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ABSTRACT 

BIFURCATIONS, including shear band and diffuse geometric modes, arc analysed for plane strain deformation 
of a rectangular slab subject to a constant lateral confining stress. The response of the slab material is 
characterized by an incrementally linear constitutive relation that allows for the possibility of volume 
change accompanying shear deformation, pressure dependence and deviations from plastic “normality”. 
When the lateral confining stress is zero, the picture of bifurcations is qualitatively similar to that inves- 
tigated by NEEDLEMAN (J. Mech. Ph_vs. Solids 27, 231, -1979) for incompressible materials. For example, 
when normality is satisfied, localization is excluded by a positive uniaxial tangent modulus (to within terms 
of order stress divided by elastic modulus), deviations from normality promote localization, and the 
occurrence of a long wavelength symmetric, diffuse bifurcation coincides with the attainment of maximum 
load in tension. However, increasing the compressibility decreases the value of the uniaxial tangent modulus 
at which localization modes become possible. When lateral confining stress is non-zero, differences from 
the analysis of NEEDLEMAN (1979) are more dramatic. For example, a finite stress difference is required for 
the onset of an anti-symmetric, long wavelength bifurcation and, when the lateral stress is compressive, 
shear band modes become possible prior to the maximum load in tension. 

1. INTRODUCTION 

CONSIDERABLE insight into the failure of solids and the dependence of failure on 
aspects of constitutive behavior have been provided by analyses of bifurcation from 
homogeneous deformation. More specifically, these analyses have illuminated the 
relation of diffuse bifurcation modes to localized (shear band) modes and have 
provided a framework for more detailed numerical investigations. 

This paper considers bifurcations of a rectangular slab deformed in plane strain 
tension or compression. The boundary conditions are such that homogeneous defor- 
mation is possible and we investigate the circumstances for which alternative solutions 
corresponding to non-uniform deformation are also possible. Both diffuse modes, such 
as those corresponding to necking or buckling, and localized modes, corresponding to 
the development of shear bands, are examined. The constitutive relation adopted for 
the block allows for dependence of inelastic yield on the mean stress and for inelastic 
volume change in response to shear. 

This investigation continues the line of work established by HILL and HUTCHINSON 

(1975) and followed by YOUNG (1976) and NEEDLEMAN (1979). HILL and HUTCHINSON 

(1975). extending earlier work by BIOT (1965) and ARIARATNAM and DUBEY (1969), 
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investigated in detail plane strain bifurcations in tension for an incompressible, time- 
independent material that is orthotropic in some ground state. When applied to 
elastic-plastic materials, such a constitutive relation pertains to materials satisfying 
normality, that is. materials for which the yield condition is associated with the plastic 
potential. YOUNG (1976) examined bifurcations in compression for the same material 
model. NEEDLEMAN (1979) considered the effects of deviations from normality by 
including in the constitutive relation a coupling between the shear strain increment 
and the in-plane mean stress. The form of this coupling was motivated by specializing 
a constitutive relation proposed by RUDNICKI and RICE (1975). Although this relation 
was introduced to model the response of brittle rock masses. it has also provided a 
framework for the study of metals when inelastic deformation is accompanied by void 
nucleation and growth (e.g. NEEDLEMAN and RICE, 1978). 

The analyses mentioned above were all for incompressible solids. As discussed by 
NEEDLEMAN (1979), this is often a good approximation. Even when inelastic defor- 
mation involves some volume change, it is frequently small. However, the present 
investigation is motivated by applications to geological materials, specifically brittle 
rock, for which the inelastic volume changes typically cannot be neglected. Conse- 
quently, the form of the constitutive relation investigated here allows for volume 
change increments which are proportional to increments in mean stress and to 

increments of in-plane stress difference. 
The constitutive relation includes as a special case the equations that emerge 

from consideration of double sliding models for granular materials (MEHRABADI and 
COWIN, 1978 ; ANAND, 1983). Vardoulakis (VARDOULAKIS er al., 1978 ; VARDOULAKIS. 
1980) has used equations of the same form to describe the behavior’of dry sand and 
VARDOULAKIS (1981) has used them to carry out a bifurcation analysis similar to that 
considered here. However, he limits consideration to parameters typical ofa particular 

dry sand. 
In addition, we examine the effects of a constant lateral stress on the possible 

bifurcations of the block. Previous analyses by HILL and HUTCHINSON (1975). YOUNG 
(1976) and NEEDLEMAN (1979) considered uniaxial compression or tension. The 
inclusion of lateral stress is motivated by typical testing configurations for geological 

materials. 
We begin in the next section with a discussion of the constitutive relation and some 

limitations on its use in bifurcation analyses. These limitations arise because the 
constitutive relation is one for which normality is not satisfied, and. consequently. the 
machinery of HILL’S (1958, 196la) general theory of bifurcation and uniqueness does 
not apply. However, RANIECKI and BRUHNS (1981) have shown that even when 
normality does not apply, a constitutive relation of the type to be introduced here can 
be used to yield upper bounds on the bifurcation load. A modified version of the 
constitutive relation can also be used to obtain lower bounds, but we do not pursue 
that possibility here. 

2. CONSTITUTIVE RELATION 

We consider plane strain deformation in the x,-xz plane. A rectangular, homo- 
geneous block is deformed by loads in the coordinate directions such that the current 



Bifurcation of pressure-sensitive materials 877 

configuration is also homogeneous. The current configuration is adopted as reference 
and the subsequent response of the block is assumed to be described by a time- and 
rate-independent constitutive relation of the following form : 

V 
c.J,? = 2GD,?, (2.1) 

where cr is the Cauchy stress, the superposed V denotes the Jaumann or corotational 
rate (PRAGER, 1961) and D is the rate of deformation tensor. 

From the third of (2.1), it is clear that G is the modulus governing increments of 
shear relative to the coordinate axes. Within the context of an elastic-plastic relation 
with a smooth yield surface, G is the elastic shear modulus. However, G may be 
reduced from its elastic value to reflect the formation of a vertex on the yield surface. 
The interpretation of the other constitutive parameters is aided by rewriting the first 
two of (2.1) in inverted form : 

(2.2) 

The first of these indicates that G* is the modulus governing shearing at 45” to 
the coordinate axes for constant in-plane mean stress. As in NEEDLEMAN’S (1979) 
formulation for an incompressible material, 6 introduces coupling between the shear 

strain increment and the increment of in-plane mean stress. When u is zero, the second 
of (2.2) illustrates that the volumetric increment, D, , + D2?. is equal to the in-plane 
mean stress divided by KG*. Thus, this portion of the volume change increment can, 
in some sense, be considered elastic. The parameter c( introduces coupling between 
the volumetric increment and the stress difference. 

The form of the constitutive relations considered by HILL and HUTCHINSON (1975) 

and NEEDLEMAN (1979) can be recovered by specialization of (2.1). Consider the case 
in which r is zero and ti becomes infinite simultaneously with D, , + Dzz becoming 

zero so that the product k-G* (D, , + D2?) = ;, where p is the in-plane mean stress. In 
this limit, Eqs (2.1) become identical to the relations used by NEEDLEMAN (1979) with 
the additional constraint of incompressible deformation : 

D,, +D2? = 0. (2.3) 

If, in addition, 6 is zero, (2.1) reduces to the form of constitutive relation introduced 
by B10-r (1965) and examined by HILL and HUTCHINSON (1975). 

For loading only in the x, direction d 12 is identically zero, and, hence, ;I2 = 0, 
Consequently, Dzz can be eliminated from the first two of (2.1) and the resulting 
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relation between s, , and D, , yields the following expression for the instantaneous 
tangent modulus : 

4KG* 

ELXl = (1+2)+K(l+q’ 
(2.4) 

When ti -+ a;, this expression reduces to that given by NEEDLEMAN (1979). Also, 
when K --t CC, a load maximum occurs when 0, , = Et,,. More generally. however. the 
conditions for a load maximum are as follows (e.g. DUBEY. 1975. p. 51) : 

fl I = 0, iz2 = 0, (3.5) 

where the i,, are components of the nominal stress rate. For the plane strain defor- 

mations considered here, i,, are related to g,, as follows : 

V V 
111 = o,, +o,lz,,,, t?2 = 012+g222’,,,, 

t,2 = ~,1-~(~,,+~~~)2~,.~-~(~~~-~,,)~~,,, 

i,, = &, ++(a Z~-0.1,~1’,.?-~((T,,+6~~)z’2.,, (2.6) 

where L’,., = &,/S.u, are components of the velocity gradient. Substituting the consti- 
tutive relations (2.1) into the first twoof these, the result into (2.5), and solving for 
(T, , yields an expression for the stress at maximum load : 

mili _ 
4G* - crZ2 [ 1 - 6 - (1 - z)/K] 

011 - 
[l +S-(I +a)/~]+(1 -cr~?)a~,/tiG*’ 

(2.7) 

Note that even when 02? = 0, the stress at maximum load is not given by g,, = E,,, 

unless ti -+ X. 
By allowing for volume change and hydrostatic stress dependence of the relation 

between increments of stress difference and strain difference, (2.1) incorporates fea- 
tures of the constitutive relation introduced by RUDNICKI and RICE (1975) (also, see 
RUDNICKI, 1984). In their relation, the dependence of the flow stress in shear, TV,,,,,. 
on hydrostatic compressive stress 0 = - a,,/3 was described by a “friction coefficient” 
p = dsn,,/da. The ratio of the inelastic volume change increment, dPs, to effective 

shear strain increment, dp;,, was denoted by the “dilatancy factor” 8. Thus, inelastic 

increments of strain are normal to the yield surface in stress space only if fl = /L. A 
plastic hardening modulus II was defined as drn,, /dry during plastic loading and the 

elastic portion of the strain increments was assumed to be governed by an isotropic 
relation with shear modulus G and Poisson’s ratio V. 

As discussed by NEEDLEMAN (1979) when the RUDNICKI and RICE (1975) relation 

is specialized to incompressible materials, that is, v = l/2 and p = 0, the modulus G 
in (2.1) is the elastic shear modulus, the coupling parameter 6 is given by 

6_~w(a~~-a22) 
(1 +h/G) ’ 

(2.8) 

where sgn (x) = 1 if s > 0 and sgn (x) = - 1 if x < 0, and G* is related to the 
hardening modulus, as follows : 
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G* = II/( 1 + h/G). (2.9) 

When the material is compressible, the modulus G retains the interpretation as the 
instantaneous elastic shear modulus, but identification of the other parameters in 
terms of those of the RUDNICKI and RICE (1975) relation is not straightforward. If. 
however, it is assumed that 033 = i(o,, +ozz). which would be true if the material 
were incompressible, then it can be shown that 6 and G* retain similar interpretations 
although the relations also involve p, /3 and the elastic bulk modulus K. In addition, 
x is proportional to p sgn (a,, -o12). Thus, because p and fl were taken to be positive 
by RUDNICKI and RICE (1975), it will be assumed here, except when noted otherwise. 
that the signs of 6 and (Y are the same as the sign of (r~,, -a&. 

As already noted, the constitutive relations used by RUDNICKI and RICE (1975) 
predict that inelastic strain increments are normal to the yield surface only if p = p. 
When (2.1) is assumed to pertain to the loading branch of an elastic-plastic solid, 

normality is satisfied only if 

k.6 = 2. (2.10) 

In addition, because the Kirchhoff stress z rather than the Cauchy stress d (7 = (pO/p) 
u, where p0 and p are the densities in the reference and current configurations, 
respectively) is work-conjugate to D (HILL, ,!968, 1978), precise normality in work- 
conjugate variables requires additional stress-dependent terms in (2. l), specifically, 
f(azzD,,-a,,022) in the first of (2.1) and - ~(~zzD,,+a,,012) in the second. 

The interpretation of (2.1) in terms of the constitutive relation of RUDNICKI and 
RICE (1975) has assumed the yield surface is smooth. However, RUDNICKI and RICE 
(I 975) suggested that more elaborate models of the constitutive response of fissured 
rocks would predict the formation of a vertex at the current stress point on the yield 
surface in a manner analogous to the predictions of models of metals based on single 
crystal plasticity (e.g. HILL, 1967 ; HUTCHINSON, 1970 ; LIN, 1971). To incorporate 
approximately the effect of a yield surface vertex, RUDNICKI and RICE (1975) intro- 
duced a “vertex modulus” to govern stress increments that deviated slightly from 
proportional loading. (STOREN and RICE, 1975 showed that this modification could 
be interpreted as a deformation theory ofplasticity and that. within this interpretation, 
the vertex modulus was equal to a plastic secant modulus). Because this vertex 
modulus was assumed to be much smaller than the elastic shear modulus, the result 
of its introduction was to reduce the effective value of the elastic shear modulus. Thus, 
the response at a yield surface vertex can be included approximately in (2.1) by 
regarding the modulus G to have a value reduced from that of an elastic shear 
modulus. 

Further insight into the constitutive relation (2.1) is obtained by comparison to 
relations that arise in the context of double shearing models of granular materials 
(e.g. SPENCER, 1982). Building upon work by MEHRABADI and COWIN (1980), ANAND 
(1983) has shown that appropriate generalization of the double shearing models can 
lead to constitutive relations that have the same form as a plane strain, rigid-plastic 
version of the RUDNICKI and RICE (1975) relations. Similar equations have also been 
used by VARDOULAKIS (1978, 1980, 1981) to model the behavior of dry sand samples. 
These relations emerge from (2.1) when the ratio of the increment of volume strain, 



880 K.-T. CHAU and J. W. RL’DNICKI 

D, , +D2’. to D, ,-D2: is fixed by the current state. Examination of (2.2) reveals that 
this requires c( = 6- ‘. In this case. the ratio U/K can be identified as /? and G* as h. 
where fi and h are the dilatancy factor and hardening modulus of the RUDNICKI and 
RICE (1975) formulation. This case is limiting in the sense that for x = 6- ‘, the 
modulus governing pure shear deformation at 45‘ to the coordinate axes 
(0, , = - Dzz > 0) becomes unbounded. For r6 > 1. the stress and deformation 
increments are of opposite sign ; the requirement imposed by ANAND (1983) that the 
rate of distortional work be positive when shearing occurs rules out this possibility. 
MEHRABADI and COWIN (1978) and ANAND (1983) have shown that this generalization 
of the double shearing models has a geometric interpretation in terms of a two-faceted 
yield surface in stress space. Consequently, in this formulation, the modulus G is to 
be interpreted as a vertex modulus and has a finite value, which may be positive or 
negative, whenever the principal directions of stretching are not the same as those of 
stress (MEHRABADI and COWIN. 1978; ANAND, 1983). 

Although, as noted above, the modulus G can be interpreted in a manner so as to 
approximate the response at a yield surface vertex, the constitutive relation (2.1) is 
incrementally linear and. thus, cannot describe the fully nonlinear behavior expected 
at a vertex, or even the possibility of elastic unloading. That is, the constitutive 
parameters may depend on the deformation or history of deformation, but not on the 
stress or deformation increment. Con.sequently, the ratio of strain-rate components 
is fixed by the current stress state. 

Because (2.1) is incrementally linear, whereas the behavior of an actual elastic- 
plastic solid may be fully nonlinear, or, at a minimum, involves an elastic unloading 
branch, (2.1) must be interpreted as a “linear comparison solid” in the terminology 
of HILL (1961 a). For elastic-plastic solids satisfying normality, Hill’s genera1 theory 
of bifurcation and uniqueness (HILL. 1958, 1961a, 1978) guarantees that the absence 
of bifurcation in the linear comparison solid excludes the possibility of bifurcation of 
the actual solid when the comparison solid is chosen to have the moduli governing 
the most compliant branch of response of the actual solid. However, as discussed by 
NEEDLEMAN (1979). when normality is not satisfied, the situation is more complex. In 

particular. there is no guarantee that bifurcation or instability does not precede that 
identified for the comparison solid. Moreover, as first noted by MROZ (1966). recently 
reiterated by MOLENKAMP and VAN OMMEN (1987) in the context of soil plasticity and 
discussed by TVERGAARD (1982). when normality is not satisfied, the most compliant 
response does not necessarily correspond to fully plastic loading. However, in the 
special case of bifurcation corresponding to localized deformation in a planar band. 
RICE and RUDNICKI (1980) have shown that discontinuous bifurcations, for which 
the material outside the band unloads elastically while the material inside continues 
loading plastically, cannot precede bifurcations in which both the material inside and 
outside of the band continues loading plastically. More generally, if a bifurcation is 
found for the comparison solid, then the result of adding a sufficient increment of the 
homogeneous solution is also a solution for the actual elastic-plastic solid and, hence, 
an upper bound on the actual bifurcation load. Also, RANIECKI and BRUHNS (1981) 
have shown that by proper choice of the comparison solid lower bounds on the 
bifurcation load can also be established although these often appear to be quite 
conservative (TVERGAARD, 1982). 
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3. GOVERNING EQUATIONS 
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The discussion of the governing equations closely follows that of HILL and HUT- 

CHINSON (1975) and NEEDLEMAN (1979). We consider the deformation of a rectangular 
slab having a length 20, in the x, direction and 2az in the _Y, direction. The ends 
(x, = i a,) are loaded in a prescribed displacement in the x, direction applied in a 
manner such that no shear traction is induced. The sides of the slab (x2 = +a?) 
are also shear-free but may be subjected to a constant normal stress. The slab is 
homogeneously deformed in the current state and a possible solution for the next 
increment of deformation is further homogeneous deformation. Bifurcation occurs 
when there exists an alternative solution for the next increment of deformation. The 
difference between these two incremental solutions is denoted by the superscript *. 

The boundary conditions governing the difference in incremental solutions are as 

follows : 

vf= 0 , fi= 0 on.x, = +a,, (3.1) 

i_r=O, *=O onxz= -L-u>, (3.2) 

where T is nominal traction rate and is related to the nominal stress rate i and the 
normal to the surface n by 

T, = n,;/,. (3.3) 

Continued equilibrium of both incremental solutions requires that 

i& = 0, (3.4) 

where (i, j) range over (1, 2). Substitution of (2.1) into (2.6) and the result into (3.4) 
yields the following two field equations : 

G*[(l-a)+1~(1-6)]c~.,,+(l-a6)[G+~(~~~-~,,)]&~ 

-(G*[(l-a)-~(l-~)]-(l-a~)[G-~(a,z-o,,)]}v~,z, =O, (3.5) 

((1 -ad)[G+‘( 2 ~22-~11)1-G*[U +a)-41 +@l)~~,~2 

+(1-a~)[G-~(oz2-a,,)]t~~.,,+G*[(l+a)+~(l+6)]z:~~2, = 0. (3.6) 

Similarly, using (2.6) and (2.1) to express the boundary conditions in terms of the 
difference in the incremental velocity field yields 

0: = 0, [G-~(~,I+~,,)I~::~+[G-:(~~~-~I~)Iv:,, = 0 (3.7) 

onx, = +a, and 

G*[(l+a)+~(l+6)]v~,~-{G*[(l+a)-ti(l+8)]-(l-a~)~~~}~~,, =0 

(G+:(~22-~,,))2’:,2+{G-:(~,,3.~22))~:., = 0 (3.8) 

on x2 = +a2. These equations can all be shown to reduce to those of NEEDLEMAN 
(1979) in the incompressible limit (K + co). 
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4. LOCALIZATION AND CLASSIFICATION OF REGIMES 

Here we consider the possibility that the bifurcation mode corresponds to localized 
shear deformation in a narrow band with continued homogeneous deformation out- 

side the band (see, e.g. the review by RICE, 1976, for more detailed discussion of the 
analysis procedure and the theoretical framework). Because the velocity field must be 
continuous at the instant of incipient band formation, the difference in the velocity 
gradient field inside and outside the band, denoted by the superposed *, must have 
the following form (e.g. HILL, 1961 b) : 

cj = c,g,, (4.1) 

where the e, are the magnitudes of the jumps and gi are components of the unit normal 
to the band. In addition, conditions of incremental equilibrium must be met at 
incipient band formation and this requires that the nominal traction rates across the 
band surface vanish : 

il*= sit;: = 0. (4.2) 

Substitution of the constitutive relation (2.1) into (3.4.) and the result into (4.2) yields 
two homogeneous equations for c, and c2 : 

c,{gfG*[(l--cx)+K(l -6)]+g:(l--cwGJfG+t(az,-oi,)]f 

+c,g,g,{(1-(r6)[G-~(~2~-~LTI,)]-G*[(I-+ti(l-~)]) =O, 

c,g,g~((l-ct6)[G+:(~~~-~,,)]-G*[(l+cc)-~(l+6)]} 

fc2(g~(l-a(r)[G-~((r22-(r,,)]+g~G*[(l+a)+rc(I+8)]~ =O. (4.3) 

A non-trivial solution for the jump in velocity gradients is possibte only if the deter- 
minant of the coefficients of c, and c2 vanishes. This gives a 4th-order algebraic 
equation : 

Agf + 2Bg:gf + cg’: = 0. (4.4) 

The coefficients A. B and C are defined as foliows : 

A = (l-~)[1+6+(l+a)/k-1, 

B=2g+(l+as)/k--(l-t&), 

c= (I+S){I-d+(l--GI)/K], 

where we have introduced the notation g = G*/G and s = (0, , - (rZ2)/2G. Shear band 
bifurcation (localization) is possible if real roots to (4.4) for the ratio @,/g2) exist. 
As discussed in detail by HILL and HUTCHIN~N (1975) and by HILL (1979), the 
governing equations (3.5) and (3.4) are classified as elliptic, parabolic or hyperbolic 
when the number of real roots to (4.4) is zero, two or four, respectively. The regimes 
of behavior are easily determined in terms of the conditions given by HILL (1979) : 

elliptic : 

2G*/G > (1+&)-~-‘(1+as)-{(1-s2)[(1+rc-‘)2-(6-t-a/~)2])1’2. (4.5) 
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parabolic : 

,s, = 101 12;d > 1 or Il+k.-‘1 < )6+a/ti/, 
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(4.6) 

hyperbolic : 

2G*/G< (1+Ss)-rc-‘(1+as)-{(l-s2)[(1+rc-’)2-(S+a/K)2]}’i2. (4.7) 

As in the incompressible case, the elliptic regime can be divided into portions where 
the roots of (4.4) are complex and where they are purely imaginary. The condition 
for the latter is obtained by changing the minus sign in front of the square root in 
(4.5) to a plus. In the incompressible limit, K + co and a = 0, these expressions reduce 

to those given by NEEDLEMAN (1979). 
Unfortunately. the parameters a, 6 and K are not known with much certainty. 

However, we assume that S retains an interpretation similar to that developed by 

NEEDLEMAN (1979) and, consequently, that JSl < 1 covers the range of practical 
values. Furthermore, because K becomes unbounded for incompressible solids and 
specialization of the RUDNICKI and RICE (1975) formulation suggests that K is pro- 
portional to the ratio of the elastic bulk modulus to shear modulus, we assume ti is 
large. The parameter a vanishes for incompressible materials, equals KS when nor- 
mality holds and must be less than S’ for positive shear deformation at 45” to the 
coordinate axes to give rise to positive shear stress increment (as discussed in con- 
nection with the double sliding models of granular materials). Based on these con- 
siderations, we assume that a has a magnitude similar to that of S but may be 
somewhat larger for large K and small S such the product a6 remains less than unity. 

Figure 1 sketches the elliptic, hyperbolic and parabolic regions in a plot of G*/G 
against s = (a, , -o,,)/2G for the fixed values of K, a and S listed in Table 1. The 
sketch is drawn assuming a and S are positive regardless of the sign of s. If a and S 
have the same sign as s, as suggested by the RUDNICKI and RICE (1975) formulation 
for positive p and 8, the diagram is symmetric about c,, = oz2 (s = 0) and values for 
s < 0 are the same as those for s > 0. We also assume that the second of (4.6) is not 
satisfied so that the parabolic regime corresponds to IsI > 1, that is, )cr, , -0~~1 > 2G. 
For large K, the second of (4.6) reduces to the condition given by NEEDLEMAN (1979) 
that the magnitude of S be greater than one. However, for smaller values of K and 
larger values of a, the parabolic region can be encountered for 161 < 1. In particular, 
when normality is satisfied, a = I&, and a and K become large in a fixed ratio, the 
parabolic region can be entered for (61 > l/2. Although this appears to be an unre- 
alistic case, we cannot rule it out. It is worth noting that in contrast to the conclusion 
drawn by NEEDLEMAN (1979) for the incompressible case, if the second of (4.6) is met, 
it is possible to enter the parabolic regime at negligible stress levels even if normality 
is satisfied and 161 < 1. 

Despite the complications of the additional parameters a and K, the interpretation 
of Fig. 1 is similar to that of the corresponding diagram in NEEDLEMAN (1979). The 
parameters a, 6 and K are assumed to vary more slowly with deformation than E,,, 
and the material is assumed to be in the elliptic regime in the unloaded state. The 
subsequent evolution depends on the interpretation of G. 
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G*/G 

s= (C7,-Uz,)/2G 

FIG. 1. Sketches of the elliptic (E), hyperbolic (H) and parabolic (P) regimes for a range of fixed values of 
K, a and 6 satisfying iI+ K- ‘1 c I&+ a/h-}. Only portions of the curves with G*/G > 0 are shown. Parameters 
for each curve are listed in Table 1. Sketch assumes 6 and 3~ are positive regardless of the sign of s. If a and 

6 have the same sign as s, the values for s < 0 are identical to those for s > 0. 

For an elastic-plastic solid with a smooth yield surface, G is the elastic shear 
modulus. Thus, it is much larger than the stress components and s can be neglected 
in (4.5)-(4.7). Therefore, a shear band or localization becomes possible if E,,, dimin- 
ishes to the point where the hyperbolic region is entered near the axis s = 0. For s = 0, 
the hyperbolic region is entered when 

E;, = 2G l-~-‘--((l+k.-~)‘-(f2j+tL/K)*)‘~2 
Ld” 

(1+6)+(l+ff)/k. . 
f4.8) 

TABLE 1. Various values of tl, 6 and K used in 

plotting Figs 1 and 2 

Curve CZ ii k’ 

1 0.9 1.0 10 
2 0.9 0.95 IO 
3 1.0 0.9 10 
4 0.5 0.9 10 
5 2.0 0.5 100 
6 2.0 0.5 10 
7 2.0 0.5 4 
8 O-5 0.3 10 
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-1.0 -0.5 0 0.5 1.0 
5= (%-Cu)/2G 

FIG. 2. Angle 0 between the normal to the shear band and the x,-axis at exit from the elliptic regime into 
the hyperbolic (4.9). Parameters for each curve are listed in Table 1. Sketch assumes a and 6 are positive 
regardless of the sign of s. If G( and 6 have the same sign as s. the angles for s < 0 are the complements of 

those for s > 0. 

When normality is satisfied (a = KC?), the right-hand side of (4.8) can be positive only 
if ct6 > 1, which we have ruled out. Hence, as for incompressible materials, E,,, > 0 
excludes localization for small s when normality is satisfied. For tl and 6 separately 
less than one, increasing K allows localization to occur at larger values of E,,, and, 
hence, is destabilizing. For CI > 1 but less than a-‘, increasing c1 decreases E,,, at 
localization. For a < 1, increasing a can decrease or increase E,,,, but, in either case, 
the effect is small because a always appears divided by K. 

When the constitutive relation is interpreted as a model for an elastic-plastic solid 
with a yield surface vertex, then G diminishes rapidly with deformation and s is no 
longer negligible. In this case, exit from the elliptic into the hyperbolic regime can 
occur at higher values of Et,, or, if 1 ((I., , - azz)/2GI > 1, into the parabolic regime. 

Although localization is possible when real roots to (4.4) exist and, hence. in the 
parabolic or hyperbolic regimes, there is an additional kinematic constraint, as noted 
by NEEDLEMAN (1979) : for localization to occur in a block with aspect ratio a,/~~, 
the solution for the ratio tan 0 = g2/g, must exceed a, /a2 and the band must be 
vanishingly narrow to meet the traction free conditions on the sides at bifurcation. 
The angle 8 at exit from the elliptic regime satisfies 

1 (I +.$[I -6+(l -c()/K] “4 tane = (1-s)[l +sqT;)~] 1 
(4.9) 

Figure 2 plots 8 versus s for the fixed values of c(, 6 and K listed in Table I. For 
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generality, the figure has been drawn assuming that z and 6 aFe positive regardless of 
the sign of s. If m and 6 are assumed to have the same sign as s. then values of 8 for 
s < 0 are the complements of those for s > 0. For 6 and s equal to zero and x + zc 
0 = 45’. If cI and 6 are positive, values of 0 are less than 45 for s small and positive, 
but approach 90” for s = 1. 

5. DIFFUSE BIFURCATION MODES 

The analysis of the localization mode discussed in the preceding section took no 
account of the boundary conditions (3.7) and (3.8). Indeed, as discussed by RICE 
(1976) and earlier by HILL (1962), localization is a limiting instability in the sense 
that once the condition for localization is met, it is possible to construct a non-uniform 
solution that violates the sufficient condition for uniqueness even under all-round 

displacement boundary conditions that rule out geometric or diffuse bifurcation 
modes. In this section, we investigate the possibility of diffuse bifurcation modes 
that precede localization. Despite the algebraic complexity introduced by the added 
parameters needed to describe compressibility the analysis procedure closely follows 
that of NEEDLEMAN (1979) and, as a consequence, will be summarized concisely. 

We consider modes described by the’following form : 

zqx ,, XJ = Z”(XJ cos (1’,),, Y ,), (5.1) 

2$(x,, x2) = [u(xz) +;‘,,,t(xJ] sin (y ,,,. Y,), (5.2) 

where ym = mrt/2a,, m = 1, 2, 3, . , . and the superposed prime denotes the derivative 
with respect to the argument. Following HILL and HUTCHINSON (1975) and NEEDLE- 
MAN (1979), we note that the conditions (3.7) are met identically for a velocity field 
of the form of (5.1) and (5.2) if the origin of the coordinate system is placed at the 
center of the block for m odd and a distance al/m from the center for m even. 
Substitution of (5.1) and (5.2) into (3.5) and (3.6) and elimination of u(x2) yield the 
following equation for 2)(x,) : 

A#” - 2B3’,3 + Cy,f,p = 0, (5.3) 

where A, B and C have been defined following (4.4). The function u(x2) is given in 

terms of z’(x2) by 

u(x2) = 
EN(l -X6)(1 -s)-y$‘[2g(l -a)--(1 -@.S)(l +s)] 

y,.{g[l --cc-k.(l -S)]-(1 -a@(1 +s)} 
(5.4) 

where, again, g = G*/G and s = (g , , -az2)/2G. The boundary conditions on ~1 are 
obtained by substituting (5.1) and (5.2) into (3.8) and using (5.4) to eliminate U. The 
results are 

Pr” + y,5,Qr = 0, (5.5) 

AC”’ _ y;Rp’ = 0 (5.6) 
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at x2 = &a?. The coefficient A is defined following (4.4) and P, R and Q are defined 

as follows : 

P = (1 -s)[l-6-(1 -a)/K+(l -a6)(0+s)/lig], 

Q= (1-~)[1-8+(l-fX)/Jc], 

R = 4g+(l+s)[(l+a)/ti-(1+6)] 

-(a-S)[(l-~)-(l-cX)/K+(l-~r6)(lfs)/Kg]. 

where CJ = (a,, +aZZ)/2G. It will be helpful in deriving some later relations to note 

that R can be written as 

R = [(a? /G)-(l+s)][l+6-(l+a)/ti+(l--~)(u--)/~g]. 

The general solution of (5.3) is of the form 
4 

4x2) = C v, ev [iymqx21, 
,= I 

(5.7) 

where i = (- I)“‘. Substitution of (5.7) into (5.3) reveals, as expected, that the W, 
satisfy (4.4), the equation for @Jg,) encountered in the analysis of localization. 
Hence, the behavior of the solution depends on the nature of the roots of (4.4) and 
is different in the elliptic, parabolic and hyperbolic regimes. 

5.1. The elliptic regime 

As already noted, the elliptic regime can be subdivided into portions where the 
roots are complex (EC) and imaginary (EI). The latter occurs when the inequality 
(4.5) is satisfied with a plus sign replacing the minus preceding the square root. In the 
EI regime, the roots of (4.4) have the form f iq and + ip, where p and q are positive 
and are related to the coefficients of (4.4) by 

‘i(pz+q2) = B/A (5.8) 

and 

:(p’-q*) = (B’ -AC)‘12/A. 

The corresponding solutions for 0(x2) are 

t’(xJ = C, sinh (ympx2) + C2 sinh (ymqxz) 

for the symmetric modes and 

(5.9) 

(5.10) 

4x2) = C, cash bn~x2)+Czcosh (y,,qx,) (5.11) 

for the anti-symmetric modes. Substitution of (5.10) and (5.11) into the boundary 
conditions (5.5) and (5.6) then yields the eigenvalue equations : 

ptanh(y,qa,) (Pp2+Q)(Ap’+R-2B) 

q tanh (y,paJ = (Pq’ + Q) (Aq2 + R- 2B) 
(5.12) 

for the symmetric modes and 
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Ptanh(y,,paz) (Pp’+Q)(Ap’+R-22B) 
=- 

qtanh(;‘,,qa?) (Pq’+Q)(Aq’+R-2B) 
(5.13) 

for the anti-symmetric modes. 
In the elliptic complex region, the solutions for the symmetric modes are of the 

form 

z(-uz) = Re [C, sin (y,,oxJ], (5.14) 

where Re [. . .] denotes the real part of [. . .], Cl is a complex constant, and w = p+iq 
is any complex root of (4.4). Similarly, the anti-symmetric modes are of the form 

L.(x& = Re [C, cos (y,,,wx,)]. (5.15) 

For both the symmetric and anti-symmetric modes, the real and imaginary parts of 
w satisfy the following equations : 

p2+q2 = (C/A)“2, p2-q2 = -B/A (5.16) 

where, again, A, Band Care given following (4.4). The resulting eigenvalue equations 

are 

4 sin (Wma2) 
p sinh (2qy,a2) = 

where the + sign pertains to the 
symmetric modes. 

symmetric modes and the - sign to the anti- 

Following NEEDLEMAN (1979), we consider the limiting cases of long wavelengths, 
corresponding to ~,,?a~ + 0, and short wavelengths, corresponding to y,,,q12 + cc. In 
the long wavelength limit, the left-hand side of (5.17) approaches unity. Thus, for the 
symmetric mode (+ sign). the limit yrna2 + 0 leads to the requirement 

(AQ+f’R) 

f 

(A’C) “’ + PC_ Q(R _ 2B) 

(A/,-)“2 _ (AQ+PR) 
PC-Q(R-28) 

(5.17) 

AQ+PR = 0. (5.18) 

After substituting in the expressions for A, P, Q and R, we can factor (5.18) as 
follows : 

( 1 - s) (UYT” -0,,)[1+6-(1 +a)/K+(l -a6)(Tz2W*l 

.[I-S-(1 --a)/ti+(I -&)(I +s)/riy] = 0, (5.19) 

where ~7;’ is the stress at maximum load given by (2.7). Thus, one solution is u,, = 
CT~;~ ; other solutions lie outside the elliptic region (Is] > 1) unless ti is unrealistically 
low, i.e. K < (1 - a)/( 1 - 6). Therefore, as for the incompressible materials studied by 
HILL and HUTCHINSON (1975) and NEEDLEMAN (1979), the long wavelength limit of 
the symmetric bifurcation mode in the elliptic complex regime corresponds with the 
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Ftc,. 3. Sketch illustrating regimes in G*:G vs g,, ,‘2G space for which bifurcations are possible when 
0:: = 0. Sketch is for CL = 2.0. 6 = 0.5 and K = 10.0. Curve A denotes the stress at maximum load (2.7). B 
the diffuse short-wavelength limit (5.25) and C the long-wavelength limit of the anti-symmetric modes 
(5.22). Anti-symmetric modes are excluded in the region hachured up to the right, symmetric modes are 
excluded in the region hachured down to the right and both modes are excluded m the region with criss- 

cross hachuring. 

stress at maximum load. The stress at maximum load is labelled as curve A in Figs 
3-5. 

When oz2 = 0, the stress at maximum load (2.7) and the elliptic- hyperbolic bound- 
ary (4.5) intersect s = 1 at the same point as shown in Fig. 3. When oz2 # 0, this is 
not the case and for gz2 > 0 the load maximum can occur in the elliptic imaginary 
regime (Fig. 5). However, the long wavelength limit of (5.12) also leads to (5.18), 

demonstrating that the coincidence of the long wavelength limit with the stress at 
maximum load traverses the subregime boundary in the elliptic regime. 

The long wavelength limit of the anti-symmetric mode (minus sign in (5.17)) leads 
to the condition 

PC-Q(R-2B)=O. (5.20) 

After substituting the expressions for P. Q, etc., we can rewrite (5.20) as follows : 

[I -s’-(1 -a)‘][1 -6+(1 -x)/x][l -a-(1 -a)/x+(l -&)(I +s)/h-g] = 0. (5.21) 

When 0 22 = 0, the only solution of (5.21) in the elliptic regime (again assuming 
K > (1 --a)/(1 -6)) is c,, = 0, indicating that c,, is of the same order as the terms 
neglected in arriving at (5.21). Using this information and reconsidering (5.17) for 
small ~,,~a~. we obtain the result 
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-1.0 -0.5 0 0.5 1.0 
s- (a;,-q, )/2C 

FIG. 4. Same as Fig.. 3 for compressive lateral stress nz2 = -0.3hG. c( = 0.0.6 = 0.5 and E = 1000 

P 

FIG. 5. Same as Fig. 3 for tensile lateral stress razz = 0.4G, G( = 0.0, 6 = 0.5 and K = 1000. 

s:tc&,-cr,,)/2G 
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CJ I I = - (‘%“!3) (i’mdS + W(;‘*aJ41 (5.22) 

where E,,, is given by (2.4). This is the tangent modulus expression for the Euler 
buckling load and agrees with the results for incompressible materials (NEEDLEMAN, 

1979; YOUNG, 1976). As for incompressible materials, examination of (5.13) reveals 
that the solution (5.22) is also valid in the elliptic imaginary regime. Equation (5.22) 

is sketched as curve C in Fig. 3. 
When (TV? # 0, setting the first bracket in (5.21) equal to zero yields the following 

finite solution for s in the elliptic regime : 

s= +[l-(l-cr)2]‘,2, (5.23) 

where 0 < cr < 2 for real S. Alternatively, (5.23) can be expressed in terms of c,, for 

a fixed lateral stress cZ2 : 

0, JG = 1 -[1+2(a,JG) - (~J~~/G)‘] I,*, (5.24) 

where 1 - 2”* d az2/G Q 1+2”* for a real solution. The minus sign in front of the 
square root in (5.24) has been chosen so that c~,, = 0 when crl? = 0. Because of the 
presence of the lateral stress, there exists an anti-symmetric long wavelength bifur- 

cation that is independent of the geometric factor y,,, a and, hence, is available for a ? 
vanishingly thin strut. 

In the short wavelength limit, 7,a2 + co, the left-hand side of (5.17) goes to zero 
for any non-zero p and q. Consequently, so must the numerator of the right-hand 

side since the denominator remains bounded : 

(A/C’)“‘[PC+(&2B)]+(AQ+PR) = 0. (5.25) 

The solution to (5.25) is shown as curve B in Figs 3-5. When ol? = 0, the solution to 
(5.25) intersects rr, , = 2G (S = 1) at the same point as g,, = a;lBx (Fig. 3). However, 
when CJ** # 0, there is no solution to (5.25) at s = 1. For rrZ2 # 0, both terms in the 
numerator on the right-hand side of (5.17) approach zero as s approaches 1. But the 
second term in both numerator and denominator is proportional to (1 -s) whereas 
the first is proportional to (1 -s) I”. Consequently, the right-hand side of (5.17) 
approaches f 1. 

As noted by NEEDLEMAN (1979), the arguments used by HILL and HUTCHINSON 
(1975) to exclude bifurcation in certain portions of the elliptic regime are not valid 
when normality is not satisfied. Nevertheless, by using the line of reasoning employed 

by NEEDLEMAN (1979) we are able to identify regions of the elliptic regime where 
bifurcations of the type considered here are not possible. 

In the elliptic imaginary regime, the eigenvalue equations (5.12) and (5.13) can be 
rewritten using (5.8) and (5.9) as follows : 

tanh(y,,paz) p [PC-Q(R-2B)-(AQ+PR)q’] 

tanh (ymqc12) = 4 [PC- Q(R- 2B) - (AQ + PR)p*] ’ 

tanhh,m) = g [PC-Q(R-2B)-(AQ+PR)p21 
tanh (ymqa2) p [PC- Q(R - 2B) - (AQ+ PR)q2] ’ 

(5.26) 

(5.27) 

where (5.26) applies for symmetric modes and (5.27) for anti-symmetric. Because 
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p > q by (5.9), the left-hand sides of both (5.26) and (5.27) are greater than one and 
approach one as ;‘,,,a? + =G. Hence. bifurcation (at least into modes of the kind 
considered here) is possible only when the right-hand sides of (5.26) and (5.27) are 
greater than one. Imposing this condition yields 

(A/C)‘,2[PC-Q(R-2B)]+[AQ+PR] < 0 

for symmetric modes and 

(5.28) 

(A/C)“‘[PC-Q(R-2B)]+[AQ+PR] > 0 (5.29) 

for anti-symmetric modes. Both (5.28) and (5.29) become equalities in the limit ;‘,,a2 -+ 
cc verifying that the short wavelength limit (5.25) continues into the elliptic imaginary 

regime and forms one boundary of the excluded region. In deriving (5.28) and (5.29). 
it has been assumed that the numerators and denominators of the right-hand sides of 
(5.26) and (5.27) are negative. For 022 = 0, this is true in the elliptic imaginary regime. 
but we have not been able to show this more generally. However, results for gz2 # 0 
based on this assumption have been verified by numerical test. 

When the lateral stress 02* = 0, (5.28) and (5.29) can be rearranged to yield 

max 

011 > 
_ 011 

1 

I-- [1+6-(l+C()/K] 

(G-a,,/2)[(1+~‘)~-(6+~l/~)‘] ’ ” 
(5.30) 

(G+a, ,/2) 1 
max 

011 
011 < 

1 

l- [1+6-(l+CL)/fc] 

(G-a,,/2)[(1+~-‘)~-(b+t~/~)~] ‘.’ 1 
(5.3 1) 

(G+a, 42) 

respectively, where (T yt” is the stress at maximum load. These equations (5.30) and 
(5.31) reduce to (5.25) and (5.26) of NEEDLEMAN (1979) in the limit K + a and the 
conclusions drawn from them by NEEDLEMAN (1979) apply here, as well. In particular, 
for compression, cr , , < 0, the first bifurcation in the elliptic imaginary regime is anti- 
symmetric and bifurcation into a symmetric mode is ruled out in the tensile elliptic 

imaginary regime. 
When crz2 # 0, (5.28) can be used to exclude symmetric bifurcations in the region 

where each bracketed term is positive. Note that the first and second bracketed terms 
in (5.28) and (5.29) are identical to (5.20) and (5.18), respectively. Therefore, the 
second bracketed term, AQ + PR, is positive for c,, < a?. The first bracketed term, 
PC- Q(R- 2B), is positive between the roots of (5.20) : 

1-[l+2a2z/G-(a22/G)2]“2 < a,,/G < 1 +[l +~I.J~~/G-(~~~/G)‘]“~. (5.32) 

Hence, (5.28) excludes symmetric bifurcations in the elliptic imaginary regime in the 
strip defined by (5.32). 

Anti-symmetric modes can also be excluded in a portion of the elliptic imaginary 
regime by rewriting (5.27) as follows 
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tanh (~,,,pa~) AQ+PR 1 

i’mpa? PC- Q(R--2B) - 2 

tanh (y,,qaz) = - AQ+ PR 
-.. 
1 . 

-7 
ymqa2 PC- Q(R-2B) q- 

(5.33) 

Because p > q, the left-hand side of (5.33) is always less than one whereas the right- 
hand side is larger than one as long as 

AQfPR 

PC-Q(R-2B) 
> 0. (5.34) 

Since the numerator is positive for cr , , -=z a’Y and the denominator is positive for the 
range given by (5.32), anti-symmetric modes are excluded in this region. When g21 = 0, 
this region coincides with the tensile elliptic imaginary regime, as noted by NEEDLEMAN 

(1979). 
A similar argument excludes bifurcation in a portion of the elliptic complex regime. 

The absolute value of the left-hand side of (5.17) is always less than one for non-zero 
ymaz. But the right-hand side is greater than one if (5.34) is satisfied. Thus, where this 
condition is met neither symmetric nor anti-symmetric modes of the form (5.1) and 
(5.2) are possible. As noted previously, this region is bounded by the stress at 
maximum load (2.7) and by the roots of (5.20). 

5.2. The parabolic regime 

In the parabolic regime, symmetric modes are of the form 

L’(x*) = C, sin (PY,,,x~) -I- Cz sinh (qy,,rxJ (5.35) 

and anti-symmetric modes are of the form 

u(xz) = C, cos (~yrn~z) + Cz cash (qymxz), (5.36) 

where p and iq are the positive real and imaginary roots of (4.4). The quantities p 
and q are related to the coefficients of (4.4) by 

+(p*+q’) = (B*+IACI)“*/IA[, (5.37) 

;(p*-q*) = -B/A. (5.38) 

The eigenvalue equations are as fohows : 

tan bv~n~2) = _ p(Pq’+Q)(Aq’+R-228) 

tanh (qy,,,a2) q(Pp’ - Q>(Ap’- R+2B) 

for symmetric modes and 

tanh tqrR,a2) p(Pq’+ Q) (Aq* f R- 25) 

tan (PY,& = - q(Pp2-Qe>(Ap*-R+2B) 

(5.39) 

(5.40) 

for anti-symmetric modes. 
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The same arguments used by HILL and HUTCHINSOF\I (1975) and by NEEDLEMAN 
(1979) can be employed to show that an infinite sequence of eigenvalues is avaitable 
once the tensile elliptic-parabolic boundary has been crossed. Similarly. by means 
of th- arguments of NEEDLEMAN (1979), bifurcation into some sufficiently short- 
wavelength mode is possible as soon as the compressive parabolic regime is entered. 

5.3. The hyperbolic regime 

In the hyperbolic region, the form of the symmetric modes is 

L’(sJ = C, sin (pymsz) + Cz sin (~;,,,s~) (5.41) 

and the form of the anti-symmetric modes is 

Z’(XJ = c, cos @;,,*SJ -I- Cz cos (9;‘))). Yz), (5.42) 

where p and q are the positive roots of (4.4). These are related to A, E and C as 
follows : 

$(pZ+q2) = -3/A, j(p’-q’) = (B’- AC)’ ‘/A. (5.43) 

The boundary conditions lead to the eigenvalue equations 

for the symmetric modes and 

tan bhd p(Q-Pq”)(R-22B--Aq’) 

tan (PY,,,~ = q(Q - PP*) CR - 2B- -4~3 

(5.44) 

(5.45) 

for the anti-symmetric modes. 
Expansion of (5.44) for small lj,,,al leads again to (5.18). Hence, the stress at 

maximum load provides a solution to the symmetric long-wavelength limit in the 
hyperbolic region, in addition to the elliptic complex and imaginary regions. Similarly, 
the expansion of (5.45) for smafl ?,,,a2 leads again to (5.20) so that the anti-symn~etric 
long wavelength limit also continues across the elliptic-hyperbolic boundary. The 
same arguments discussed by NEEDLEMAN (1979) 
sufficiently short-wavelength mode is possible as 
entered. 

6. Drscwssro~ 

show that bifurcation into some 
soon as the hyperbolic region is 

The results of the previous analysis have all been expressed in terms of the incremen- 
tal constitutive parameters. These, of course, may vary with deformation and, depend- 
ing on this variation, the possibilities for the evolving response of the solid may be 
quite complicated. However, to discuss the implications of the results in a reasonably 
simple way, we assume that B, 6 and K vary much more slowly with deformation than 
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the ratio G*/G and. hence. can be regarded as fixed. In addition. we regard cr2? as 
prescribed, since this corresponds to the simplest experimental arrangement. Even 
with these simplifications, the response predicted for a body loaded in accordance 
with the boundary condition (3.1) and (3.2) can be quite different depending on the 
change of G*/G with loading history and the particular values of the other material 
parameters and the lateral stress. 

Figure 3 shows a typical case of the response regimes when crz2 = 0. Although the 
solid is compressible (2 = 2.0, K = lO.O), the picture is qualitatively the same as that 
for the incompressible solid considered by NEEDLEMAN (1979). As for the incom- 
pressible solid considered by NEEDLEMAN (1979), it is possible to exclude all bifur- 
cations in the tensile elliptic region for a,, less than the stress at maximum load (curve 

A). Similarly, in the compressive elliptic imaginary regime, we can rule out symmetric 
bifurcations to the right of the short-wavelength limit (Curve B). Consequently. as 

for the incompressible solid. for gII increasing in compression in the elliptic imaginary 

regime, the first bifurcation is the anti-symmetric Euler buckling load (curve C). 

The evolution of the response for increasing magnitude of s = c, ,/2G and decreas- 
ing G*/G (assuming the unloaded state is in the elliptic regime) largely follows the 
discussion of NEEDLEMAN (1979). Briefly. in the tensile regime, shear band modes can 
precede maximum load if G*/G drops rapidly with increasing ~7,~ so that exit from the 
elliptic regime occurs between c,, = 0 and r2. If G*/G drops less rapidly. attainment of 

maximum load precedes loss of ellipticity between Y? and I’~. If the specimen is 
sufficiently slender long-wavelength symmetric bifurcations first become available at 
maximum load and, hence. depending on the slenderness of the specimen, may precede 
the shear band modes that become available with entrance into the hyperbolic region. 
For still higher values of stress so that penetration of the elliptic--hyperbolic boundary 
occurs between r3 and 6, I = 2G, short-wavelength surface rumpling modes precede 

loss of ellipticity but occur after maximum load. Finally, if G*/G diminishes little with 
deformation and high stress levels are attained, the elliptic-parabolic boundary can 
be pierced where an infinite number of bifurcation modes become available. In com- 
pression, if the unloaded state is in the elliptic imaginary region and G*/G decreases 
slowly enough so that the elliptic complex region is not entered, then the first bifur- 
cation must be anti-symmetric and, for a sufficiently slender specimen, will be the 
Euler buckling mode (curve C). If the elliptic complex region is entered, we cannot 
rule out the possibility of a diffuse symmetric bifurcation. However, depending on the 
rapidity with which G*/G drops, short-wavelength bifurcations will precede entrance 
into the hyperbolic or parabolic region. 

When oz2 does not equal zero, then the situation becomes more complex and differs 
more dramatically from that examined by NEEDLEMAN (1979). Figure 4 illustrates 
the case when gz2 = -0.36G and the solid is essentially incompressible (IX = 0.0, 
ti = 1000.0). Although the compressive region is similar to that in Fig. 3, the portion 
of the tensile elliptic region where bifurcations can be excluded is altered considerably. 
More specifically, the portion of the elliptic complex region where bifurcations can 
be excluded shrinks to values of the stress difference s corresponding to values of (T, , 

in the range given by (5.32). Similarly, the portion of the elliptic imaginary region 
where bifurcations can be excluded shrinks to the same strip. This occurs because the 
term PC- Q(R- 2B) of (5.34) changes sign at these roots. The portion of the elliptic 
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imaginary region where symmetric bifurcations can be excluded expands cor- 
respondingly to include portions in the tensile region for s less than the lower end of 
the range given by (5.32) and a strip between the value of.s corresponding to the upper 
end of (5.32) and the short-wavelength bifurcation (curve B). Also. the maximum load 
(2.7) now lies entirely in the hyperbolic region. Consequently. the shear band modes 
that become available when the hyperbolic region is entered will precede the occur- 

rence of maximum load. Another difference from the case when the lateral stress is 
zero is the behavior of the short-wavelength limit (Curve B) near s = 1. As already 
noted (5.17) has no root at .Y = I and. hence. the short-wavelength limit cannot 
intersect s = I but must approach it asymptotically. Consequently. prior to entrance 
of the parabolic region from the tensile elliptic region. short wavelength diffuse modes 
are available. regardless of the value of G*,/G. 

For values of cZ2 < (I -2’ ‘)G. the strip in the elliptic complex region where 
bifurcations can be excluded, and the correspondin g strip in the elliptic imaginary 
regime where anti-symmetric bifurcations can be excluded. disappear entirely. 

Figure 5 shows the situation when the lateral stress is positive (and less than 
(1 + 2’ ‘)G). Now the strip where bifurcation is excluded in the elliptic complex region. 
and the corresponding strip in the elliptic imaginary region. expands to include 
negative values of s. Symmetric bifurcations are excluded in the elliptic imaginary 
regime between s corresponding to the lower end of the range (5.32) and the short- 

wavelength limit in compression and in the tensile region between s corresponding to 
the upper end of the range (5.34) and the short wavelength limit. As a consequence 
of excluding anti-symmetric bifurcations in a portion of the compressive region (s < 0) 
the Euler buckling mode (curve C) has been eliminated although for small lateral 
stress it could conceivably appear in the elliptic imaginary region for sufficiently 
negative values of s. When the lateral stress is positive. the maximum load for s > 0 
occurs in the elliptic regime and. as shown, extends into the elliptic imaginary regime. 
Furthermore, because of the tensile lateral stress. it is possible to achieve a load 
maximum in compression (s < 0). As indicated by the diagram. the appearance of 
shear bands accompanying entrance into the hyperbolic region always occurs after 
load maximum in tension, but may occur either before or after maximum load in 
compression depending on how rapidly G*/G drops with deformation. In particular, 

if exit from the elliptic regitne occurs between Y? L ,md ri. the first bifurcation is of the 

shear band type. 

7. C~NCLLJSION 

We have examined the bifurcations of a rectangular slab including both shear band 
modes and diffuse geometric modes. The analysis extends that of NEEDLEMAN (1979) 
to consider compressible materials and to include the effects of lateral stress. Although 
VARDOULAKIS (1981) has conducted a similar analysis for a constitutive relation that 
is a special case of that considered here, he limits consideration to values ofconstitutive 
parameters representative of a dense sand. Here, we have attempted to provide a more 
extensive picture of the bifurcations that are possible for a wide range of constitutive 
parameters. 
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Allowing the material to be compressible makes little alteration in the qualitative 
nature of the possible bifurcations outlined for incompressible materials by 
NEEDLEMAN (1979). The effect of lateral stress causes a more dramatic departure of 

the bifurcation picture from that obtained by NEEDLEMAN (1979). In particular, when 
the lateral stress is not zero, a finite stress is required for the occurrence of a lonp- 
wavelength anti-symmetric bifurcation. 

The constitutive relation adopted for this analysis allows for the possibility of 
volume deformations and for deviations from normality. The analysis has been based 
on a constitutive relation that is incrementally linear. As noted earlier and discussed 
in more detail by NEEDLEMAN (1979), the relation of bifurcations identified for such 
a solid to those of an elastic-plastic solid for which the relation used here characterizes 
only one branch of the constitutive relation is complex. More specificaliy, the identi- 
fication of a bifurcation in the incrementally linear solid provides. at most. an upper 
bound on the occurrence of bifurcation in the actual elastic-plastic solid. 

Guided by NEEDLEMAN‘S (1979) analysis of non-normality and bifurcation in an 
incompressible solid, we have been able to outline the framework of bifurcations for 
compressible solids subjected to lateral stress. However, the detailed response of such 
a solid will, of course, depend on the specific variation of the constitutive parameters 
with deformation. Unfortunately, these are not known with much accuracy. Never- 
theless, the anatysis here provides a framework for further study. 
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