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AEXRACT 

MATCHED asymptotic expansions are used to examine the stress and pore pressure fields near the tip of a 
plane strain shear (mode II) crack propagating on an impermeable plane in a linear elastic diffusive solid. 
For propagation speeds V that are large compared with c/I, where c is the diffusivity and I is the crack- 
length, boundary layers are required at the crack-tip and on the line ahead of the crack. The latter is 
required to meet the condition of no flow across this plane; in contrast, for propagation on a permeable, 
plane, a boundary layer is required on the crack faces behind the tip. As for the permeable plane, the 
solution in the crack-tip boundary layer reveals that the stress field near the crack-tip has the form of the 
usual linear elastic field with a stress intensity factor [(I - v,,)/( I- v)]K”‘, where K”’ is the stress intensity 
factor of the outer elastic field, v is the Poisson’s ratio governing slow (drained) deformation, and v,, > 1’ 
is the Poisson’s ratio governing rapid (undrained) deformation. Thus. coupling between deformation and 
tluid diffusion reduces the local value of the stress intensity factor and. hence, stabilizes against rapid 
propagation. For the permeable plane, the pore pressure goes to zero as the crack-tip is approached along 
any ray. In contrast. for the impermeable plane, a closed-form solution for the pore pressure in the crack- 
tip boundary layer reveals that the pore pressure at the crack-tip is non-zero, but bounded. 

1. INTRODUCTION 

IN AN ordinary linear elastic solid the stress field near the edge of a crack is well 
known to be singular as the inverse square root of the distance from the crack-tip and 
to have a universal spatial dependence. This singular field can be used as an outer 
boundary condition for more detailed investigations of inelastic behavior near the 
crack-tip and as an inner boundary condition for numerical analysis of cracks in finite 
linear elastic bodies. The near-tip field in a linear elastic diffusive solid can have similar 
usefulness. But, for the diffusive solid, the crack-tip field is velocity dependent. 

This paper analyses the stress and pore pressure fields near the tip of a shear crack 
propagating steadily on an impermeable plane in a linear elastic diffusive solid. The 
analysis complements that of SIMONS (1977) for a shear crack on a permeable plane. 
As for the permeable plane examined by SIMONS (1977), we will find that for slow 
propagation the near-tip stress field is identical in form to that for a linear elastic 
solid. For very rapid (but still quasi-static) propagation, the near-tip field again 
approaches that for a linear elastic solid. But this solution for rapid propagation is 

201 



202 J. W. KMNICKI 

not uniformly valid ; in particular, it is not valid at the crack-tip and on the line ahead 
of the crack. Consequently, it is necessary to introduce boundary layers to determine 
the field in these regions. 

The motivation for this analysis. like that of SIMONS (1977). arises from application 
to faulting in the earth’s crust. RICE and SIMONS (1976), by analysing the propagation 
of a steadily moving semi-infinite shear crack in a linear elastic diffusive solid, have 
shown that the coupling between deformation and pore--fluid diffusion can stabilize 
the fault against rapid propagation for a range of velocities that is consistent with 
that observed for episodic creep events on the San Andrcas fault in California. In 
addition, R~JI~A (1978) has examined propagation of a semi-infinite tensile crack in 
a difiusive solid with applications to hydraulic fracture and CLEARY (I 978) has used 

numerical analysis to study shear and tensile fractures. 
The analysis of RIVE and SIMONS (1976). as well as the cases of shear cracks studied 

by CLEARY (1978). are appropriate if the fault is permeable. But, many faults are 
thought to be impermeable because they contain finely cornminuted material (Wu c’f 
01.. 1975 ; WANG and LIE. 197X) or because they arc barriers to fluid Row (LIPPI~(‘OTI 

ct al.. 1985). Consequently, RUDNI~KI and KOII~SIBH,AS (1990) have reexamined the 
problem considered by Rick and SIMONS (1976) for the impermeable Fault. They lind 
similar stabilizing effects due to coupling between deformation and diffusion, but, in 
addition. find that the change in pore fluid pressure on the fault plane, an effect that 
is absent for the permeable fault. can afTect propagation. 

The nature of the pore pressure change near the crack-tip is of particular interest 
because this change affects the resistance to slip. The resistance to slip is increased 
not only by an increase in compressive normal stress but also by a decrease in pressure. 
More specifically, the resistance to slip depends on the effective compressive stress, 
the total stress minus the pore fluid pressure. Consequently. knowledge of the near- 
tip behavior of the pore pressure change is needed for formulation of more elaborate 
models of the slipping process. 

7 _. FORMULATION 

The equations governing the response of a linear elastic diffusive solid wcrc lirst 
formulated by BIOT (1941) within the context of fluid-saturated soils, but the pres- 
entation here follows that of Rlc-I- and CLEARY (I 976). Their approach cmphasiTes 
that the response of the difrusive solid in the limits of deformation that is slow and 
rapid by comparison to the time scale of fluid diffusion is identical to that in an 
ordinary elastic solid but with different Poisson’s ratios. For slow deformation. said 
to be drained, the response is that of an elastic solid with Poisson’s ratio 1’: for rapid. 
undrained deformation, the Poisson’s ratio is v,,. Because 1’ < v(, < l:‘2. where the 
upper limit is attained for separately incompressible constituents and the lower for a 
highly compressible pore fluid. the undrained response is stiffer than the drained. 

For arbitrary plane strain deformations the strain components depend on the stress 
components o,,~ and pore fluid pressure p as follows (RICE and CLEARY. 1976) : 

2Ge,,, = ci,,j - \‘(O,, + (r,.,.)6,,, + 2?1( I - \‘)/d,,,, (1) 
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where G is the shear modulus, 17 is a material constant, a,,] is the Kronecker delta and 
(a, b) = (I, 2) = (x, y). An additional constitutive equation is needed for the alteration 
of fluid mass content per unit volume of porous solid, m, from its reference value m,, : 

nl--m,, = wdl -~,)[(a,,+o,,>+(3rli~u)pllG. (2) 

where p. is the mass density of the pore fluid and p = (v, - v)/( 1 -v). For slow drained 
deformation, there is no change in the pore pressure and (I) reduces to the usual 
linear elastic expression. For rapid, undrained deformation r~z = m,,. Solving (2) for 
p and substituting into (1) again yields the linear elastic expression with r replaced by 
v,. The final constitutive equation is Darcy’s law (RICE and CLEARY, 1976) : 

q, = -P”~~P/~~~, (3) 

where q, is the mass flow rate in the x direction per unit area and K is a permeability. 
Here, coordinates X, are employed and, immediately below, X, = X, X2 = Y. 

For plane strain deformation. RICE and CLEARY (1976) show that the governing 
equations can be written entirely in terms of the stress components and the pore fluid 
pressure. These equations, for deformation in the XY plane, are as follows : 

i%,,/dX+ arr,,/a Y = 0, (4) 

ao,, /LX+ da, Jc’ Y = 0, (5) 

vz(o,,+oj,.+2rlp) = 0, (6) 

(cV2 -a/at>[o,, +o,:,,+ (2Y//LL)p] = 0, (7) 

where c is a diffusivity that can be expressed in terms of parameters already introduced 
LiS 

c = Gti/~/[2$( 1 -v,,)] 

and V3(. .) = a’(. .)/8X’+ a’(. .)/C?Y’. Equations (4) and (5) are the usual equations 
of equilibrium in the absence of body forces. Equation (6) arises from compatibility 
after the constitutive relations have been used to eliminate the strain components. 
The diffusion equation (7) results from substituting Darcy’s law into an equation for 
conservation of fluid mass and use of the constitutive relation. 

The governing equations (4))(7) will be solved for the case of a semi-infinite shear 
(mode II) crack located on the X-axis and moving steadily and quasi-statically in the 
positive X-direction at a constant speed V. The crack is loaded by shear stresses r(X) 
which are applied to the crack faces and move with the crack. The crack and the 
applied loads are assumed to have been moving at this speed long enough so that 
transient effects have died out. Thus, the problem is one of steady propagation and 
any explicit dependence on time t can be eliminated by adopting a coordinate system 
that moves with the crack-tip. Furthermore, c7/dt can be replaced by - V (7/8X and, 
thus, (7) becomes 

(CV’ + VC?/r?X)[0,, + Cr., + (2q/&IJ = 0. (8) 

Because of anti-symmetry about the crack plane Y = 0, it is possible to formulate 
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the problem in the upper half plane with boundary conditions given on Y = 0. The 
stress component G,., is anti-symmetric about Y = 0 and, because the normal traction 
is continuous across Y = 0. it must be zero there : 

CT, ( (X. 0) = 0, --cr_ < ‘Y< ry3. (3 

Similarly, the displacement component u, is anti-symmetric about Y = 0. Although 
it is discontinuous on the crack itself, it must be continuous ahead of‘the crack and, 
hence, must vanish there : 

zr,(X. 0) = 0, 0 < x < !YJ. (10) 

This condition can be rewritten in terms of the stresses and pore pressure by using 
the strain- displacement relation i:,, = izr,/c?X and the constitutive relation (I). The 
result is 

o,,(x,o)+2?~p(x.o)=o, O<X<‘X, 

where (9) has also beer! used. 

(11) 

The pore fluid pressure p is also anti-symmetric about Y = 0. Hence, if it is 
continuous on Y = 0, it must vanish there and (1 I) reduces to a,,(.%‘, 0) = 0 
(0 ,< X < x). In this case, ?~,ii:Y. in general, will not bc zero on Y = 0 and. hcncc. 
by Darcy’s law (3). fluid wili flow across the X-axis. Thus. the boundary condition 
p = 0, used in studies of shear cracks in digusive solids by RITE and SIMONS (1976), 
SIMONS (1977) and CLEARY (197X), is appropriate for a permeable fault. RUDNKKI 
(19X7) has noted that the crack plane models a shear fault that is impermeable to 
fluid flow if 

?p(X. O);? Y = 0, - x, < x < ‘X . (12) 

The pore fluid pressure is still required to be ~~nti-syn~metr~c about Y = 0, but need 
not be continuous and, hence, takes on equal and opposite values as the X-axis is 
approached from above or below. 

As already mentioned, the applied shear loading on the fault faces is described by 
r(X). This provides the following boundary condition : 

cr,JX,O) = -z(X). -x2 < x < 0. (13) 

As discussed by RWE and SIMWS (I 976), r(X) represents the difference between an 
applied farfield loading and a resistive friction stress. 

Finally, we follow SIMONS (1977) and specify the following sutficient conditions fol 
uniqueness of solution : 

a,,,(R. 0). \Vpl = O(R ’ ‘f as R ---f 0. 114) 

(~,,~(R.ll). (Vpl = O(R “) as R -+ SK. (15) 

uniformly in -7~ < 0 < x where 0 = arctan (Y/X), R = (X2+ Y’)’ ‘. and /V/>j = 
I(;pl’t?X)~_t((~~iiY)‘L’ ‘. As noted by SIMC)NS (1977), these reduce to the usual con- 
ditions of bounded strain cncrgy when I/ = 0. 
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To facilitate the asymptotic analysis to come, we introduce non-dimensional spatial 
variables (x, _r) = (X/I, Y/l), where 1 is some characteristic length of the load distri- 
bution. With this change of vartables, the field equations (4))(6) and boundary 
conditions (9)-(13) retain the same form (with (I’, Y) replaced by (x, ,r)), but (8) 
becomes 

(E’v’+c;/c?x)[o,,+a,., + (2r//&] = 0, (16) 

where cz = c/VI and, now, V’(. . .) = c”(. .)/iJs’+ ;7’(. . .)/?JY’. Note that E’ is the ratio 
of a characteristic time of loading l/V to a characteristic time for diffusion l’/c. 

3. SLOW CRACK PROPAGATION 

As discussed in connection with the constitutive relations, for deformations that 
are slow by comparison to the time-scale of fluid mass diffusion, i.e. drained conditions, 
the alteration in the pore fluid pressure p will be zero and the response of a diffusive 
solid reduces to that of an ordinary linear elastic solid with shear modulus G and 
Poisson’s ratio r. Thus, it is anticipated that the solution for the crack propagation 

speed V approaching zero will be identical to that of an ordinary linear elastic solid. 
This supposition can be verified by taking the limit E --) x in (16) which is the only 
equation involving E. Dividing through by c2 and setting E -+ 8~ yields 

V[o’,\’ + @,! + (2~/&+“] = 0, (17) 

where the superscript (s) denotes the solution for slow propagation, E + x. Com- 
bining (I 7) with (6) reveals that 17”’ satisfies Laplace’s equation. The solution satisfying 
the boundary condition (I 2) and the order conditions (I 4, 15) is p“’ = 0. Substituting 
this result into (6) and ( 17) reduces both equations to the usual compatibility condition 
for plane elasticity in the absence of body forces. Thus, in the limit V--f 0, the solution 
for the stresses ~$1 is identical to that for the plane elasticity problem and to those 
found by SIMONS (1977) for the permeable shear crack. Obviously. this results because 
the identically zero pore pressure field, appropriate for drained response. satisfies the 
boundary condition for both a permeable crack and an impermeable crack. 

The solution for the stresses near the edge of a crack in a linear elastic body is well 
known to have the following form (e.g. RICE, 1968) : 

CT:; = K”‘(274 ’ ‘j&(O) +O( 1) (18) 

as r ---f 0, where the superscript (e) denotes the elastic solution and Kc’) is the mode II 
stress intensity factor which depends on distribution of loading r(x). The functions 
,f&, which are identical for all mode II crack problems, are as follows : 

,fl, (fl) = -sin (f1/2)[2 fcos (O/2) cos (30/2)]. 

,fi., (0) = cos (0/2)[ 1 -sin (d/2) sin (30/2)], 

,f,, (0) = sin (H/2) cos (O/2) cos (30/2). (19) 
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4. RAPID CRACK PROPAGATION 

By arguments analogous to those used for slow crack propagation. one might 
anticipate that undrained behavior pertains in the limit V-t co. As noted by SIMONS 
(1977) for the permeable crack. this turns out to be true, but not uniformly so. More 
specifically. the response near the crack tip and, for the impermeable crack, on the 
line ahead of the crack ( y = 0. .Y > 0) is not undrained. In contrast, the elastic solution 
obtained for slow crack propagation applies cverywherc in the (.Y, ~3) plane and, in 
particular. the solution given by (18) and ( 19) gives the correct asymptotic behavior 
near the crack-tip. 

The limit of rapid crack propagation corresponds to taking the limit I: --f 0 in ( 16) : 

where the superscript (r) denotes the solution for rapid propagation. Note that, in 
contrast to the limit c 4 -X for slow propagation, the limiting process for rapid 
propagation reduces the order of the equation. This is a signal that the perturbation 
is singular and that boundary layers will be needed to meet the boundary condition 
(KWORKIAN and COLE. 1981). The other equations (4)-(6) retain the same form in 
this limit. Equation (20) requires that the quantity [. .] be a function only of J’. But. 
because this quantity is proportional to the fluid mass content, it must vanish as s---f x 
and, hence, must be identically zero. Consequently, the pore pressure p”’ is related 
to the mean stress as for undrained response : 

P (I’ = - (/1;‘2?l)[O’,lj + ai’l’] (21) 

Substituting (21) into (6) reveals that the mean stress satisfies Laplace’s equation : 

VZ(U:‘,’ +U’,‘,‘) = 0. (22) 

Thus. the stress components ~$1 satisfy (22), which expresses compatibility for plane 
elasticity, and the two equilibrium equations (4), (5), which retain the same form in 
the limit :: + 0. Consequently, the zeroth order outer solution for the stresses is again 
given by the elasticity solution. i.e. 

(23) 

and the pore pressure is given by (21) as 2: + 0. 
Now, consider the boundary conditions (9), (I I)- (13), which also retain the same 

form as E + 0. Because of the reduction of order which occurs in taking the limit 1: -+ 0, 
it is anticipated that the zeroth order solution will not meet all the boundary 
conditions. In particular, it is easily shown that the condition (12) is violated as F+O. 

’ Consider the expression for cp “)/?J, near the crack-tip. obtained by using (23) and 
substituting (18) and (19) into (21) : 
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as r --f 0. This expression vanishes for 8 = n and, hence, meets the boundary condition 
(12) for I < 0, but not for x > 0. Furthermore, (24) violates the order condition (14) 
as I’ + 0. This suggests that inner expansions are needed as I’ + 0 and as J + 0 for 
.Y > 0. 

Note that the pore pressure itself. which is given by 

as r + 0, satisfies the condition for a permeable shear crack (p(s, y = 0) = 0) on 
0 = 0 (X > 0), but not on (9 = rr (X < 0). Thus, a crack face boundary layer is required 
for x < 0 in the analysis of the permeable shear crack by SIM~NS (1977) whereas a 
crack-line boundary layer is required for s > 0 in the present case. 

4.2. Crurk-tip inner e.ymnsion 

The discussion of the preceding section indicates that a crack-tip expansion is 
needed as r + 0. To effect this expansion, we follow SIMONS (1977) and introduce 

crack-tip coordinates .<, $ given by 

.< = X/C’, ?’ = J/E?. (26) 

This choice is motivated by a desire to retain the V’(. .) operator in (I 6) under the 
crack-tip limiting process c --) 0 with (.Y, J) fixed. With this change of variables, the 
field equations (4) (6), (16), retain the same form. 

The appropriate form for the expansion of the crack-tip solution, denoted by C;X,j,fi 
is dictated by the expectation that the inner and outer expansions have a domain of 
overlap (e.g. KEVORKIAN and COLE, 1981). More specifically, this expectation is 
fulfilled by the requirement that the one-term outer expansion (limit c + 0, with (.Y. 
J’) fixed) of the crack-tip inner solution equal the one-term inner expansion (limit E -+ 
0, with (-2. i’) fixed) of the outer solution. This statement is a special case of the 

matching principle stated in greater generality by VAN DYKE (1975). The inner 
expansion of the outer solution is obtained by rewriting the outer solution in terms 
of the crack-tip variables .C-, J: and expanding as i:+O with (.?. .P) lixed. For example. 
as r = ~‘r^-tO. the leading term of the outer solution for the pore pressure p”’ is given 
by (25). When rewritten in terms of I:, this equation becomes 

(27) 

as f: --f 0. Therefore, the matching principle requires the crack-tip inner solution for 
the pore pressure to have the following form : 

p(.t.y: 1:) = I: ‘/Y”(.?.Jy+o(t: ‘) (28) 

as c --f 0. Similarly, the expansions for the stress components have the form 
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R,,](.~, ,P ; 8) = 2: %$‘(_f. $)+o(i: ‘) (29) 

as c 4 0. Substituting into the governing equations (4)~ (6), (16) and taking the limit 
J: + 0 yields the following equations : 

?-(I) r? ̂ . 
co,, ;('.I+trr,, / ? "iI1 ;(y = 0, ('~il'I';_~+('(ilt',i;!' = 0, (30) 

(i~,'~7.p'+i‘:'ii.')[~:l'+(jj11+2rllj("] = 0, (31) 

(i'!'ic.~'+(?:'~!"+il~7_~)[ij(\l)+~~I,)+(2,ll~)li"'] = 0. (32) 

Application of the same operations to boundary conditions (9), (1 I)-( 13) yields 

$(‘(.f,O) = 0, cl/Y ‘I(?, O)/?F = 0, - ‘X < .< < X , (33) 

ci~~‘(_~.O)f2~~~“(1,0) = 0. 0 < .i- < c/,. (34) 

ti’,j’(.<, 0) = 0, -7X < .i- < 0. (35) 

The first of the order conditions (14) is replaced b) 

(i:$ = K”‘(27U~) ’ ‘.f;,i(0)+o(r ’ ‘) (36) 

as f + ^/v. This is a restatement of the requirement that the crack-tip solution match- 
up with the outer solution and is a mathematical formulation of the condition of 
“small-scale yielding” in fracture mechanics (RICE, 1968; EDMUNDS and WILLIS, 1976). 

Fourier transforms and the Wiener Hopf technique are used to solve (30) (32) 
subject to (33) -(36) as outlined in Appendix A. The results for the mean stress and 
pore pressure can be obtained in closed form and are as follows : 

!((i’,i’+&i.l’) z -“‘:i_ jsin((j;‘2)(1 -~1e’“““““erfc[r:’ ‘sin((j/2)]) 
(27c?) - 

+,Ucos (0;2)D[r” 2 cos ((IQ)];, (37) 

+cos (0/2)D[i 3 cos (K2)]j 1 (3X) 

where erfc (z) is the complementary error function (ABRAMOWITZ and STEGLN, 1964, 
eq. (7.1.2)) and n(z) is (2;~“‘) times Dawson’s integral (ABRAMOWITZ and STEGUN. 

1964). The expressions for the shear stress and stress difference involve an integral 
that cannot be done in finite form : 

(i’,i’ = K”’ 
(2711’)’ 2 

cos(O/2)[1 -si17(0,‘2)sin(3~):2)]+ll(~“‘~3’ ‘~)e’-‘~ 

sin (fIZ!) [ 1 + cos (W) cos (3n/2)] 

+p(K”‘:‘2’ ‘n)c”’ 
?H iti 

(‘.\ 
+i _ . (40) 

( .I’ 
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where 

H(.h_, J’) = 2(71/r) l/2 e mrr’/4 {sin (d/2) err’n*(“‘2) erfc [JY sin (Q/2)] 

and the angle 4(s) is defined by 

tan 4 = (.F cos (0) - r)/sin (0). 

Although these expressions are lengthy, it can be shown that in the limit r’ --f 0 the 
stress components approach the form of the elastic solution (18) with the stress 
intensity factor KC”) replaced by (1 - p)K”‘. Thus the stress intensity at the crack-tip 
is reduced by a factor of (1 -p). This result is identical to that obtained for the 
permeable shear crack (RICE and SIMONS, 1976; SIMONS, 1977) and, as discussed by 
RICE and SIMONS (1976), is due to the constraint of the stiffer, undrained response of 
the material surrounding the crack-tip region. 

The pore pressure at the crack-tip approaches the finite limit 

11$” = 2”PK”‘/n+O(r:l:‘) (43) 

as r^ --f 0 in 0 < N < rc. (Recall that the pore pressure is discontinuous on 1‘ = 0 
and, hence, approaches a value equal in magnitude but opposite in sign to (43) for 
- 71 d 0 ,< 0.) In contrast, SIMONS (1977) has shown that for the permeable shear 
crack, the pore pressure goes to zero as the crack-tip is approached along any ray. 
Although the pore pressure is not zero at the crack-tip for the impermeable shear 
crack, the crack-tip region can be considered drained because the pore pressure is 
bounded and, hence, the ratio of the pore pressure to any stress component goes to 
zero as the crack-tip is approached (except, of course, for special rays along which 
certain stress components vanish.) 

4.3. Crack-line inner e.qxmsion 

The crack-line inner expansion is needed because of the failure of the outer 
(undrained) solution to meet the boundary condition (12) on J’ = 0, 0 d .Y < ti. (In 
contrast, a crack-face expansion on J = 0, x < 0 is needed for the permeable shear 
crack.) Thus, the crack-line expansion is expected to describe one-dimensional diffusion 
that effects the transition from @/?_J~ = 0 on J' = 0 to the expression (24) given by the 
outer solution. As in the case of the similar analysis for the permeable crack (SIMONS, 
1977), the appropriate choice of the scaling is dictated by a desire to reduce (8) to an 
equation of one-dimensional diffusion in the J’ direction : 

x = x J’ = y/c. (44) 

The matching principle requires that the one-term outer expansion (E --) 0 with x, J’ 
fixed) of the crack-line solution equal the inner expansion (c -+ 0 with 1, y fixed) of 
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the outer solution. This suggests the following form for the expansion of the crack- 
line solution : 

IT,, (.f. j7; i:) = fT;i’(_c. JY) fO( I) (45) 

I~,,.~,, ,/?](.\l.,P; i;) = r:[ci'j/'.ai\'./r"'](.\l..~)+0((;). (46) 

In contrast to the crack-face solution for the permeable shear crack. the expansion 
for b begins at order c. Substitution of the scaling (44) and the expansions (45). (46) 
into the field equations (4)-(h). (1 h), and taking the limit I: + 0 yields the following 
equations governing the first term of the crack-line solution : 

^ -, I) ^ - (‘CT,, ,‘( 1’ = 0. ;#;‘:‘;;.\‘+;#;‘,(y = 0, (47) 

(‘1((i’,l’+~~(‘+2111i”‘):(?~~ = 0, (48) 

(~~iii~~2+il~_~)(~j~‘+(jlI’+(2rli~l)/i”’) = 0. (49) 

Application of the same operations to the boundary conditions yields 

;P’ ’ ) * ’ ;C.l =o. c/j’ = 0. (y;‘+Qfi” = 0 (50) 

for _P = 0, .V > 0. The requirement that the crack-line solution match the outer solution 
results in the following conditions : 

(52) 

The crack-line solution 117~1st also be compatible with the crack-tip solution. Marc 
specifically. the one-term crack-tip expansion of. the crack-line solution must equal 
the one-term crack-line expansion of the crack-tip solution. The crack-line expansion 
of the crack-tip solution is obtained by rewriting (37)- (40) in terms of the crack-line 
variables, i.e. 

,i = .\‘:‘t;’ >: = p:;; (54) 

and expanding for small L For example, the result of retaining the first term for the 
pore fluid pressure and rewriting in terms of the crack-tip variables is as followa : 

However, it turns out that this condition is met automatically and does not riced to 
be enforced. 

The solution to the system of equations defining the one-term crack-line solution 
is obtained in Appendix B. The results are as follows : 
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FIG. I, Pore pressure in the crack-tip boundary layer divided by the value at the crack-tip (see Eq. 43) 
against .? = A/G’ for three fixed values of ,’ = ,!*/a” : 0’. 1, 2. Values for y < 0 are equal in magnitude and 

opposite m sign to those shown. 

where o(“) = (cl:’ + oyJ)/2. RewritingD ’ ” in terms of the crack-tip variables, expanding 
for small 6, and using (46) yields (55). 

Analogous results apply For rhe stress components. Note that the crack-line sojutioa 

depends on the full outer solution ~3; and, hence, on the details of the applied loading 
not just the singular portion as is the cast for the crack-tip inner solution. 

5. DrscussruN 

The main difference between shear crack propagation on permeable and imper- 
meable planes is that a change in pore pressure is induced on the impermeable plane. 
For the permeable plane, the pore pressure is required to be zero there by the symmetry 
of the problem. This dif%rence is most evident in examining the pore pressure in the 
crack-tip boundary layer (3X). The solntions in the crack-tip boundary layer depend 
on the applied loading only through the stress intensity factor and, hence, are relatively 
independent of the details of that loading. 

Figure 1 plots the pore pressure induced on the impermeable plane y = O*, divided 
by its maximum value (see Eq. 43) against P. (Recall that the pore pressure is 
discontinuous on y = 0 and the value for .I-‘ = O- is equal in magnitude and opposite 
in sign.) Atso shown for comparison is the pore pressure for two nonzero, fkd v&es 
of 9. I,0 and 2.0. As indicated, the I~l~xirn~rn pore pressure change occurs at the 
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crack-tip ; it diminishes with distance away from the crack-tip, but more rapidly ahead 
of the crack-tip than behind. 

Figure 2(a) shows contours of the pore pressure change in the crack-tip boundary 
layer (again. divided by the value at the crack-tip). As required by the boundary 
condition. the contours intcrscct J’ = 0 at right angles. The shape of the contours is 
similar to those for the shear dislocation moving steadily on an impermeable plant 
(RUDNICKI and ROELOFFS. 1990), but for the dislocation the pore pressure change 
becomes unbounded as the dislocation is approached. For comparison. Fig. 2(b) 
shows the pore pressure contours (divided by the same value as for Fig. 2a) in the 
crack-tip boundary layer of the shear crack on a permeable plane. The port pressure 
change is required to be zero on the crack-line and SIMONS (1977) has shown that the 
port pressure tends to zero as the crack-tip is approached along any ray. Consequently. 
the magnitude of the pore pressure change is much smaller in the ncighbourhood 01 
the crack-tip than for the impermeable plane. In particular. note that the maximum 
pore pressure occurs near (.?, y) = (0, 2.5) and is much less than the port pressure 
change for the impermeable crack at the same location. 

Solutions in the crack-line boundary layer, like those in the crack-face boundary 
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Fig. 2(b) Same as (a) but for the shear crack on a permeable plane. (Pore pressure is divided by the same 

value as in (a).) 

layer in SIMONS' (1977) analysis. depend on the full outer solution. To evaluate these 
solutions, we assume a uniform shear loading of unit magnitude over a distance I 
behind the crack-tip. When expressed in nondimensional variables, the boundary 
condition (13) for this loading becomes 

0,.(X, 0) = --H(s+ 1), (59) 

where H( ) is the Heaviside step function. The derivative of the mean stress, required 
to evaluate the pore pressure, is easily obtained from results given by TADA et al. 

(1973): 

dr+ 
y (.f> 0) = nl’;(i+a) (60) 

Substitution of (60) into (58) makes it possible to obtain an expression for the pore 
pressure in the crack-line boundary layer although all of the integrals cannot be 
expressed in closed form. Because the crack-line boundary layer accommodates a 
transition of 8~1piLJy from zero on the crack-line to a value appropriate for undrained 
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FIG. 3. Chntours dthc crack-l& drainage parameter Mined by (61). 

response, it is, however, more revealing to examine a drainage parameter, analogous 
to that introduced by SIMONS (1977). In contrast to that for the permeable crack, the 
drainage parameter here is defined in terms of the derivative of the pore pressure as 
follows : 

(61) 

where p”’ is given by (21) and its derivative is to be evaluated at (2, 0). The drainage 
parameter varies from one on the crack-line to zero where ;%,/a_~ attains the value 
given by the outer undrained solution. 

For the loading (59), the ++‘/i?~. is minus ~~~~~) times the right-hand side of (60). 
After substituting (60) into (58), differentiating, and rearranging the integrals. the 
drainage parameter can be expressed as Sollows : 

E = exp (j’/4s) erfc (?;jJ4.v) 

{ 1 - ,;r~( jjJ4.x) exp (_?!4.v) erfc (FiJ4.u)j 

t exp (-?‘/4.u) dr 

(f’Cl)?“[(l+.u)t’+.ul’ 
(62) 

Figure 3 plots contours of b. For large and small values of .y: (= 2) and a fixed value 
ofl; = jj(4.Y) 1.3, d approaches a constant indicating that the contours are asymptotic 
to parabolae. The bL~]~c~lil~g of the contours as x becomes small signals the approach 
of the crack-tip boundary layer region. Indeed, the crack-line solution becomes in- 
appropriate for values of x of the order of c’. As discussed by SIMON~ (1977) for the 
permeable crack, the contours indicate the shape of the boundary layer, but there is 
no unambiguous way to assign a thickness to the layer. 

As mentioned already. the local stress intensity factor in the crack-tip boundary 
layer region is reduced by a factor of I -p (= (I- v,)j( I -!a)) from its value in the 
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limit of very slow propagation. More detailed numerical calculations for specific 
crack-face loading reveal that for both the permeable (RICE and SIMONS, 1976) and 
the impermeable (RUDNICKI and KOUTSIBELAS, 1990) planes the stress intensity factor 
decreases monotonically with velocity between the two limits identified here. The 
details of the velocity dependence are, however, different for the permeable and imper- 
meable planes. As discussed more thoroughly by RICE and SIMONS (1977) (and by 
RUDNICKI and KOUTSIBELAS, 1990, for the impermeable crack), the decrease of the 
stress intensity factor with velocity means that the coupling between deformation and 
diffusion stabilize the crack against rapid growth. To be more specific, consider that 
propagation occurs when the energy release rate Y attains a critical value Ycrltr where 
!!?,,,t is assumed to be a material property. The energy release rate is given in terms of 
the stress intensity factor by (IRWIN, 1960; RICE, 1968) !g = K'/2G(l -17). Thus, the 
propagation criteria can be expressed as 

~“<,,P,,,, = I/[& VlW0)12 (63) 

where y’nom is the value of the energy release rate computed from the stress intensity 
factor for zero velocity and the velocity dependence of K has been indicated explicitly 
on the right-hand side. Because K( V)/K(O) is a decreasing function of velocity. the 
energy supplied by the applied loading, expressed by Y,,,,,, must increase with velocity 
to maintain (%? = Y. ’ ‘TI1. 

The conclusions discussed above pertain for conditions of small-scale yielding, that 
is, when a model of the crack-tip processes in terms of a singular stress field is 
adequate. By using a cohesive zone model, RICE and SIMONS (1976) show that at 
propagation speeds high enough so that the diffusion length c/V approaches the 
cohesive zone size, the energy release rate decreases with velocity. Thus, there is a 
maximum velocity for which the porous media effects stabilize propagation. RUDNICKI 
and KOUTSIBELAS (1990) have obtained results for the impermeable shear crack that 
are qualitatively similar. 

The stabilizing effects just discussed, result from the stiffer response of the porous 
material surrounding the crack to rapid deformations. Another effect that arises for 
the impermeable crack is due to the alteration of the frictional shear resistance by the 
pore pressure induced on the plane of the crack. The shear resistance is proportional 
to the effective compressive normal stress on the crack, that is, the difference between 
the total normal compressive stress and the pore pressure. Thus, an increase in pore 
pressure decreases the frictional resistance and a decrease increases the frictional 
resistance. Because the values of the pore pressure induced on the impermeable plane 
as it is approached from above or below are equal in magnitude but opposite in sign, 
it may not be clear which of these two possibilities pertains. Note, however, that the 
impermeable plane in this analysis idealizes a finite but narrow width zone of relatively 
impermeable material. Following a suggestion of RICE (personal communication, 
19X7), RUDNICKI and KOUTSIBELAS (1990) argue that the crack will tend to follow the 
path of least resistance within this zone and, as a consequence, it is the pore pressure 
increase that is most significant in affecting propagation. 

The solution for the pore pressure in the crack-tip boundary layer region indicates 
that the magnitude of the pore pressure change can be substantial. The maximum 
pore pressure change (43) is proportional to the effective shear loading and to (W/c) ‘;2. 
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(Numerical calculations by RUDNKKI and K~UTSIBELAS, 1990, for a model that takes 
approximate account of a small cohesive zone at the crack-tip suggest a logarithmic 
dependence on velocity.) Although the increase in pore pressure decreases the fric- 
tional resistance and, hence. is destabilizing, the calculations of RUDN~~K~ and 
KUJTSIBELAS (1990) indicate that the amount of destabilization decreases with velo- 
city/. Although the maximum pore pressure change increases with velocity, the distri- 
bution of the pore pressure becomes more sharply peaked. and, as a result, the effect 
on the energy release rate is less. At this point, it is unclear what will be the result of 
considering the pore pressure effect together with the other stabilizing effects of the 
porous media. 

7. CON~LIJDING REMARKS 

Matched asymptotic expansions have been used to analyse the stress and pore 
pressure fields near the tip of a shear crack propagating on an impermeable plane in 
an elastic diffusive (Biot) solid. The analysis complements an earlier one by SIMONS 
(1977) for a shear crack on a permeable plane. Many of the results are qualitatively 
similar. One main difference is that a boundary layer is required ahead of the crack- 
tip on the impermeable plane to accommodate the condition of no flow across the 
plane ahead of the crack. For the permeable plane, a crack-face boundary layer is 
needed to meet the condition of no pore pressure change on the crack faces. A second 
importal~t difference is that the pore pressure at the tip of thecrack on the imperme~lble 
plane is bounded, but non-zero whereas for the permeable plane the pore pressure 
approaches zero as the crack-tip is approached through any angle. The results (and 
those of RUDNICKI and KOUTSIBELAS. 1990) suggest that the pore pressure induced 
on the crack plane can have a significant effect on the propagation criteria by altering 
the effective shear resistance, p~lrticul~~rly, for more elaborate models of the crack-tip 
processes. The boundary layer analysis can provide guidance for investigation of these 

models. 
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APPENDIX A: CRACK-TIP INNER EXPANSION 

This appendix outlines the solution of the equations describing the crack-tip inner expansion : 
(30)-(32), subject to (33)-(36). Because the analysis is similar to that in previous work (RICE 
and SIMONS, 1976 ; SIMONS, 1977 ; RUDNICKI and KOUTSIRELAS, 1990), it is presented concisely. 
Also. to simplify the notation, the superscripts “(I)” and the S denoting the crack-tip variables 
in the text are omitted here. 

Let the Fourier transform of a function ,f’(x, ~3) be defined by 

F(k., y) = r f’(_~. )I) exp (- iK.Y) ds 

with inverse 

(Al) 

where i = J- 1. The solution to the Fourier transformed field equations (30)-(32) has been 
given by RICE and SIMONS (1976) : 

i@,., +%) = A(K-)exP [-~(K)_I)I+BB(K) exp[-n(K-).I!], (A3) 

VP= -,aA(~)exp[-my]-B(~)exp[-n(ti)_$ (A4) 
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1 ihe 
x,, = - ,7)(,i) C(K) +iti_L~A(K) e ““11” -2li(ti)B(li) c tJ(k”. I 64% 

1(X,, -C,,) = [C(ti)+iZ(~)nl(ti)?‘]e “‘(“‘l -ij[/~‘(ti)+ti2]ili)B(ti)C “(*“. (AS) 

whet-c A. B and C’ arc to be determined by the boundary conditions and M?(K) and II(K) are 
defined by the following relations : 

d(K) = I?, /Z'(K) = /i’-ir<. 

In order to cnsurc convcrgcncc of the inversion integrals for r‘ >, 0. ITS and or arc subject 
to the following restrictions : 

RC (/PI) 3 0, Re (tr(r<)l 3 0. (A7) 

whcrc Rc !. .) stands for “real part of“. Application of (A I) to the boundary conditions (33) 

yields 

C,,(fi.O) = 0. i; (Ii. 0) = 0. (AV 

However, because the remaining boundary conditions arc specified only for .v 4 0 or .\- >, 0. 
their Fourier transform arc not known. Ncvcrthclcss. the Fourier transform of n!, on 1‘ = 0 
can bc wriltcn as follows : 

x,, (Ii. 0) = (?,,(.v.O)cxp( -iK.X)d.v = F (h-). (A’)) 

where (35) has been used to eliminate the portion of the integral from -t-z < .r- < 0 and the 
last equality dcfincs F (K). Bccausc of the behavior of (r,, as I + ;/il given by (36), t: is an 
analytic function of K in the lower half plant. Im (K) < 0. Similarly. the boundary condition 
(34) can be used to obtain 

~,,(li.o)+2t~P(li.o) = G 0;). (AIO) 

where 

0 
Gi (fi) = 

I 
[g, \ (_Y. 0) + 2q/1(.u, 0)] cxp ( - iti.y) d.u (At 1) , 

is an analytic function of ti in the upper half-plant lm IX, ’ ’ >, 0. When (A3), (A4), and (A6) 
are used in (A9) and (AIO). the resulting equations can be solved for A. B and C in terms of 
G’: 

Use of these cvprcssions in (A5) and then substitution into (A9) yields 

(Al2) 
G +(K) 

A(K) = >(I -/()’ 

IiZ(K) G ’ (K) 
B(ti)E__Il 

n(K) 2(1 -I()’ 

-G+(K) 
c‘(K) = I(\ -,() 

[I +2~titim(ri);‘rz(k-)]. 

Although neither F nor G’- arc known in this equation, the Wiener Hopf technique (NORIX. 
1988) makes it possible to solve for both quantities by exploiting the analyticity of F and G L 

in domains that overlap on Im (K) = 0. Execution of the technique requires that the equation 
(Al4) be rewritten such that each side is analytic in a half-plane. To this end. we follow RIU: 
and SIM~NS (1976) in decomposing WZ(K) as the product 
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m(K) = m+(K)/?- (K), (A15) 

where M+(K) = K”’ with its branch-cut on the negative imaginary axis, -m < Im (K) < 0, 
and nz-(K) = lim,,, (K-ii(r)“z with its branch-cut on the positive imaginary axis, $ < 
lm (K) < cri. For this choice of branch cuts, the first of the restrictions (A7) is met. Thus, 
as indicated by the superscripts, m + is analytic in the upper half-plane, Im (K) > 0, and m in 
the lower half-plane. Im (ti) < (5. Similarly, n(lc) can be written as 

n(a) = m+(ti)n (ti), 6416) 

where n (K) = (K--i)“’ has its branch-cut on the positive imaginary axis I < lm (K) < E, 

consistent with the second of (A7), and is analytic for Im (K) < I. 
By using these decompositions, WC can rearrange (A14) into the desired form : 

m+(K)G+(ti) -im (K)F (K) 

2(1 -P) 1 -2/LiK[l --n? (K)/IZ (K)]' 
(Al7) 

where we have used the relations [m-l’ = [WI+]’ = K. The two sides of (A17) are analytic in 
regions of the K plane that overlap on a dense set of points (the real K axis) and together cover 
the entire plane. Consequently, each side must bc an analytic continuation of the other and 
represents the same entire function. Because G,, isexpectedtobeO(s~“)on~=Oas.r-tO 
through positive values. F = O(K I”) as IK( --t co. Consequently, the right-hand side of (A 17) 
is 0( 1) as (K( ---t z, and so is the left-hand side. By the Liouville theorem (c.g. NWLE, 1988) 
the entire function must be a constant, say, k, and 

G+(K) = 2(1 -p)k,),’ M+(K). (A19 

Substitution into (A12), (A13) and then into (A3)-(A6) yields the solution for the Fourier 
transformed stress and pore pressure : 

A(X,, +C,,) = {k,Jm+ (K)) (e “‘(“)’ -p[m(he).ln(~)] ceii”“’ ), (Al9) 

VP = -,l{k,,/m'(~)){c~""""'-[m(~)!n(~)]e "'"'"), (~420) 

1 e dh)l +2pnq(K) e Mh)i , (A211 
:P,, -kc, m(K) 

-xv,) z ~- - [I -m(~)~.]e "7'h)'_p- -[(I +2iK)e n(x)' -2i~e~"'(")'] 
m+ (ti) i r!(K) 

(A22) 

The task remaining is to invert the Fourier transforms according to (A2). Inversion of terms 
not involving n(ti) can be accomplished using the formula from CARRIER ef al. (1966) cited by 
SIMONS (1977). For example, application of this formula yields 

I 

S[ I 
~ ~ + -I- 

<I m+(K) m (K) 
exp [ik-x-m(ti)J,] dfi = 2(z/i)“2 e+n”4, (A23) 

where [ = r exp (i0). As a result the expressions for the mean stress and pore pressure can be 
written as follows : 

~(a,,+~,.,.) = (k,/2n){2(7c/r)‘~2e-“‘,4 sin (o/2)-@(.x, y)}, 

V(I = -p(k,,/2z)(2(n/r) ‘L’ emn”4 sin (O/2) -/Jf(.*-, x)), 

(A24) 

(A25) 

where His the inversion integral 

H(x, I’) = s ' [m (K)/PZ(K)] exp [iKx--n(K)y] dK. (A26) 
I 
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The integral Ii can be calculated by converting the integration contour in the complex ti plant 
to one on which the exponent is real and ncgativc, subject to the restrictions (A7). Some details 
arc given in the appendix of RUDNICKI and ROI;L.OWS (1990) which discusses calculation of a 
similar integral that arises in the solution for a shear dislocation moving steadily on an 
ilnpcrmeable plane in a linear elastic diffusive solid. The result for H(.u. J) is given by (41) 
of the text. The constant k,, is detcrminc~~ from the order condition (36) to be given by 
k,, = - P’( I + i). Thus, the final results for the mean stress and port pressure of the crack-tip 
solution arc given by (37) and (38). 

Similarly. (A23) can he used to write the shear stress n,, and the stress difl‘crcncc 

{(a, / -CT,,) as (39) and (40) where H is again given by (A26) and (41) and K is the following 
inversion integral : 

’ K(.Y, J-f = 
ST 

11 iti (Ii)] csp [it<.\-- P)I(K)J’] dl<. (A27) 

This integral cannot be expressed in linitc form, but. by evaluating on a contour for which the 
exponent is real and negative, can be written as (42) of the text. 

This appendix describes the solution of the equations governing the first term of the crack- 
line inner expansion. These arc (47)- (49) sub.icct to (.51)- (53). As in Appendix A, we omit the 
g and superscript “(I)” in order to simplify the notation. 

The tirst of equations (47) require that G,# be only a function of .X and thal function is 
determined to bc GE’ by the matching condition as j’ ---f ,-K Thus, the solution for pi,, is simply 

@\I = cr’\‘,‘(.X, 0). 

Substitution of this result into the second of (47) and integration yields 

(RI) 

where the fL~nction of interaction is required to bc zero by the second of (50). ll~te~~~tion of 
(48) yields 

o,,+fl,, +2typ = c,(.q+c’L(.‘i)J’ (B3) 

but C,(s) = 0 from the boundary conditions on J’ = 0. The other function of integration C&X-) 
is determined from the matching conditions (52) and (53) : 

As noted by &VICII& (1977). it is simplest to solve the remaining equation for the quantity 
M = [d,, +a,,.+ (2y!p)p] which is proportional to the change in fluid mass content. Equation 
(49) indicates that M satisfies the following equation : 

Using (R4) in (B3) and the first of (50) reveals that 

Furthermore, M = 0 as I --f x and at .Y = 0. the latter because undrained conditions pertain 
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there to order E. The solution to (B5) subject to these conditions and to (B6) is simply that of 
the diffusion equation for a prescribed flux at ,V = 0 (CARSLAW and JAEGER, 1959, Sec. 2.9) : 

M(x, y) = - 
s 

m C2(x)w [-~~/4(5-~)1 --.-~._~_ m-d& 
I(5 - Xbl 

(B7) 
.Y 

Using this result with (B2), (B3) and (B4) yields the first term of the crack-line expansion given 
by (56)-(58). 


