Failure surface

(injection)

(withdrawal)

Current stress state

� � �= >v 3 1

� �=h 3

��s|

| |�q

1

sin �

sin �

1

| |�q

��s|

Extensional regime

Figure 6. Illustration of stress paths and approach to failure by fluid in-
jection or withdrawal.

Mulders (2003) has shown that the results of the ellipsoidal inhomogene-
ity model agree well with finite element calculations and has used the finite
element method to explore more complex geometries. Holt et al. (2004)
has used the model to examine the effects of stress path, in particular,
deviations from the condition of uniaxial strain, on compaction and pore
compressibility within the poroelastic approximation. Holt et al. (2004) use
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a discrete element model to explore non-elastic effects.
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Figure 7. Plots of the stress path ∆q/∆s against the inhomogeneity aspect
ratio νI for various inclusion aspect ratios. For a friction angle φ = 30 ◦

and a normal stress regime, values above (below) the horizontal line, cor-
responding to sinφ = 0.5, move the stress away from (toward) the failure
line.

If a failure criterion is adopted, then the expressions (68) or (69) can be
used to assess in a simple way whether the pressure changes due to injection
or withdrawal will move the stress state of the reservoir closer to or further
from failure. Figure 6 illustrates the situation for a linear Mohr-Coulomb
failure envelope. For an inhomogeneity with short axis in the vertical
direction, a normal stress state with a vertical stress σv = σ3 that exceeds
the horizontal stress σh = σ1 corresponds to positive q and plots in the first
quadrant. Since (68) shows that ∆q has the same sign as ∆s, withdrawal
will cause the stress state will move closer to the failure envelope if

∆q
∆s

> sinφ (70)
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where φ is the friction angle. According to this condition, if φ = 30◦,
values of the slope above the line corresponding to sinφ = 0.5 shown in
Figure 7 would be unstable for withdrawal in the sense of moving the stress
toward the failure line; values below would be stable for injection. If the
current stress state is typical of a compressional environment, that is, the
horizontal stress σh = σ1 exceeds the vertical stress σv = σ3 (again, for
an inhomogeneity with short axis in the vertical direction), then q < 0 for
the current stress and the current stress state plots in the fourth quadrant.
The slope of the failure line in this quadrant is − sinφ. Consequently,
withdrawal is always stable and injection is always unstable. Of course,
this analysis assumes linear poroelasticity and is of little consequence if the
current stress is far from the failure envelope by comparison to the change
in stress state. In addition, it is well to reemphasize that the results assume
the region of injection or withdrawal is embedded in an infinite space.

4.3 Subsidence Due to Fluid Mass Injection or Withdrawal

In a series of papers, Geertsma (1966, 1973,a) addressed the problem
of land subsidence due to fluid withdrawal from subsurface reservoirs us-
ing a Green’s function approach based on an analogy of poroelasticity and
thermoelasticity (Geertsma, 1957). The approach of Geertsma can be re-
constructed by substituting (58), specialized to an isotropic material, into
(7). Because the gradient of the pore pressure now appears as a body force,
the representation (9) can be used to calculate the displacement, strains and
stress. Because the gradient of the pore pressure appears and the alteration
in pore pressure vanishes outside a finite volume, the same manipulations
used in going from (27) to (30) can be used to express the displacement as
an integration of a distribution of centers of dilatation given by the pore
pressure change. In the corresponding thermo-elastic result, the tempera-
ture plays the role of the pore pressure and for many materials of practical
interest, the constant corresponding to ς is nearly unity. Segall (1985) and
Mossop and Segall (1997) have also considered subsidence due to fluid with-
drawal using the approach of Geertsma and, in addition, have calculated the
induced stress changes and used them to assess effects on seismicity (Segall,
1985, 1989, 1992; Segall et al., 1994). Both Geertsma and Segall work out
results for a flat, tabular reservoir geometry and use the gij for an infinite
half space (Mindlin, 1936, 1955; Mindlin and Cheng, 1950; Okada, 1992).

Not surprisingly, the same results(though limited to an infinite space)
are obtained from the Eshelby framework. Specializing (58) to the isotropic
case and taking the trace yields

σ = Kε− ςp (71)
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where σ = (1/3)σkk is the mean stress, ε = εkk is the volume strain, and
the superscript I denoting the inclusion material has been dropped. Setting
the stress to zero defines the stress-free strain or transformation strain ε∗

resulting from an alteration of pore pressure

ε∗ = ςp/K (72)

Substituting into (47) gives the same result as Geertsma and shows that
the displacement is the result of a distribution of centers-of-dilatation. (As
noted above, ς ≈ 1 in Geertsma’s analysis based on the thermoelastic anal-
ogy.)

Recently, Walsh (2002) has reexamined the problem using Eshelby’s ap-
proach. In particular, he begins by assuming that the reservoir undergoes
a change of fluid mass, and then procedes to follow the Eshelby procedure
of transformation, application of tractions to restore the size and shape,
re-insertion into the matrix, and removal of tractions. As shown by Walsh
(2002) and discussed by Rudnicki (2002b), this procedure arrives at the
same result as Geertsma’s analysis if the reservoir (inclusion) is poroelastic
and the changes in pore pressure in each step are accounted for. The re-
sult, in either case is that the displacements are given by (47) although a
novel aspect of Walsh (2002)’s analysis is that he uses the reciprocal theo-
rem to evaluate expressions for the strain of the reservoir and the surface
subsidence.

Lehner et al. (2005) generalize Walsh (2002)’s use of the reciprocal theo-
rem to establish a reciprocal theorem for a poroelastic solid. They use it to
obtain an integral representation for the displacement due to fluid injection
or withdrawal and recognize its analogy to Maysel (1941)’s solution of the
corresponding thermoelastic problem. As noted by Lehner et al. (2005) and
mentioned earlier in this Chapter, the result is equivalent to that obtained
by Goodier’s (Timoshenko and Goodier, 1970) nucleus of strain method
which has been the predominant one for subsidence problems (and, also, for
a variety of other geophysical problems such as fault slip and magma injec-
tion (Segall, 2009)). Lehner et al. (2005) explain, however, that the Maysel
representation can be applied more easily to problems of more general ge-
ometries and inhomogeneous materials. In particular, it offers significant
computational advantages.

The computational advantages of the Lehner et al. (2005) Maysel for-
mulation can be understood by comparison of (47) and (48). In (47), the
term ∂gik(x−ξ)/∂ξk is the solution for the displacement at x due to a unit
center-of-dilatation at ξ, where ξ is the variable to be integrated over the
volume for which the transformation strain is non-zero. Consequently, it
is necessary to re-compute this term whenever the distribution of transfor-
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mation strain or the volume of integration changes. In contrast, the term
σ

(i)
kk (ξ)/3 in (48) is the mean stress at ξ due to a point force at x. Since the

purpose is to calculate the displacement at x this term need be computed
only once for a given geometry regardless of changes in the distribution of
transformation strain or the volume over which it occurs.

4.4 Deformation Due to Slip

As noted earlier, the treatment of Eshelby’s analysis follows the treat-
ment of Rice (1980) of seismic source theory. Conversely, the Eshelby
framework also provides a convenient entrée to seismic source theory (Aki
and Richards, 1980; Rice, 1980; Kostrov and Das, 1988) and here we briefly
recapitulate some of the results of Rice (1980). As noted in connection
with (30), the displacement can be regarded as due to the integration of
force dipoles and double couples of density Cijklε

∗
kl. This motivates the

terminology of seismic moment density tensor for the negative of the right
hand side of (25)

mij(x, t) = Cijklε
∗
kl (73)

where the transformation strain ε∗kl is now a function of time in addition
to position. Equation (26) then expresses the body force equivalence of
seismic sources. The necessary Green’s function, denoted Gij(x− ξ, t− t′),
is the solution to (8) with the inertia terms included on the right hand side
for an instantaneous (delta function time dependence) body force given by
(10). The dynamic version of (30) includes an additional superposition over
time

ui(x, t) =
∫
V

∫ t

−∞

∂Gij
∂ξk

(x− ξ, t− t′)mkj(ξ, t′)dt′d3ξ (74)

As in the static case, the derivatives ∂Gij/∂ξk represent force dipoles and
couples. Because of (2), the seismic moment tensor is also symmetric. As
a result (74) can be written as

ui(x, t) =
∫
V

∫ t

−∞

1
2

{
∂Gij
∂ξk

(x− ξ, t− t′) +
∂Gik
∂ξi

(x− ξ, t− t′)
}

(75)

×mkj(ξ, t′)dt′d3ξ

and the sources represented in the integrand are double forces and double
couples without moment.

Although the form of Gij(x− ξ, t− t′) is known for an infinite, isotropic
elastic solid and other simple cases, the Earth is strongly nonhomogeneous,
anisotropic and, at least, partially non-elastic. Indeed, the challenge of
seismology, stated succintly, is to use observations of the left side of (75) at
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points on the surface of the Earth to infer information about its composi-
tion and the nature of the source generating the displacement. A further
complication is that the instrument measuring the displacement may be
accurate only in a range of magnitudes and frequencies.

Despite the absence of sources with a net moment in the representation,
the following quantity is defined as the seismic moment tensor :

Mij(t) =
∫
V

mij(ξ, t)d3ξ (76)

The seismic moment tensor plays an important role in observations of earth-
quake both from seismograms and from measurements of surface displace-
ments after earthquakes. If the material is isotropic and the source is con-
fined to a surface, e.g., a fault, then (39) and (73) lead to

Mij(t) =
∫

Σ

{Λnmbm(ξ, t)δij +G [nibj(ξ, t) + njbi(ξ, t)]} dξ1dξ2 (77)

For shear faulting (no opening) nmbm = 0; if, in addition, the fault surface
is flat with normal in the x3 direction and slip ∆u = b1(ξ1, ξ2, t) only in the
x1 direction, the only nonzero components of Mij(t) are M13 = M31 = M
where

M(t) = G

∫
Σ

∆u(ξ1, ξ2, t)dξ1dξ2 (78)

In an isotropic material, the displacement field (75) is the sum of udi (x, t)
and usi (x, t), the contributions from the dilatational and shear waves, respec-
tively. Expressions for udi (x, t) and usi (x, t) in the farfield are

udi =
γiγjγk
4πρrc3d

∫
V (ξ)

ṁkj(ξ, t− r/cd + γ · ξ/cd)d3ξ) (79)

and

usi =
1

4πρrc3s

[
1
2

(δijγk + δikγj)− γiγjγk
]

(80)

×
∫
V (ξ)

ṁkj(ξ, t− r/cs + γ · ξ/cs)d3ξ

where r is the distance from a point in the source region to the observation
point, γ = (x−ξ)/r, ρ is the density, cd =

√
(Λ + 2G) /ρ is the dilatational

wave speed, cs =
√
G/ρ is the shear wave speed, and the superposed dot

denotes the time derivative. The farfield approximation is accurate for
distances r that are much larger than the characteristic source dimension
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and 2πc/$, the wavelength of radiation associated with the frequency $.
As discussed by Rice (1980), Kostrov (1970) has shown that the source can
be approximated as a point if the time differences γ · ξ/c between different
points of the source region can be neglected (This imposes a limit on the
upper frequency for which the representation is accurate). In this case, the
integrals in (79) and (80) define the time dependence of the moment and
the displacements can be written as

udi =
γiγjγk

4πρr0c3d
Ṁkj(ξ, t− r0/cd) (81)

usi =
1

4πρr0c3s

[
1
2

(δijγk + δikγj)− γiγjγk
]
Ṁkj(ξ, t− r0/cs) (82)

The Fourier transforms of the displacements (81) and (82 are propor-
tional to terms of the form

exp(−ι$r0/c)
[
ι$M̃kj($)

]
where M̃kj($) is the Fourier transform of Mkj(t). As explained by Rice
(1980), the short term, seismic motion of an earthquake can regarded as
essentially complete for long periods. Consequently, M̃kj($) can be re-
garded as the transform of a constant, M̃kj($) ≈ Mkj(tr)/ι$, where tr is
the time at which rupture is completed. Therefore, the Fourier spectrum of
the displacement becomes flat at low frequency and its magnitude is char-
acterized by the moment at the end of rupture. For a double couple source,
the magnitude is the product of the shear modulus, the average slip and the
area of the slip surface (44).
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